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GENERAL DESCRIPTION OF WORK

Relevance of the topic and degree of development. In the
literature, there are many works on the construction of fundamental
solutions for hyperbolic equations with dominant mixed derivatives
with variable coefficients (or for pseudoparabolic equations). In this
direction, the work of D. Colton, M. Kh. Shkhanukov and A. P.
Soldatov shows that fundamental solutions can be defined as an
analogue of the classical Riemann function, some classes of such
equations with sufficiently smooth coefficients. However, the
method of Riemann characteristics used in these works is a very
limited method and, in general, does not allow such problems to be
generalized to simple nonlocal problems, even to equations with
constant coefficients. It should be especially noted that so far in the
literature the Riemann function for various classes of equations has
been constructed only for equations with sufficiently smooth
coefficients. There are a number of articles that present analogues of

the Riemann function for some special classes of equations with
4

variable coefficients and dominant mixed derivatives 8?7 and
X
63
oxoy?
Shkhanukov and V.A. Vodakhova. R. Di. Vincenzo and A. Villani

generalized the concept of the Riemann function for equations with
3

From this point of view, we note the works of M.Kh.,

variable coefficients and dominant shifted derivatives

7

Therefore, problems of correct solvability with nonsmooth variable
coefficients associated with dominant mixed derivative hyperbolic
equations are a very pressing issue related to the study and
construction of fundamental solutions to boundary value problems.
In this regard, the demonstrated work is devoted in this dissertation
in the general case to the study of boundary value problems of a new
type for hyperbolic equations with non-smooth coefficients (i.e.
coefficients from Lp-type spaces) and with dominant mixed
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derivatives and their development of a methodology for

oXoyoz

constructing a fundamental solution . Note that hyperbolic equations
3

with dominant mixed derivatives are mainly used in

modeling vibration processes, and since vibration processes are
widespread in nature, this equation has not only theoretical but also
practical significance. The main researchers in this area are
H.Bateman, M.K. Fage, V.I. Zhegalov, A.N. Mironov, L.B.
Mironova, E.A. Utkina, O.M. Dzhokhadze, B. Midodashvili, O.A.
Kosheeva, S.S. Akhiev, Sh.Sh. Yusubov, 1.G. Mamedov and others.
It should be noted that in the dissertation the Bianchi equation
studied describes vibration processes, so it can be used in matters of
seismic resistance of buildings during earthquakes. Since our country
is located in a seismically active zone, the problems considered have
not only theoretical but also practical significance, which
demonstrates the relevance of the work from a theoretical and
practical point of view.

The thesis is presented mainly on the basis of boundary value
problems of a new type for three-dimensional integro-differential
Bianchi equations, which are included in the class of third-order
hyperbolic equations with three real characteristics. In addition, an
important fundamental point is that the coefficients of the equation
under consideration are functions that satisfy the conditions of
summation and boundedness only with degree p, that is, the
hyperbolic differential operator under consideration does not have a
traditional conjugate differential operator. Therefore, the Riemann
function for such an equation cannot be studied by the method of
classical characteristics. This dissertation has developed a
methodology that essentially uses modern methods of function
theory and functional analysis to study such problems. Using this
technique, a new concept of adjoint communication problem for
boundary value problems is introduced. Such adjoint problems,
unlike traditional adjoint problems defined by formal adjoint
differential operators, by definition have the form of an integral
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equation and therefore make sense under fairly weak conditions
imposed on the coefficients. With the help of such a conjugate
problem, the concept of a fundamental solution is introduced and an
integral representation of the solution to the corresponding boundary
value problems is found.

