
REPUBLIC OF AZERBAIJAN 

On the rights of the manuscript 

ABSTRACT 

of the dissertation for the degree of Doctor of Philosophy 

SPECTRAL PROPERTIES OF THE SYSTEM OF EIGEN AND 

ASSOCIATED FUNCTIONS OF THIRD ORDER MATRIX 

COEFFICIENT DIFFERENTIAL OPERATOR 

Specialty:           1211.01 – Differential equation 

Field of science:  Mathematics 

Applicant:           Yuliya Gabil Abbasova 

Baku – 2024 





3 

GENERAL CHARACTERISTICS OF THE WORK 

Rationale and development degree of the topic: 

The dissertation work has been devoted to studying some 

spectral properties of the system of the root (eigen and a associated) 

functions of third order matrix coeffcient ordinary differential 

operators. 

It is known that spectral theory of ordinary differential 

equations begins with classic works of Sh. Sturm, C. Liouville and 

then afterwards with the works of V.A.Steklov, D.Ya.Tamarkin, 

D.Birkhoof, M.L.Rasulov and other famous mathematicians, where 

the problems of convergence of asymptotics and spectral expansions 

of eigen values of various boundary value problems were studied. 

The study of the following issues in researching spectral 

theory of differential operators are the most important ones: the 

basicity of the system of eigen and associated functions of the 

studied differential operator in these or other spaces; absolute and 

uniform convergence of spectral expansion of functions included or 

not included into the domain of definition of the differential operator; 

equiconvergence of spectral expansion of functions from this or other 

spaces by the eigen and associated functions of the differential 

operator with  trigonometric Fourier series of this function, etc.. 

It is clear from the study of not self-associated boundary 

value problems that the system of eigen functions of such operators, 

in general, not only does not form a basicity in 2L  and it may not be 

complete in the 2L  class. Therefore, such systems must be completed 

with associated functions. In these problems the system of eigen and 

associated functions (root functions) in general, is not orthogonal in 

the 2L  space and neither its closeness nor minimality does not 

provide its basicity in this space. So, the study of not self-associated 

problems requires new approaches. In this direction, the 

completeness of the system of eigen and associated functions in 2L  

structured specially for a wide class of boundary value problems was 

proved by M.V.Keldysh.  
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The study of the completeness for a wide class of boundary 

value problems was continued by many mathematicions. The basicity 

of the system of eigen and associated functions of strong regular 

boundary value problems in 2L  has been shown by V.P.Mikhailov 

and G.M.Keselman. The block (basicity or parenthetical) basicity of 

the system of eigen and associated functions of regular problems was 

indicated in A.A.Shkalikov’s work. 

The first important results for regular eguiconvergence of 

regular boundary condition ordinary differential equations were 

obtained by D.Ya.Tamarkin. Afterwards, the similar result for 

summable coefficient differential operators was obtained by 

M.Stone. D.Ya.Tamarkin’s equiconvergence theorem was 

generalized by A.P.Khromov for integral operators generalizing the 

properties of the Green's function of a differential operator with 

regular boundary conditions kernel. The above results are based on 

the resolvent method, and equiconvergence obtained in these works 

is a block eguiconvergence (parenthetical equiconvergence).  

 Another method for studying spectral properties of 

differential operators was suggested by academician V.A.Il’in. 

V.A.Il’in has clarifed that when the total sum of associated functions 

is infinite, unlike completeness properties of the system of eigen and 

associated functions, the basicity and equiconvergence properties are 

strongly dependent on the choice of associated functions, and are not 

only determined by the special form of the boundary condition. 

These properties are strongly influenced by the values of the 

coefficients of the differential operator, i.e. a negligible change by 

retaining these coefficients in its class can cause this property to 

appear or to disappear. In this condition the basicity and 

equiconvergence conditions can not be expressed by the terms of 

boundary conditions. For this reason, V.A.Il’in suggested to 

determine the eigen and associated functions of a differential 

operator as a regular solution of a spectral parameter differnetial 

equation without bounding with specific boundary conditions. This 

approach enables to consider any boundary conditions (both local 

and non-local), the system of functions not bounded by any boundary 
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condition and also the systems obtained from the combination of 

subsets of the systems of eigen and associated functions of two 

various boundary value problems. 

