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GENERAL CHARACTERISTICS OF THE WORK  
 

Rationale of the theme and development degree. Bessel 
property and Hilbert property of a pair of biorthogonal sequences and 
the Riesz basis in the space 2L   were introduced and studied in 1951 
by N.K.Bari1. Further there notions were generalized to the to the 
Banach spaces in various directions in the work of B.E.Weits, 
Z.A.Chanturia, I.Singer, B.T.Bilalov and Z.G.Huseynov, 
P.A.Terekhin. Generalization of these notions in the case of the 
spaces were not studied. In chapter I of there dissertation work we 
give the notions of Bessel, Hilbert sequences of the Riesz basis in 
Banach and Hilbert spaces associated with bilinear mappins and alou 
their uncountable generalizations in nonseparable Banach spaces and 
give examles. 

The Riesz bases are particular cases of frames in Hilbert spaces 
introduced in 1952 by R.J.Duffin and A.C.Schaeffer2. The rapid 
development of frame theory began in the second half of the eighties 
after the fundamental works of I.Daubechies, I.Daubechies, 
A.Grossman and I.Meyer, S.Malat and others. Generalizations of 
frames in Hilbert spaces with respect to the systems of linear 
bounded operators were studied by W.Sun. Another generalizations 
of frames in Hilbert spaces are continuous frames in Hilbert spaces 
studied in the works of S.T.Ali, J.P.Antoine and J.P.Gazeau, 
A.Rahimi, A.Najati and Y.N.Dehghan. The notions of Banach frame 
and atomic expansion in Banach spaces were studied by 
H.G.Feichtinger and K.Gröchenig. The frames in Banach spaces 
were studied in the works of O.Christensen, P.G.Casazza, D.Han and 
D.Larson, B.T.Bilalov, M.R.Abdollahpour, M.H.Faroughi and 
A.Rahimi, O.Christensen and D.T.Stoeva. Proceeding from the fact 
that the product of a scalar by a vector 

_________________________________________ 

1Bari, N.K. Biorthogonal systems and bases in Hilbert spaces  // – Moscow: 
Ucheniye zapiski MGU, – 1951, 4:148. – с. 69–107. 
2Duffin, R.J., Schaeffer, A.C. A class of nonharmonic Fourier series // – 
Washington: Transactions of American Mathematical Society, – 1952. 72, – p. 
341–366. 
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determines bilinear mapping, the study of frames, stability and 
perturbation bilinear mappings is of great interest. Chapter III of this 
dissertation work deals with these issues.  

Fourier series is one of the main directions of harmonic 
analysis.  Important direction of this theory is to study various 
properties of Fourier coefficients. In this context, the Housdorff -
Young theorem and Hardy-Littlevood theorem are known well. 
These facts for general orthogonal and uniformly bounded systems in 
the spaces pL  were studied in the works of F.Riesz and Paley. Many 
problems of theory of partial equations, of mechanics, mathematical 
physics and other fields of mathematics are solved by the Fourier 
method. In this direction, the works of K.I.Khudaveriyev, 
K.I.Khudaveriyev and A.A.Veliyev, A.Ashyralyev, D.Arjmand, 
M.Kudu, I.Amirali, J.Nagumo, S.Arimoto, S.Yoshizawa and others 
are known well. The study of the properties of Fourier coefficients 
with vector-valued coefficients is of interest. In chapter VI this 
dissertation work we obtained the analogs of Riesz and Paley 
theorems in Lebesgue spaces with a mixed norm and in Lebesgue 
spaces with variable summability index.  