The thesis mainly studies two types of boundary value
problems for integro-differential equations of Bianchi type under
certain conditions, such as integration over coefficients of degree p
and boundedness. In contrast to the classics, boundary value
problems posed in the arithmetic and geometric middle of the
domain for integro-differential equations of Bianchi type, the concept
of a generalized Riemann function is given and integral
representations of solutions to the boundary value problem are found.
This paper provides some generalizations of boundary value
problems posed in the arithmetic and geometric middle of the
domain, included in the class of correctly solvable problems. At the
same time, optimality conditions were found in the form of
maximum principle L.S. Pontryagin's by demonstrating the optimal
control problem described by such boundary value problems.

Object and subject of study. The object of study of the
dissertation is boundary value problems posed in the arithmetic and
geometric middle of the domain for integro-differential equations of
Bianchi type, and optimal control problems described by such
boundary value problems. The subject of the research work is the
construction of fundamental solutions to boundary value problems
posed in the arithmetic and geometric middle of the domain, and
finding integral representations of solutions for boundary value
problems, as well as finding optimality conditions in the form of L.S.
Pontryagin's maximum principle in the optimal control problem
described by such boundary value problems.

Goals and objectives of the study. The goals and objectives
of the dissertation are as follows:

- study of various classes of three-dimensional boundary value
problems for 3D integro-differential equations with dominant third-
order mixed derivatives of the Bianchi type and multidimensional



local and nonlocal initial-boundary value problems in non-classical
interpretations;

=for such equations from the class of hyperbolic equations with

nonsmooth coefficients, mainly two types of posed boundary value
problems are studied: in the arithmetic middle of the region and in
the geometric middle of the region. Development of a variant of non-
traditional increment methods in the study of optimal control
problems described by such boundary value problems and their
application to obtain new necessary first-order conditions in the form
of the L.S. maximum principle L.S. Pontryagin's.

Research methods. The dissertation uses methods from the
theory of partial differential equations, the theory of integral and
integro-differential equations, the theory of boundary value
problems, the theory of linear operator equations in Banach spaces,
functional analysis and the theory of optimal controls, From the
numerical solution algorithm in the form of the Picard method of
successive approximations and the corresponding software.

Main results to be defended:

e Under sufficiently natural conditions in a non-classical
formulation, the posed boundary value problem in the middle of
the domain for the 3D Bianchi integro-differential equation is
justified;

e  The operator form of the posed boundary value problem in a
non-classical formulation on the arithmetic middle of the domain
is given; An equivalent integral equation for such a boundary
value problem in a non-classical formulation was constructed
and the correctness of the boundary value problem was proved;

e To study the posed boundary value problem in a non-classical
formulation on the arithmetic middle of the domain for the 3D
Bianchi integro-differential equation, after constructing the
conjugate operator in integral form, a fundamental solution for
the integral representation of the solution is constructed. Then
boundary value problems posed at the arithmetic middle of the
domain and some generalizations of them are given;



The posed boundary value problem on the geometric middle of
the domain for the 3D Bianchi integro-differential equation with
non-smooth coefficients is substantiated and the equation under
boundary conditions is reduced to a single operator equation;

An equivalent integral equation was constructed for the posed
boundary value problem in a non-classical formulation on the
geometric middle of the domain and the correctness of the
boundary value problem was proved,;

For an integral representation of the solution for the posed
boundary value problem in a non-classical formulation, at the
geometric middle of the domain, the conjugate operator is first
constructed in integral form and then the fundamental solution is
constructed. At the end, the posed boundary value problems on
the geometric middle of the region and some of their
generalizations are given;

In the model case, for the problem of optimal control
described by 3D Bianchi integro-differential equations, the
necessary optimality conditions were obtained in the form of
L.S. Pontryagin’s maximum principle;

Numerical solution algorithms have been developed for
boundary value problems on the arithmetic and geometric
middle of the domain in non-classical formulations.