In his works V.A. Il’in has considered a systen of eigen and 

associated functions of an ordinary differential operator and proved 

regular convergence and basicity, unconditional basicity theorems in 

a compact within certain natural conditions. 

These studies were continued in V.A.Il’in followers in 

different directions. These issues were studied in the works of 

V.V.Tikhomirov, Sh.A.Alimov, I.Yo, I.S.Lomov, V.B.Kerimov, 

V.D.Budayev, V.I.Komornik, N.Lajetic, V.M.Kurbanov, 

L.V.Krichkov and others. 

Recent years, the dependence of the rate of convergence and 

equiconvergence on different characteristics is studied intersively 

and in this direction important results have been obtained in the 

works of V.M.Kurbanov and A.T.Garayeva, V.M.Kurbanov and 

R.A.Safarov, I.S.Lomov, A.S.Markov. These problems for second 

and fourth order matrix coefficient differential equations were 

studied in the works of V.M.Kurbanov and A.T.Garayeva, 

A.T.Garayeva, V.M.Kurbanov and Y.I.Huseynova.  

Thus, the study of these or other issues for odd order 

differential equations, in the special case for a third order matrix 

coefficient operator by the Il’in method is of great mathemtical 

interest. 

   Object and subject of the study. Studying regular 

convergence of spectral expansion by the root functions of a third 

order matrix coefficient differential operator and componentwise 

regular  equiconvergence rate. 

Research goals and objectives. Investigation of absolute and 

regular summation of spectral expansions the root functions of the 

differential operator with matrix coefficients of the third order and 

the speed of regular equiconvergence on the component. 

 Research methods. In the dissertation work the methods of 

spectral theory of differential operators, functional analysis and 

harmonic analysis were used.  
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The main theses to be defended. 

• The results of absolute convergence and regular convergence 

rate of spectral expansion by the eigen functions of third arder 

summable matrix coefficient ordinary differetial operator. 

• The results of absolute and uniform convergence of 

biorthogonal expansion of vector-functions from the class  ( )GW m

1

,2
 

by the root vector-functions of a third order smooth matrix 

coefficient differential operator. 

• The results of study of influence of biorthogonal expansion of 

integral continuity modulus of the coefficient of the first order 

derivative on componentwise regular equicionvergence rate on a 

compact of ordinary trigonometric Fourier series.  

• The result of the study of componentwise equiconvergence 

rate of vector-functions on a compact from Sobolev, Nikolsky, Besov 

functional spaces.    

Scientific novelty of the research. The following main 

results were obtained: 

• Absolute and regular convergence of a vector-function from the 

class ( ) ( ) ),1,0(,1

,1 = GGWxf m  by the eigen vector-functions of a 

third order matrix coefficient differental operator was studied and the 

residue of this expansion was estimated in the metrics ( )GC . 

• Absolute and regular convergence of a vector-function from the 

class
 

( ) ,1p,GW 1
m,p   by the eigen vector-functions of a third order 

matrix coefficient differental operator was studied, sufficient 

conditions for the expansion were found and regular convergence 

conditions on the segment  1,0=G  were estimated. 

• Theorems on regular componentwise equiconvergence on a 

compact of spectral expansion of a vector-function from the class 

1),( pGLm

p , by the root vector-functions of third order summable 

matrix coefficient differential operator were proved. 
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Equiconvergence rate for the functions from the functional spaces 

( ) ( ) )(,, 1
,1,,, GWGBGH mmpmp




  was estimated. 

•   A theorem on absolute and regular convergence of biorthogonal 

expansion of a vector-function from the class  ( ) ),1,0(,1

,2 =GGW m  by 

the root vector-functions of a third order smooth matrix coefficient 

differential operator was proved and regular convergence rate on the 

segment  1,0G =  was estimated. 

           Theoretical and practical importance of the research. 