One of the important issues in the spectral theory of differential 
operators is the study of spectral problems with a spectral parameter 
in boundary conditions. The works of the authors L.Relei, Zh.D. 
Tamarkin, R.E.Langer, L. Kolatz and others are fundamental results 
in this direction. The spectral properties of spectral problems with a 
spectral parameter in the boundary conditions were considered in the 
works of J. Walter, A. Schneider, C.T. Fulton, D.B. Hinton, H.M. 
Huseynov etc. General theory of boundary value problems for n -th 
order ordinary differential equations, when the spectral parameter 
polynomially included into boundary conditions, was constructed in 
the paper of A.A.Shkalikov. In the works of E.I.Moiseev and 
N.Yu.Kapustin considered the basicity of the systems of 
eigenfunctions in Lebesgue spaces for the Sturm-Liowille problem 
with a spectral parameter linearly included into the boundary 
conditions. Various generalizations in this direction were studied in 
the works of N.B.Kerimov and Z.S.Aliyev, N.B.Kerimov and 
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V.S.Mirzoev and others. Defective basicity in the abstract form was 
considered in the work of B.T.Bilalov and T.R.Muradov. In the work 
of T.B.Gasymov, the criterion with respect to the defective basicity 
of systems in Banach spaces was found in abstract statement.  

Along with this, it should be noted that discontinuous spectral 
problems with a spectral parameter in the boundary conditions are 
also of separate scientific interest from in terms of applications. 
Concerning the related issues, we can consider, for example, the 
monographs of F.BAtkinson, L.Kollatz and M.A.Rasulov. A spectral 
problem associated with the problem of oscillation of a loaded string 
in Lebesgue spaces pL  was studied in the works of T.B.Gasymov 
and Sh.J. Mammedova, T.B.Gasymov and A.A.Huseynli, 
B.T.Bilalov, T.B.Gasymov and G.V.Maharramova, and in weighted 
Lebesgue spaces with a power weight was studied in the work of 
T.B.Gasymov, A.M.Akhtyamov and N.R.Akhmedzade. It should be 
noted that the basicity of the systems of eigenfunctions, even in 
weighted Lebesgue spaces with total weight, apparently have not 
been studied. In the chapter V of this dissertation work, this problem 
is considered in grand Lebesgue spaces and in weighted grand 
Lebesgue spaces with a general form weight.  

One of the methods for studying the basic properties of systems 
is the of perturbation and stability method. Therefore, the study of 
the basic properties of perturbed systems of exponents in various 
spaces is of great scientific interest. Note that the basicity of the 
perturbed system of exponents and trigonometric systems of sines 
and cosines was studied in the works of A.M.Sedletsky, 
G.G.Devdariani, E.I.Moiseev, K.I.Babenko, V.F.Gaposhkin, 
A.N.Barmenkov, A.N.Barmenkov and Yu.A.Kazmin, 
Yu.I.Lyubarsky, Yu.I.Lyubarsky and V.A.Tkachenko, B.T.Bilalov 
and others. In many of these papers, the question of completeness 
and minimality of systems is reduced to the solvability of various 
Riemann boundary value problems in Hardy classes. Note that the 
Riemann problem in Lebesgue spaces with variable exponent was 
studied by B.T.Bilalov and Z.G.Guseynov, and in Morrey spaces in 
the paper of B.T.Bilalov, T.B.Gasymov and A.A.Guliyeva. In the 
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work of V.M. Kokilashvili, A.Meskhi, V.Paatashvili, the boundary 
value problem was studied in the subspace of the Lebesgue grand 
space of functions representable by the Cauchy formula. The basicity 
of the perturbed system of exponents in grand Lebesgue spaces and 
the boundary value problem in grand Hardy spaces in the general 
setting were not considered. The study of the basicity of the 
perturbed system of exponents in grand Lebesgue spaces by the 
method of boundary value problems requires the determination of the 
grand Hardy classes and the solvability of Riemann boundary value 
problems in them. The chapter VI of the dissertation was devoted to 
the study of these problem. According to above considerations, we 
think the topic of the dissertation work is relevant and is of special 
scientific interest.  

Subject and objects of research. The subject and objects of 
study in the dissertation work are: Bessel, Hilbert systems, Riesz 
bases and frames in Hilbert and Banach spaces associated with 
bilinear mappings with respect to the Banach space of sequences of 
vectors, the Riesz and Paley theorems in Lebesgue spaces and in 
Lebesgue spaces with variable summability exponent with mixed 
norm, grand Lebesgue subspaces )pG  generated by the shift 
operator, discontinuous differential operator, grand Hardy classes, 
solvability of Riemann problems in grand Hardy classes, the 
perturbed system of exponents. 