Scientific novelty of the research: The dissertation work
obtained the main new scientific results presented below:

In a non-classical formulation, the posed boundary value
problem on the arithmetic middle of the domain for the 3D
Bianchi  integro-differential equation with  non-smooth
coefficients is justified;

The posed non-classical boundary value problem on the
arithmetic middle of the domain for the 3D Bianchi integro-
differential equation with non-smooth coefficients is reduced to
an equivalent integral equation and the correctness of such a
boundary value problem is proven;

To study the posed boundary value problem in a non-classical
formulation on the arithmetic middle of the domain for the 3D
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Bianchi integro-differential equation, after constructing the
conjugate operator in integral form, a fundamental solution was
constructed for the integral representation of the solution. Then
boundary value problems posed at the arithmetic middle of the
domain and some generalizations of them are given;

e The posed boundary value problem in a non-classical
formulation on the geometric middle of the region is justified
and the equation under the boundary conditions is reduced to a
single operator equation;

e An equivalent integral equation was constructed for the posed
boundary value problem on the geometric middle of the domain
and the homeomorphism theorem was proved;

e For an integral representation of the solution for the posed
boundary value problem in a non-classical formulation, at the
geometric middle of the domain, the conjugate operator is first
constructed in integral form and then the fundamental solution is
constructed. At the end, some generalizations of the posed
boundary value problems on the geometric middle of the region
are given;

e For the problem of optimal control of the described boundary
value problems on the geometric middle of the domain for a 3D
Bianchi  integro-differential equation with  non-smooth
coefficients, necessary and sufficient optimality conditions were
obtained in the form of L.S. Pontryagin’s maximum principle;

e Numerical solution algorithms have been developed in the form
of methods of successive Picard approximations for boundary
value problems on the arithmetic and geometric middle of the
domain in non-classical formulations.

Theoretical and practical importance of the reserch.

The results obtained in the dissertation are primarily theoretical in
nature. However, this study has both theoretical and practical
significance. So, since the Bianchi equation describes vibration
processes and the problems are basically three-dimensional cuboids,
such questions can also be applied to the seismic resistance of
buildings during earthquakes.
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Authors publications. The main results obtained in the
dissertation were published in 26 scientific works of the author. The
list of works is given at the end of the abstract link.

The name of the institution where the dissertation work was
performed. The dissertation work was completed at the Department
of «Mathematical analysis and differential equations» of Sumgayit
State University.

Total volume of the dissertation work indicating separately
the volume of each structural units. Dissertation work (title page -
385 characters, table of contents - 2168 characters), introduction —
47090 characters, chapter | - 88849 characters, chapter Il - 97928
characters, quantity, results, list of 138 references and from the
attachments section. The total volume of the dissertation is 236420
characters (161 pages).

CONTENT OF THE DISSERTATION

The dissertation work consists of an introduction, two chapters,
a conclusion, a list of references and a numerical solution algorithm.
The first chapter consists of six and the second chapter consists of
seven paragraphs. The introductory part of the work indicates the
relevance of the topic and the degree of development, the goals and
objectives of the research, research methods, the main conclusions of
the defended, the scope of the research, the scientific novelty of the
research, theoretical and practical value, and such tasks were
highlighted. Finally, the results obtained in the thesis are briefly and
concisely presented in the introduction.

Chapter I is devoted to boundary value problems in the middle of
the domain for 3D Bianchi integro-differential equations with
nonsmooth coefficients and the introduction of the new concept of
the Riemann function.

In 1.1 the 3D Bianchi three-dimensional integro-differential
equation is considered:

VWX, Y, 2) = U, (%Y, 2) + D A (X y,2)D,D/Dju(x, y,2) +

i+j+k<3
i,j,k=0,1
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X y Z

+ [ 7 | Z Kijx (7.7 %, y,Z)D;DJDfu(r,f,n)x

Xo+X1 Yo+Y1 Zo+2Zg i+ j+k<3
2 2 2 1i,j,k=01

xddddn =¢1,(%Y,2), (1)
Here u=u(X,y,z) the required function is defined in the domain G ;
Functions A ;,(x,y,z)are given measurable functions in the
domainG =G, xG, xG, and functions K, (7,&,7;X,y,z) are
given measurable bounded functions in  GxG, where,
Gy = (%o %) Gy =(Yo, Y1) G3=(20,21); @r11.1(X,y,2) the given

measurable function is inG .
Under these conditions for solving u(x,y,z) equation (1), the

desired function in the space of S.L. Sobolev =~ WV (G) =

—{ueL,(G)/D\D|Dfuel,(G); i,ik=01, (e, 1<p<w) .
Norm in space W{*P(G) is defined as follows:

DD/ Diu

1
e = 3 | o

For equation (1), the stated conditions of the classical form in the
middle of the domain are given in the following form

U/x:X0+Xl :q)(y’ Z)’
2
ul/ =¥ (x,2), 2

_Yot¥1
=

u /zo+zl = g(x, y)’
2

where, functions @(y,z),¥(x,z) and g(x,y)given measurable
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functions in G. It is obvious that in conditions (2)  functions
D, ¥, g ©eW(G,xG,),¥ eWS™ (G xGy),g WS (G xGy)

in addition to these conditions, it must also satisfy the agreement
conditions as follows:

Yo+ Y1 Xo + X%
D ¥ v 2),
(= > ) =¥ (—— > )
Zn+2 Xq + X
CD(y,%) = g(%, y), ®)
\y(X,ZO_JZFZl) - g(x,u),

The problem is to find boundary conditions such that these
boundary conditions do not contain additional information about the
solution and do not require any additional conditions, such as
agreement conditions (3). To do this, the following boundary
conditions are considered:

XotX Yot¥1 Z0t4

Vo.0,0U = U( 5 2 T o ) =900

+ Zy+2Z
(Vs o)(0) =y (6, T2 20750y = gy (),

Xq +x1

Vorou)(¥) = uy( °gzl)=¢o,1,o(y),

(Voo at)(2) =, (2 ; 207 2) = gy0a(2). @

V110U)(X Y) = Uy (X, Y, %) =@10(% ),

(VO,l,lu)(ya Z) = |Jyz X

+
(V1 01U)(X, Z) = Uy, (X, Yo 5 N ,2) = @1041(X, 2),

12



where, ¢,,,€R is a given number and ¢, ;, the given functions
satisfy the following condition:
P100(X) €Ly (C1)@910(Y) €Ly (G,),0901(2) €L (Gy),

Prio(XY) € Ly (G xGy),p11(Y:2) € L, (G, xG3),¢191(X,2) € Ly (G, xGy).

In this section we prove that the classical boundary value problem
(1), (2) in the middle of the domain is, generally speaking, equivalent
to a problem of the form (1), (4).

In 1.2, the operator form of problem (1), (4) is specified:

Vu=g¢, (5)

where, V' the vector operator and is defined using the equality

V' =M5,00:V1,00 V010 V0.01: V110 Vo11: V101, Va11) :ngl’l’l) G)— E%’l'l)
and ¢ the given vector element is in the form

®=(£0,0,0 10,0 P01,0 90,01 P10 Po11: Pro1 Pr11)

from spaces

Ep™ = Rox L (%0, %) % Ly (Yo, Y1) % Ly (20, 21) % Ly (G X Gy )
xLp(GyxG3)x L, (G xGg)x Ly(G).