  The results obtained in the dissertation work are of theoretical 

character. The obtained results can be used in spectral theory of 

differential operators, in substantiating the Fourier method when 

solving mathematical physics problems and in theory of 

approximation of functions 

           Approbation and application. The main results of the work 

were reported in the VII Azerbaijan-Turkey-Ukraine International 

conference MADEA-7 (Baku, 2015), in the Republican conference 

“Functional analysis and its applications” devoted to 100-th 

anniversary of the honored scientist prof. A.Sh.Habibzade (Baku, 

2016), in the International conference “Theoretical and applied 

problems of mathematics” (Sumgayit 2017), in the International 

conference “Mathematical advances and applications” ICOMAA 

(Istanbul, Turkey 2018), in the International conference devoted to 

the 60-th anniversary of IMM of ANAS (Baku 2019), in the 

Scientific seminar of the  department of “Functional analysis” of 

IMM (prof. H.I.Aslanov), in the Proceedings of the International 

conference “Modern problems of theory of boundary value 

problems’ of Voronej Spring Mathematical School, Pontryagin 

readings XXXIII devoted to Y.I.Sapronov’s 75 years, (Voronej 

2022), “Modern problems of mathematics and mechanics” 

Proceedings of the International scientific conference devoted to the 

110-the anniversary of academician Ibrahim Ibrahimov (Baku, 

2022). 

             Author’s personal contribution. The obtained results and 

suggestions belong to the author. 
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             Author’s publications. Complete topic of the author was 

published in her 12 scientific papers the list of publications is at the 

end of the thesis. 

             The name of the organization where the work was 

executed. The dissertation work has been executed in the department 

of “Functional analysis” of Institute of Mathematics and Mechanics 

of the Ministry of Science and Education of the Republic of 

Azerbaijan. 

 The total volume of the dissertation work indicating 

separately the volume of each structural unit. The total volume of 

the dissertation work–187922 signs (title page–378 signs, contents–

2000 signs, introduction–43544 signs, chapter I –76000 signs, 

chapter II –64000 signs, conclusion–2000 signs). The list of the used 

references consists of  81 titles. 

 

 

THE CONTENT OF THE DİSSERTATİON 

 

The dissertation work consists of introduction, 2 chapters, 

conclusions and a list of references.  

Each chapter was separated into sections. 

In chapter I of the work, on the interval )1,0(G =  the 

absolute and regular convergence of spectral expansion of 

absolutely continuous vector-functions by eigen-functions of a 

matrix coefficient differential operator                  
( ) ( ) ( )  )x(U)x(U)x(UL 3

1
2

2
1

3 +++=  

in the interval )1,0(=G  is studied. 

Sufficient conditions for absolute and regular convergence of 

orthogonal expansion of a vector-function from the class  

,1),(1
, pGW mp  is obtained in the segment  1,0

_

=G , and regular 

convergence conditions are estimated.  

 In section 1.1 we consider the differential operator L , study 

absolute and regular convergence of the expansion of absolutely 
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continuous vector-function by the vector-functions of the considered 

operator in the case, 0)x(U1  , and estimate the residue of this 

expansion. 

 Let us consider on the interval )1,0(=G  the operator 

( ) ( )  )x(U)x(UL 3
1

2
3 ++=  

Here ( )( ) ,)(
1,

m

jiij xuxU
=

= 
 ,3,2= ( ) )(1 GLxu ij  .  

In the segment   1,0
_

=G   by ( )GD  we denote the class of m -

component vector-functions with absolutely continuous second order 

derivatives ( )( ).)( 3

,1 GWGD m=  

 Under the eigen-function corresponding to the eigen-value   

of the operator L  we understand any identically non-zero function 

( ) ),G(D)x(),...,x(),x()x(
T

m21 =   satisfying almost 

everywhere the equation 0)( =+  xL  on G . 

 Assume that 1),( pGLm

p
 is an m  component space of vector- 

functions T
m xfxfxfxf ))(),...,(),(()( 21=  . The norm in this space is 

determined by the equality   

,dx)x(fdx)x(ff

p
1

G

2
p

2
m

1

p
1

G

p

m,p
























=









=  
=




 

in the space case for =p , 

.)(sup
,

xfvraif
Gx

m



=  

If the function )(xf  is absolutely continuous in 
_

G  and 

)()( GLxf m

p , we say that the function )x(f  is contained in the 

class 1p),G(W 1
m,p  . In )G(W 1

m,p  the norm is determined by the 

following equality 

.fff
m,pm,p)G(W1

m,p

+=  
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Assume that ( ) 
=1kk x  is a complete orthonormal system 

from the space ( )GLm
2  consisting of the eigen-functions of the 

operator  L .  