The goal and tasks of the study. The main goal and tasks  of 
the dissertation work is to obtain various analogs and generalizations 
of Bessel, Hilbert systems, Riesz bases and frames in Hilbert and 
Banach spaces, to obtaining the analogs of the Riesz and Paley 
theorems in Lebesgue spaces with a mixed norm and in Lebesgue 
spaces with variable summability exponents, to study the basicity of 
classical systems of exponents and trigonometric systems of sines 
and cosines in grand Lebesgue subspaces )pG  generated by the shift 
operator, to obtain analogs of Korovkin theorems and their statistical 
versions in the spaces )pG , the basicity of a system of eigenfunctions 
of one discontinuous spectral problem for a second-order differential 
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equation in )pG  and in their weight variants with a general form 
weight, to determine the grand Hardy classes, to obtain analogs of 
some classical facts and solvability of the Riemann boundary value 
problems in grand Hardy classes, and also the basicity of the 
perturbed system of exponents in grand Lebesgue spaces.  

Research methods. The methods of theory of functional 
analysis, theory of frames, theory of bases, theory of Fourier series, 
theory of functions, theory of harmonic and complex analysis, theory 
of partial differential equations, theory of boundary value problems 
for analytic functions were used in the dissertation work.  

The basic aspects to be defended. The following main 
statements are defended: 

1. characterization of Bessel, Hilbert systems, Riesz bases and 
frames in Hilbert and Banach spaces associated with bilinear 
mappings; 

2. uncountable generalizations of Bessel and Hilbert systems in 
nonseparable Banach spaces; 

3. perturbations and stability of bases and frames associated 
with bilinear mappings;  

4. to obtain analogs and generalizations of the Riesz and Paley 
theorems in Lebesgue spaces and in Lebesgue spaces with variable 
summability exponent with mixed norm; 

5. the existence and uniqueness of the generalized solution of 
the mixed problem for one class of third-order differential equations 

in the space qq
TppB
2,21

,,

+

 ( pq,  are conjugate numbers), 2≥p ; 
6. basicity of the classical systems of exponents and 

trigonometric systems of sines and cosines in grand Lebesgue 
subspaces )pG  generated by the shift operator; 

7. basicity of the system of eigenfunctions of one discontinuous 
spectral problem for a second-order differential equation in )pG  and 
in weighted versions with a general form weight;  
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8. to obtain analogs of Korovkin theorems and their statistical 
variants in )pG ; 

9. determination of grand Hardy classes, to obtain the analogs 
of the Riesz and Smirnov theorems and to study solvability of 
Riemann boundary value problems in the grand Hardy classes;  

10. to establish basicity of the perturbed system of exponents in 
grand Lebesgue spaces. 

Scientific novelty of the research. In the dissertation work the 
following main results were obtained: 

1. the notions of b -Bessel, b -Hilbert sequences, b -Riesz 
bases and b -frames in Hilbert and Banach spaces with respect to 
Banach spaces of sequences of vectors, generalizing the classical 
notions were introduced and studied their characterization; 

2. the notions of an uncountable unconditional basis, 
uncountable Bessel and Hilbert systems in nonseparable Banach 
spaces were introduced and analogs of classical results were proved 
in this case and appropriate examples were given;  

3. generalizations of perturbation and stability theorems for 
bases and frames with respect to b -basis and b -frames in Hilbert 
and Banach spaces were obtained; 

4. the analogs of the Riesz and Paley theorems were found in 
Lebesgue spaces and in Lebesgue spaces with variable summability 
exponents with mixed norm, by means of which the existence and 
uniqueness of a generalized solution of the mixed problem for one 

class of third-order differential equations in the space qq
TppB
2,21

,,

+

 ( pq,  are 
conjugate numbers), 2≥p  was established;  