In 1.3, problem (1), (4) is reduced to an equivalent integral
equation using the integral representation of functions u e W *(G).
A homeomorphism theorem is proved for the existence of a bounded

inverse operator using the constructed equivalent integral equation.
In 1.4, schemes for constructing the conjugate operator in

integral form are specified. Using equalities f(Vu)=(V"f)(u) and
also from the general form of the linear functional on W**(G) it
turns out that the operator V. has a conjugate operator in the
following form:

V" = (9,00, 100 Do,10: @001+ P10 Do11: Pro1r Pr11) :Eél’l’l)

N Eél’l'l)

13



where, the operators @, ;, are defined using specifically integral

equalities.
In 1.5, a fundamental solution will be constructed for problem

(1), (4). So, first, taking an arbitrary point (x,y,z)eG, the
following system is considered:
@g00f =1,

(@00 )a) =0(Xx—a),a € (X5, %),

(@010 F)(B)=0(y—B), B e (Yo Y1)

(@001 F))=0(z~7) 7 €(20,20),

(@10 ), B) = 0(x—a)O(y — B), (a, B) € G x Gy,

(0021 F)(B,7)=60(y - B)O(z— 7). (B,7) € G, x G,

(o101 )@, 7) =0(x—)0(z-7), (a0, 7) € G, x G,

(0131 F e, B,y) =0(x =)0y - B)(z - 7). (2, B, 7) €G,
1,z>0
0,250
Definition 1. If for any given point (x,y,z)eG system (6) has at
least one solution

f(XY,2)=(fo00(X Y, 2), fio0(a; X Y,2),

fo10(Bi % Y:2), fo01(ri X, Y, 2), f110(e, Bi XY, 2),

for1(B. 7% ¥,2), fro (@ 7%, ¥, 2), fiyy (@ B.7i % Y, 2)) € EGHY,
then we will call this solution a fundamental solution (&-
fundamental) for problem (1), (4).

In this section we prove the following theorem:
Theorem 1. Problem (1), (4) has a unique fundamental solution

f(X,y,2). Wherein,solution ueW " (G) of the problem (1), (4)

using the @-fundamental solution can be represented in the following
form:

(6)

here, 8(z) Heaviside function on R, thatis 6(z) :{

14



X1
U(X,Y,2) =000 fo00(X y,2) + I(/’Lo,o (@) foolar Xy, 2)da +
Xo +Xl
2

Y1 &1
+ I%,l,o(ﬂ) foro(BiX, Y, 2)dB + I(Po,o,l(ﬂf) foo1(ri %y, 2)dy +
Yo+Yy1 0+
2 2
X1 Y1
+ I I(Pl,l,o(a'ﬂ) f1,1,o(au3; X,y,z2)dadf +
Xo+tX Yoty
2 2

y1 71
+ .[ I(”o,l,l(ﬁ’y) for1(B, 7 %y, 2)dpdy +

Yot+Y1 Z0+21
2 2

X1 AN
+ ,[ I(Dl,o,l(a,V) floslayix Y, 2)dady +
XO +Xl ZO+Z]_
2 2
X Y1 Z
+ j j I (01,1,1(05’13’7) f1,1,1(05uB’7;X’ y,z)dadpdy.
XotX1 Yot¥1 ZotZ
2 2 2

In 1.6 the stated boundary value problems in the arithmetic

middle of the domain and some generalizations of them are given.

Chapter Il is devoted to various classes of local and nonlocal
boundary value problems for 3D Bianchi integro-differential
equations with nonsmooth coefficients and their application to
optimal control problems.

In 2.1, a boundary value problem defined in a non-classical
formulation in the geometric middle of the domain is studied and the

3D Bianchi integro-differential equation is considered as follows:

(Vl,l,lu)(xi Y, Z) = uXyz (X1 Y, Z) + ZI:( A,j,k (X’ Y, Z) D>I( D; DEU(X, Y, Z) +
i+j+k<3
i,j,k=0,1

X y z L
+ I I I _ 2;4( 3Ki,j,k(71§a77ix,Y:Z)DiDijbu(Tlfﬂ)X
VXoX1 Yoy yzozg ! HKSS

i,j,k=01

15



xdwdddn =@ 41(XY,2), (7)
Here u=u(X,y,z) the required function is defined in the domain G ;
Functions A ;,(x,y,z)are given measurable functions in the
domainG =G, xG, xG, and functions K, (7,£,7;X,y,z) are
given measurable bounded functions in GxG, where, G; = (X,, X,),
%20, Gy =(Yo, Y1), Y020, G3=(20,2), 2, 20; ¢,,,(x,y,2) the

given measurable function is inG .
Under these conditions for solving u(x,y,z) equation (7), the

desired function in the space of S.L. Sobolev =~ W+ (G) =
—{ueL,(G)/D.D|DfueL,(G); i,jk=01, (rne, 1< p<).