  
=1kk  is an appropriate system of eigen values 

( )0Re k = . Let us introduce the spectral parameter k : 

( )
( )





−
=

.0Im,

,0Im,
3

1

3
1

kk

kk
k

i

i




  

Introduce the special sum of the orthogonal expansion of the 

function ( ) ( )GWxf m
1
,1  by the system ( ) 

=1kk x : 

( ) ( ) ,0,xff,x kk

k

= 





  

here we introduce the difference  

( ) ( ) ( ) ,,,
1

0

dxxxfff kkk  ==   

( ) ( ) ( ) ,)(,
1

xxfxxf k

m

k 


  
=

=  

       ( ) ( ) ( ) ( )( ) .x,...,x,xx
T

km2k1kk  =  ( ) ( ) ( )fxxffxR ,,  −=  

The main results of this section are in the following theorem. 

 Theorem 1. Assume that ( ) ( )GWxf 1
m,1  the system 

( ) 
=1kk x  is regularly bounded and the conditions 

( ) ( )( ) ( ) ,8,20,fCx,xf
kk

1

0

2

k
           (1) 

( )  −


=

−


1
,1

2

1 ,nfn m
n

                                         (2)                                                           

are satisfied. Then the expansion of the vector function ( )xf  by the 

system ( ) 
=1kk x  converges absolutely and regularly in the 

interval   1,0G =   and the estimation 
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( )
 

 
( )1

,1
12

1,0
,)(, −



=

−− +




  nfnvfCconstfR m
vn

Cv   

( ) ,
,1

12
3

2
1

1

,1,




+++ −−

=

−

  m

r

r
rmm

fvvUvff              (3) 

is valid.  Here  ( ) ,gm,1    is an integral continuity modulus of the 

function 

( ) ( ) ( ) ( )( ) ( );,...,, 121 GLxgxgxgxg mT
m =  

( ) ( ) ( ) ( ) .sup,,

1
1

00
,























−+= 
−



ph
p

h
pmp dxxfhxfff



  

construU
m

ji
rijr ;3,2,

1,
11

== 
=

 is independent of the function ( )xf . 

We get the following corollaries from theorem 1. 

   Corollary 1. If the system ( ) 
=1kk x  is regularly bounded, 

then 

( ) 0)1()0(,)( 1

,1 == ffGWxf m
 and  ( ) ,10,GH)x(f m,1                  

( ( )GH m,1
   is a Nikolski class of m component vector-functions). 

Then the estimation 

( )  


m,11,0Cv fvconstf,R  −  

is valid, here 

( ) 




,gsupgg m,1

0
m,1m,1

−



+=  . 

  Corollary 2. If the system ( ) xk  is regularly bounded, 

( ) 0)1(f)0(f,GW)x(f 1
m,1 ==  and for certain 0  the 

estimation 

( ) ( ) ,0,lnO,f 1)1(

m,1
+→= −+−  

   is satisfied. Then 

               ( )   .),(ln,
1,0

→= − vvfR
Cv


 

In section 1.2 we study absolute and regular convergence of 
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orthogonal expansion of the function from the class 

( )  p1,GW 1
m,p

 by the eigen-functions of the operator L . 

    Theorem 2. Assume that 

;3,2r),G(L)x(U,0)x(U 1r1 =  ( ),GW)x(f 1
m,p 1p  , and 

the condition  

,1,20,)f(C)x(),x(f k
m,

kk1
1
0

)2(
k 


    (4) 

is satisfied. Here the constant )(1 fC  is dependent on the function 

)(xf . 