5. basicity of the classical systems of exponents and 
trigonometric systems of sines and cosines in the grand Lebesgue 
subspaces )pG  generated by the shift operator, were proved; 

6. basicity of the system of eigenfunctions of the differential 
operator of one discontinuous spectral problem in the direct sum of 
spaces CGp ⊕) , where C is the complex plane, was proved;  
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7. boundedness of the singular operator was proved in the 
weighted space ρ),pG  in the case when the weight function satisfies 
the Muckenhoupt condition; 

8. basicity of the system of eigenfunctions of one discontinuous 
spectral problem was proved for a second-order differential equation 
in a weighted space ρ),pG  with a general form weight;  

9. grand Hardy classes )pH   were determined, the analogs of 
the Riesz and Smirnov theorems were established, and solvability of 
Riemann boundary value problems in the grand Hardy classes was 
studied;  

10. the obtained results were applied to the establishment of 
basicity of the system of exponents with a linear phase in grand 
Lebesgue subspaces )pG . 

The theoretical and practical value of the research. The 
results of the dissertation is mainly of theoretical character. They can 
be used in the spectral theory of differential operators, in the theory 
of partial differential equations, in the theory of approximation, in 
the theory of frames and close bases, in harmonic analysis. 

Approbation and application. The results of the dissertation 
work were reported at the seminar of at the institute seminar of IMM 
of NASA (head: corr.-member of NASA, prof. M.J.Mardanov), at 
the seminar of the section "Nonharmonic analysis" of IMM of NASA 
(head: corr.-member of NASA, prof. B.T.Bilalov), at the seminar of 
the section "Differential Equations " of IMM of NASA (head: corr.-
member of NASA, prof. A.B.Aliyev), at the faculty seminar of the 
faculty of Mechanics and Mathematics of Baku State University 
(head: prof. N.Sh.Iskenderov), at the seminar of the department " 
Theory of functions and functional analysis" of Baku State 
University (head: prof. A.M.Akhmedov), at the seminar of the 
department "Mathematical analysis" of Baku State University (head: 
prof. S.S.Mirzoyev), at the seminar of the department " Differential 
and integral equations" of Baku State University (head: associate 
professor Ya.T.Megraliev), at the International conference dedicated 



10 
 

to the 85th anniversary of prof. Ya.Dzh.Mammadov (Baku, 2015), at 
the 12th International Conference on Mathematics and Mechanics, 
dedicated to the 80th anniversary of Academician F.G.Maksudov 
(Baku, 2010), at the International Conference dedicated to the 80th 
the summer anniversary of Academician of ANAS A.D.Hajiyev 
(Baku, 2017), at the International Conference "Functional Analysis 
and Its Applications" dedicated to the 100th anniversary of 
Academician Z.I.Khalilov (Baku, 2011), at the International 
Conference "Theory of Functions and Problems of Harmonic 
Analysis" dedicated to the 100th anniversary of Academician 
I.I.Ibrahimov (Baku, 2012), at the 19th Saratov winter school 
"Modern problems of the theory of functions and their applications" 
dedicated to the 90th anniversary of the birth of P.L.Ulyanov 
(Saratov, 2018), at the International conference "Operators, functions 
and systems in mathematical physics", dedicated to the 70th 
anniversary of prof. G.A.Isakhanli (Baku, 2018), at the International 
Workshop Conference "Nonharmonic Analysis and Differential 
Equations" (Baku, 2016), at the 2nd International Conference 
"Mathematical advances and applications" (Istanbul, 2019). 

Personal contribution of the author is in formulation of the 
goal and choice of research direction. Furthermore, all conclusions 
and the obtained results and research methods belong personally to 
the author.  

Pblications of the author. Publications in editions 
recommended by HAC under President of the Republic of 
Azerbaijan – 26, conference materials – 8, abstracts of reports – 2. Of 
these, 12 articles were published in the journals of the Web of 
Science database and 1 article in the journal of the Scopus database, 
which have an impact factor. 