Norm in space W{**"(G) is defined as follows:

DD/ Diu

1
fubygney = 2 | L'

For equation (7), the stated conditions of the classical form in the
geometric middle of the domain are given in the following form
U/x=m =d(y,2),
U/y=m =W¥(x,2), (8)
U/, =900 Y),

where, functions ®(y, z),¥(x, z) and g(x, y)given measurable
functions in G. It is obvious that in conditions (8) functions

D, ¥, g ©eW(G,xG,),¥ eWS™ (G xGy),g WS (G xGy)

in addition to these conditions, it must also satisfy the agreement
conditions as follows:

D(4/YoY1,2) =¥ (/%X 2),
D(Y 1Zoz1) = 9({ XX, Y), (9)
(X \Zo21) = 9(X /Yo Y1),

16



The problem is to find boundary conditions such that these
boundary conditions do not contain additional information about the
solution and do not require any additional conditions, such as
agreement conditions (9). To do this, the following boundary
conditions are considered:

Vo004 = U XXt s/ Yo Y1y ZoZ1) = @0 0.0

(V100U)(X) = Uy (X, Yo Y114/ Z021) = @100 (X),

Vo1,0U)(Y) = U, (XX, Yin2021) = @510 (Y),

(Vo,02U)(2) = U, (fXoX Yo Y1, 2) = 9,04(2), (10)
(Vyz,oU)(X, ) = U (X, Yi[Zo2) = @116 (X, Y),

(Vo11U)(Y. 2) = Uy, (\/XoXy, ¥, 2) = 01 (¥, 2),

(Vy01U)(X, Z) = Uy, (X, m Z) =@ 04(X%2),

where, ¢,,,€R is a given number and ¢, ;, the given functions
satisfy the following condition:

Pro0(X) € Ly (G1).0910(Y) €L (G2).0901(2) €L (Gy),
P110(%Y) €Ly (G xGy),0511(Y,2) € Ly (G, xG3),01 91 (X, 2) € Ly (G X Gy).

In this section we prove that the classical boundary value
problem in the geometric middle of the domain (7), (8), generally
speaking, is equivalent to a problem of the form (7), (10). As you can
see, problem (7), (10) is more natural in its formulation than problem
(7), (8). This is due to the fact that in the formulation of problem (7),
(10) the right-hand side of the boundary conditions does not require
any agreement conditions. Therefore, problem (7), (10) can be
considered as a problem of a new type, posed in the geometric
middle of the domain.

In 2.2 the operator form of this boundary value problem in the
geometric middle of the domain is given.

17



In 2.3, an equivalent integral equation will be constructed for a
boundary value problem posed in the geometric middle of the region.
Using the constructed integral equation, we prove the theorem on the
correct solvability of the boundary value problem (7)-(10) posed in
the geometric middle of the domain (the homeomorphism theorem).

2.4. is devoted the construction of the conjugate operator in
integral form.

2.5. is devoted to the construction of a fundamental solution for
a boundary value problem posed in the geometric middle of the
domain, and, as in 1.5, a system of the form (6) is considered, and a
is determined fundamental solution of problem (7), (10).

In this section we prove the following theorem:
Theorem?2. Problem (7), (10) has a unique fundamental
solution f (X,y,z). In this case, the solution of the problem (7), (10)

can be represented similarly to Theorem 1 using the @-fundamental
solution.

In 2.6, the posed boundary value problems in the geometric
middle of the domain and some of their generalizations are
considered.