Then spectral expansion of the function )(xf  by the system 

( ) 
=1kk x  converges absolutely and regularly in the interval 

 1,0G =   and for the residue ( )fxRv ,   the estimation  

( )
  ++





 −−

mpCv fvvfCconstfR
,

2
11,0

)(,   

( ) ,
1

3

2

2

,1,

1





++ 
=

−



−
r

r

r

mm
Uvffv                            (5) 

is satisfied. Here ,
1

,
2

1
min









=
q

  ;111 =+ −− qp  ;2v  

const )x(f is independent of the function 
=

=
m

ji
rijr uU

1,
11 .  

Corollary 3. If in theorem 2 the vector-function )x(f  

satisfies the relation 0)1(f)0(f ==  the condition (4) will be a 

priori satisfied and the estimation 

     ( )   ;2v,fvconstf,R
m,p1,0Cv  −

 

is valid. If 0)f(C1 = or  − 20   then the estimation 

        ( )   ( ) +→= − v,vof,R
1,0Cv


 ,  

is valid. Here the symbol “ o  ” is dependent on the function )(xf . 
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Theorem 3. Assume that 

;3,2r),G(L)x(U),G(L)x(U 1r21 =  ( )GWxf m

1

,2)(   and 

condition (4) is satisfied. 

Then the spectral expansion of the vector-function )x(f  by 

the system ( ) 
=1kk x  converges absolutely and regularly in the 

interval  1,0=G , and the estimation 

( )
 

+





 ++





 
−

−

mmCv ffUvvfCconstfR
,2,2

1
2

1

2
11,0

)(,   

,2,
1

3

2

2

,

1 




+ 
=

−



− vUvfv r
r

r

m
                                   (6) 

is valid. Here the const  is independent of  ( )xf . 

 Corollary 4. If in theorem 3 0)(1 =fC  or the condition 

2
30    is satisfied, then the estimation 

( )
 

,,, 2

1

1,0
+→














=

−

vvofR
Cv  

is valid. Here the  symbol “ o  ” is dependent on the function ( )xf . 

  Theorem 4. Assume that the condition 

;3,2r),G(L)x(U),G(L)x(U 1r21 =  ( ),GW)x(f 1
m,p 2p1   

(4) is satisfied and the system ( ) 
=1kk x  is regularly bounded. 

Then the spectral expansion of the vector-function )(xf  by the 

system ( ) 
=1kk x  converges absolutely and regularly ın the ınterval 

 1,0G = ,  the estimation: 

( )
 

++




 
−

−

mCv fUvvfCconstfR
,2

1
2

1

2
11,0

)(,   

,2,
1

3

2

2

,

1

,

1






++ 
=

−



−
−

vUvfvfv r
r

r

mmp

q                    (7) 
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ıs valıd.  Here  const,1qp 11 =+ −− is  independent of )(xf . 

Corollary  5. İf in theorem 4 0)(1 =fC  or the condition   

1q20 −−   is satisfied, then 

( )
  ,,,

1

1,0
+→














=

−

vvofR q

Cv  

Here the symbol “ o ” is dependent on the function )x(f . 

Note that similar results for the Schrodinger operator were 

obtained in the papers of N.L.Lajetich, in the case 1=m  in the works 

of V.M.Kurbanov and R.A.Safarov, for arbitrary m  in the papers of 

V.M.Kurbanov and A.Garayeva, in the case 1=m  for second order 

operators in the papers of V.M.Kurbanov and E.B.Akhundova, for 

fourth order operators in the works of V.M.Kurbanov and 

Y.I.Hiuseynova. 

In section 1.3 we consider the matrix coefficient operator L   

( )( ) ,3,1,)(
1,

==
=


m

jiij xuxU here ( ) ;3,2),(1 =  GLxu ij  

( ) ).(21 GLxu ij   

 We study absolute and regular convergence of spectral 

expansion of the vector function ( )GW)x(f 1
m,1  by the eigen vector 

functions of the considered operator and estimate regular 

convergence rate of this expansion. 

The main results of this section are in the following theorem 

Theorem 5. Assume that ),()( 21 GLxU   

3,2),()( 1 = rGLxUr , the system ( )GWxf m
1
,1)(  , ( ) 

=1kk x  is 

regularly bounded in the interval   1,0G =  condition (1) and 

( ) ( ) .,,, 1
1

2
,1

11

2
,1

1  −


=

−−


=

−
 nfUnnfn
n

m
n

m              (8) 

are satisfied. 

Then the spectral expansion of the vector-function )x(f  by the 
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system ( ) 
=1kk x  converges absolutely and regularly in the interval 

 1,0=G  and the estimation  

( )
 

( )
 

( )+



++ −



=

−−


1
1,1

1

1
1

2

1,0
,1)(, nfUnUvfCconstfR

vn
mCv   

 
( ) ( +++










 +++ −−−



=

−


1
1,1

1

,1
1,1

11
,1

1 , fUfvfUfvnfn
mmm

vn
m  

2,
1

3

2

2

,






+ 
=

−


vUvf r

r

r

m
                                 (9) 

is valid. Here the matrix 

1
U  is the conjugation of the matrix 

1
U ;  

const  is independent of the function ( )xf . 

Similar results for second order operators were obtained in 

the works of A.Garayeva, V.M.Kurbanov and A.Garayeva. 

Estimation (9) was proved for the operator L  in the case 1=m  in the 

papers of V.M.Kurbanov and E.B.Akhundov. 

Chapter II of the dissertation work considers third order 

matrix coefficient ordinary differential equations in the interval 

)1,0(=G . Componentwise regular convergence rate of biorthogonal 

expansion of the considered operator by eigen and associated vector-

functions and trigonometric expansion in a compact is studied, 

absolute and regular convergence of biorthogonal expansion of a 

vector-function from the class ( ) ),1,0(,1
,2 =GGW m  by the eigen and 

adjoined vector-functions is researched and regular convergence rate 

of this expansion in G  is estimated. 

In section 2.1 we consider  a matrix coefficient ordinary 

differential operator  

 ( ) ( ) ,)()( 3
1

2
3  xUxUL ++=   )1,0()G( =  

here ( )( ) ;3,2,)(
1,

==
=


m

jiij xuxU ( ) )(1 GLxu ij  .  

Componentwise regular equiconvergence of biorthogonal 

expansion of the considered operator by eigen and associated vector-

functions with trigonometric expansion is studied. 
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Biorthogonal expansion of the operator L  by the root vector-

functions and trigonometric expansion of ordinary trigonometric 

expansion in the compact GK   the dependence of regular 

eguiconvergence rate of continuity modulus of the coefficient 

)x(U2
 on the row elements are studied. 

Componentwise regular equiconvergence on a compact for a 

Schrodinger operator was studied by V.A.Il’in. For arbitrary order 

differential operator on a compact, componentwise equiconvergence 

rate in metrics  pLm

p 1, , was studied by V.M.Kurbanov (in the 

case  p1  it was studied in the works of by I.S.Lomov and 

A.S.Markov, A.S.Markov). 

Assume that the function ( )t  is a non-decreasing continuous 

function determined in the interval  ),0  and satisfies the conditions 

1) ;0,0)(,0)0( = tt
t

t)(
)2


 is not increasing. 

By 1p),G(H m,p  , we denote a set of functions from the 

space )G(Lm
p

 and satisfying the condition ( ) ( ),),(  fCfp   

here the function ),(  fp   is a continuity modulus of the function 

)(xf   i.e. )(GLm
p   

( ) ,)(sup),(),(

1
1

00
,

p
p

h

h
mpp dxxfhxfff









−+= 
−

 

  

)( fC  is a constant dependent on )(xf . In )(, GH mp
  the norm is 

determined by the following equality 

                         
( )

( ) .
,

sup
0

,,








+=








 f
ff p

mpmp
 

 ,10),(,, 
 GB mp ,1   denotes the Besov class. 