2.7. is devoted to obtaining the necessary optimality conditions
for optimal control problems described by the 3D Bianchi integro-
differential equation with non-smooth coefficients.

It is assumed that the controlled process is described by the equation

(V122U (X, ¥, Z) = Uy, (XY, 2) + Zk A ik (% Y, 2)DDJDJU(x, ¥, 2) +
i+j+k<3
I,j,k=0,l

X y z A )
+ [ ] ] z K.« (7. &%, y,2)DyD) Du(z, &, n)d d&dn =
\XoX1 y YoY1 Z021 j+k<3

,k=0,1

<

=o(X,Y,2,V(X,Y,2)), (11)

(X, ¥,2) € G =(Xg, %) % (Yo, V1) x (25, Z;) under the conditions of the
geometric middle of the domain in the following form:

18



Vo 00U =U(/XoXy s/ Yo Ya14/Z0Z1) = Pooo

(Vy00)(X) = U, (X, Yo Vi 4/Z62,) = 016 (X)

VoroW)(¥) =y (XX, Y1y Z02,) = 916 (Y)

Vo02U)(Z) = U, (XX, Yo Y11 2) = 94,0, (2) (12)
(Va1 0U)(X,Y) = Uy (X, Yin/Z02,) = 011 (X, Y)

VouaU)(Y.2) = Uy, (XX, 1 ¥, 2) = 055, (¥, 2)

(Vl,O,lu)(Xv Z) = uxz (X’ \ yo yl ! Z) = ¢1,0,1(X1 Z)
Here A ;v (xy,2), K;x(z,&m7:%x,y,2) and ¢;;,— given non-

smooth functions; ¢(x, y,z,v) given function in GxR" | satisfies the
Carathéodory condition and for any positive ¢ >0 there is such a
function @3 (x,y,2) € L,(G) , almost everywhere for everyone

(x,y,2)eG |go(x,y,z,v(x,y,z))|§(p§(x,y,z) and for everyone

veR', ||V||=é|vilﬁ5: V(X Y,2) = (% (X, Y,2), 0, V(X Y.2) T -

dimensional control vector function. It is assumed that v(Xx,y,z)=
= (X Y,2),---,V. (X y,2)) the vector function is measurable and
bounded in G and takes its meaning at almost all points (x,y,z) e G

from any given set U < R". Then we will call this vector function
admissible control. Let us denote the set of all admissible controls by
u, .

In this section we consider the optimal control problem as follows:
find such an admissible control v(x,y,z) from U, which gives the
smallest value to the following multipoint functional for solving
problem (11)-(12):

N
SW) = X [a%0%u(®, 1, 2,) +a®*Pu(x, y©, 2,) +
k=1
+al®%Du(x,, y;,20)) (13)
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where, (x7, y®,z8) € G - given points; al®?, al®*? a0 ¢ R
- given numbers.

To obtain the necessary and sufficient optimality condition, the
increment of the functional (13) is first calculated. Using integral
representations of functions from the space W “*(G), the increment

of the functional is found in integral form:

X1 Y1 n
As= [ T J[ROY.2)+ (@0 F)( ¥, 2)Auy, (. y, 2)dxdydz -
xox \Yoy1 V2o

X1 Y1 A
- [ | [fua(xy, 2)Ae(x,y, z)dxdydz.