The norm in this space is denoted by the equality 
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







1

0

1

,)(

0

,,

),(





























+= 

−−

dttftff
h

pmpGB mp

, .0oh  

 Note that )G(H)G(B
m,pm,,p

 =
  

is a Nikolsky class ( ).)(  tt =  

Assume that the system   ,)(
1



=kk x   

( )Tmkkkk xxxx )(),...,(),()( ,21  =  satisfies the conditions pA
 

(V.A.Il’in conditions) : 

1) for any fixed 1p   the system ( ) x
k

  is closed and minimal in  

( )GLm
p

, 

2) Each ( )xk  component of the vector-function ( )xk
 

and 

including its derivatives up to the second order are absolutely 

continuous in the segment  G , each vector-function ( )xk  satisfies 

almost everywhere the equation 

1−=+ kkkkkL   

for a certain complex number k  in the interval  G , here k  equals 

either 0 (in this case ( )xk  is an eigen vector-function), or  1 (in this 

case  1−= kk   is not required and  ( )xk  is said to be an adjoined 

vector-function) 0;1 =  

3) 
( )

( )







−


=

,0Im,

0Im,

3

1

3

1

kk

kk

k

ifi

ifi




  

here the numbers  

( ) ,,3/3

1
3/1

 −= ii erre ,0Re = kk 
 

satisfiey the 

inequalities 

    
NkCk  ,Im 1

                                
(10) 
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0,1
1

2
+





k

C
                                  

(11) 

4) For arbitrary GK   there exists such a constant ( )KC0
 that the 

inequalities 

( ) ,...,1,2,0,,,
= kKC

mqkKmpk   

are satisfied. Here the system k  is an orthogonal conjugation of 

 k   ( ( )GLm
qk  , ==+ −− qqp 1;11

 if  1=p ), 

( )KLKmp m
p

=
,,

. 

 For 1p  fixed in conditions pA  we form the  -th order 

special sum of biorthogonal expansion of arbitrary function  

( ) ( )GLxf m
p  by the system ( ) xk : 

( )


=
v

kkv

k

vxffx


 ,0,)(,),(  

here  

( )   
=

===
1

0

1

0 1

,)()()(),(,
m

j
kjjkkk dxxxfdxxxfff   

( ) .)(),...,(),()( 21
T

kmkkk xxxx  =  

It is clear that the j -th component of the special sum 

),( fxv  is determined by the equality  

,,1,)(),( mjxffx kjk
j

k

== 





    i.e. 

( )Tm
v fxfxfxfx ),(),...,,(),,(),( 21

  = . 

By ),( jfxS  we denote the − th order special sum of trigonometric 

Fourier series of the function mjxf j ,1),( = ,. 

We introduce some denotations : 

( ) ( ) mjfSfKf
KC

j

jj ,1,,,),(
)(

=−=  
 

( ) ;,fff̂
1

m,qkk

1

m,qkkk

−−

== 
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( ) 


−− =
2/k1

kk

1 ,0,f̂,2/,f


 
 

( ) ( )
=

−− =
n

i

ifinf
1

1
1 ,0,,,,  

 

,ˆmax),(
2/

,

1
kmpp fff

k 




− +=
 

,
~

max),(
2/2

1
jk

kpjjp fffQ





− +=  

here the numbers 
kj

f
~

 
are Fourier coefficients of the function  ( )xf

j  
by the trigonometric system normalized in ( )GL

q
;  

( ) ( ) += −




0,2/,,inf),( 1
21

2
1

2 


fnUUD j

n

 

( ) ( ),1,2/, 1

12
12 1 −− −+

−

 fUn
j

 

here 

( ) ( ) ;max,,max,
)(2

1
221

1
21 GLjl

mlrjjl
ml

j
r

uUuU


== 
 

( ) ),,(1,2/,),,( 1  frfrfT p+−= −

 
( ) ,),(1,2/,),,(  fffT p+=

 

  
 ( ) ( ) ;,1,2/,),,(

,

1
1

11
1 mp

ffrfrfT ++−= −−− 
 

( ) ( ) ;,),(;,),( 11
1,

1
1 pjjjpmpp ffffff −−− +=+= 

 

( ) ( ) +












+





















= −




vf
v

fnUvA
mpj

n

ln0,
2

,,inf
,

1
21

2
1  

( ) ( ) ,11,
2

,,
,

11112

,12

1















−+








−








+

−−−− −

mpj
f

v
fnU   

( ) ( ) .lnln,inf
,12

1
21

2
2 nUvnUvT

jj
n

+= −



 

Definition 1. If for arbitrary compact GK   the condition 

( ) 0,lim =
→

Kfj



 is satisfied, we say that the j -th component of 

biorthogonal expansion of the vector-function ( )xf  by the system 
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 
=1

)(
kk x  in arbitrary compact GK   regularly equiconverge with 

trigonometric Fourier expansion corresponding to the component  

( )xf j
 of the vector-function ( )xf  . 

 The main results of this section are in the theorems on 

componentwise regular equiconvergence. 

Theorem 6. Assume that all the elements of the j -th row of 

the matrix function ( )xU2  are contained in the space ( ) ;1, rGLr ; 

( )1,0=G  and the system  
=1

)(
kk x  satisfies the conditions pA  for 

certain fixed 1p . Then the j -th components of biorthogonal 

expansion of arbitrary vector-function ( ) ( )GLxf m
p  regularly 

equiconverge with trigonometric Fourier series corresponding to the 

component )(xf j
 of the vector-function )(xf  in arbitrary compact 

GK  , and the estimation 

( ) ++ ),,(,,)(),(
132  fTUrfTUKCKf

jrj

j  

 ;1),(),( ++ rforfQf jpp   

                

(13) 

( ) ++ ),,(,)(),(
132  fTUUDKCKf

j

j  

 ;1),(),( =++ rforfQf jpp      

                

(14) 

are satisfied, here the constant )(KC  is independent of the 

function )(xf  and  . 

Theorem 7. Assume that the conditions of theorem 6 are 

satisfied and the estimations  

( )  .1,,ˆ
,1

11
1 + −−

kmkkk ffconstf   

are satisfied for biorthogonal coefficients kf of the vector-function 

( ) ( )GLxf m
p  

Then for 1r  the estimations 

( ) ++ ),,(,,)(),( 11312  fTUrfTUKCKf
jrj

j

 
,),(),(  jpp ff ++

                                      (15) 
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for 1=r  the estimations  

 ++ − ),,()()(),( 113
1  fTUAKCKf

j

j

 
,),(),(  jpp ff ++

                                 (16) 

are valid, here the constant  )(KC  is independent of )(xf  or  . 

The last section of the dissertation considers a third order 

complex valued matrix coefficient ordinary differential operator  
( ) ( ) ( )  )x(U)x(U)x(UL 3

1
2

2
1

3 +++=  
Here  ( ) ,3,1,)( 3

1 = − 
 GWxU ( ) ( )GWxu ij




− 3
1

.  

Under certain conditions absolute and regular convergence of 

biorthogonal expansion of the vector-function )(xf  from the class 

( ) ( )1,0,1
,2 =GGW m  by the system of eigen and associated vector-

functions is studied and regular convergence rate of this expansionin 

in the segment  G  is estimated. 
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Conclusions 

 The dissertation work has been devoted to studying some 

spectral properties of the system of the root (eigen and a associated) 

functions of third order matrix coeffcient ordinary differential 

operators.  

• Absolute and regular convergence of biorthogonal expansion 

of  vector-function from the class ( ) ( ) ),1,0(,1
,1 = GGWxf m  by eigen 

vector-functions of third order matrix coefficient differential operator 

was proved and the residue of this expansion in the metrics ( )GC  

was estimated. 

• Absolute and regular convergence of spectral expansion of a 

vector-function from the class ( ) ,1,1
, pGW mp  by the eigen vector-

functions of a third order matrix coefficient differential operator was 

studied, sufficient conditions for this expansion were found and 

regular convergence rate in the interval  1,0=G  was estimated. 

• Theorems on componentwise equiconvergence on a compact 

of a vector-function from the class 1),( pGLm
p , by the root eigen-

functions of a third order summable matrix coefficient differential 

operator with trigonometric series were proved. Componentwise 

regular equiconvergence rate for functions from the functional spaces 

( ) ( ) )(,, 1
,1,,, GWGBGH mmpmp




  was estimated. 

• A theorem on absolute and regular convergence of 

biorthogonal expansion of a vector-function from the class  

( ) ),1,0(,1
,2 =GGW m  by the root vector-functions of a third order 

smooth matrix coefficient differential operator was proved and 

regular convergence rate on the segment  1,0=G  was estimated. 
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