Vxox1 Vyoyi Vzou
Then for the optimal control problem (11)-(13) the conjugate
equation will be constructed:
(@12 T)X Y, ) +R(X Y, 2) =0, (X,y,2) €G, (14)
where, (o, ., f)(x,y,z) the second type is the three-dimensional
Volter integral operator.
In the considered optimal control problem (11)-(13), since the
control function v(x,y,z) enters the right side of the equation in a
nonlinear form, considering the needle-shaped variation of the
admissible control, we find that

S(v,) = SW) ===[[[ f.. (. ¥, D)p(x, ¥, 2,v(%, ¥, 2) +

+AV,(X,Y,2) — (X, Y,2,V(X, Y, z))]dxdydz =
=[] fLi (X, ¥, 2)[@(X, Y, 2,9) — (X, ¥, Z,v(X, Y, z))]dxdydz.  (15)
G,

&

Thus, since the optimal control problem (11)-(13) is linear, from (15)
it follows:

Theorem 3. Let us assume that the adjoint equation (14) is solved
f..(Xy,2) € L, (G). Then, for any admissible controls v(x,y,z), a
necessary and sufficient condition for optimality for almost all
(X, ¥,2) € G is the fulfillment of the maximum condition:
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max H(X,y,z, f1,(X,y,2),V) =H(X, Y,z f,1,(X,¥,2),v(X,Y,2)),

veU,
where, H(x,y,z, f;;;,V) = fi1;-@(X,y,z,v) -Hamilton-Pontryagin

function.

Note that the adjoint equation (14) introduced here for the
optimal control problem (11)-(13) is more natural than the classical
adjoint problem. Because when constructing this conjugate
equation, no smoothness conditions were imposed on the coefficients
of the equation. This is one of the biggest advantages of the
conjugate task.

In this section, in order not to increase the volume of the
dissertation, an optimal control problem is demonstrated, described
only by boundary conditions specified in the geometric middle of the
domain. It should be noted that from the optimal control problem
described by the boundary value problem posed in the geometric
middle of the domain, in the particular case, X, =0, y, =0, z, =0

we obtain an optimal control problem described by Goursat
conditions.Similarly, one can consider the optimal control problem
described by the boundary value problem posed at the arithmetic
middle of the domain, which is presented in this published article.
The author expresses his deep respect and sincere gratitude to
the scientific supervisor, Doctor of Science in Mathematics,
Associate Professor llgar Gurbat Mamedov for setting the tasks,
discussing the results obtained and constant attention to the work.
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CONCLUSION

The dissertation work is devoted to boundary value problems

posed in the arithmetic and geometric middle of the domain for
integro-differential equations of Bianchi type, as well as optimal
control problems described by such boundary value problems.

The dissertation work obtained new scientific results

presented below:

In a non-classical formulation, the posed boundary value
problem on the arithmetic middle of the domain for the 3D
Bianchi  integro-differential equation with  non-smooth
coefficients is justified;

The posed non-classical boundary value problem on the
arithmetic middle of the domain for the 3D Bianchi integro-
differential equation with non-smooth coefficients is reduced to
an equivalent integral equation and the correctness of such a
boundary value problem is proven;

To study the posed boundary value problem in a non-classical
formulation on the arithmetic middle of the domain for the 3D
Bianchi integro-differential equation, after constructing the
conjugate operator in integral form, a fundamental solution was
constructed for the integral representation of the solution. Then
boundary value problems posed at the arithmetic middle of the
domain and some generalizations of them are given;

The posed boundary value problem in a non-classical
formulation on the geometric middle of the region is justified
and the equation under the boundary conditions is reduced to a
single operator equation;

An equivalent integral equation was constructed for the posed
boundary value problem on the geometric middle of the domain
and the homeomorphism theorem was proved;

For an integral representation of the solution for the posed
boundary value problem in a non-classical formulation, at the
geometric middle of the domain, the conjugate operator is first
constructed in integral form and then the fundamental solution is
constructed. At the end, some generalizations of the posed
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boundary value problems on the geometric middle of the region
are given;

= For the problem of optimal control of the described boundary
value problems on the geometric middle of the domain for a 3D
Bianchi  integro-differential  equation  with  nonsmooth
coefficients, necessary and sufficient optimality conditions are
obtained in the form of the maximum principle;

= Numerical solution algorithms have been developed for
boundary value problems on the arithmetic and geometric
middle of the domain in non-classical formulations.
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