Institution where the dissertation work was executed. The 
work was performed at the Department of Nonharmonic Analysis of 
the Institute of Mathematics and Mechanics of the Azerbaijan 
National Academy of Sciences and at the Department of Theory of 
Functions and Functional Analysis of Baku State University. 
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Structure and volume of the dissertation (in signs, 
indicating the volume of each structural subsection separately). 
General volume of the dissertation work consists of – 453739 signs 
(title page – 424 signs, table of contents – 3315 signs, introduction – 
86000 signs, chapter I – 82000 signs, chapter II – 24000 signs, 
chapter III – 74000 signs, chapter IV – 48000 signs, chapter V – 
78000 signs, chapter VI – 58000 signs). Then list of references 227 
names. 
 

THE MAIN CONTENT OF THE DISSERTATION 
 

The dissertation consists of an introduction, six chapters and a 
list of used literature.  

Ratioale of the topic of the dissertation work is justified in the 
introduction, a brief review of concerning matters are given, the 
basic results of the dissertation are stated. 

Chapter I is devoted to a generalization of Bessel, Hilbert 
sequences and Riesz bases in Hilbert spaces under bilinear mappings. 
The main results of this chapter were published in the author's works 
[1-3, 6, 8, 11, 22-25, 29]. 

In section 1.1 standard denotations, main notions of the theory 
of bases under bilinear mappings, and also some facts about 
corcerning the Banach space of sequences of vector sequences are 
given.  

Let X , Y  and Z  be Banach spaces. Consider a bilinear 
mapping ZYXyxb →×:),(  satisfying the condition 0, >∃ mM :  

YXZYX
yxMyxbyxm ≤≤ ),( , Xx∈ , Yy∈ . 

Let X̂  be a Banach space of sequences of vectors { } Nnnxx ∈=ˆ , 
Xxn ∈ , with coordinatewise linear operations. X̂  is  said to KB -

space if the linear operators XXen
ˆ:ˆ → , { } Niinn xxe ∈= δ)(ˆ ,  

XXen
ˆˆ: → , { } Nininn xxe ∈= δ)ˆ( , XXn →ˆ:δ̂ , nn xx =)ˆ(δ̂ , 
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{ } Xxx Nnn
ˆˆ ∈= ∈ , Xx∈ , are bounded. X̂  is said to CB -space if 

subspaces { }knxXxE nk ≠=∈= ,0:ˆˆ   form a basis in X̂ .  
With respect to space *X̂  it is true  
Lemma 1. Let X̂  be a reflexive CB -space. Then the dual 

space *X̂  is a CB -space.  
In section 1.2 by means of a bilinear map, we give 

generalizations the concepts of Bessel and Hilbert sequences in 
Hilbert spaces and prove their corresponding properties.  

Let X  and H  be Hilbert spaces, X̂  be a CB -space and  
XYHb →×:ω  is bilinear mapping defined by the relation:  

XbH yhxhyxb )),(,()),,(( ω= , Xx∈ , Hh∈ , Yy∈ . 
In particular, for CX = , HY =  and yyb λλ =),(  we have 

Hb yhyh ),(),( =ω .  
Definition 1. The system { } Yy Nnn ⊂∈  and { } Yy Nnn ⊂∈

*
 are 

said  b -biorthogonal in H , if  Xx∈∀  
xyyxb nknkb δω =)),,(( * , Nkn ∈∀ , . 

Let { } Yy Nnn ⊂∈  and { } Yy Nnn ⊂∈
*  be b -biorthogonal in H  

systems.   
Definition 2. Sequence { } Nnny ∈   is called b -Bessel in H  with 

respect X̂  ( Xb ˆ -Bessel), if the condition { } Xyh Nnnb
ˆ),( * ∈∈ω  for every 

Hh∈ , holds.  
The following criterion for Xb ˆ -Besselianess holds.  
Theorem 1. In order for the system { } Nnny ∈   to be Xb ˆ -Bessel in 

H , it is necessary and, in case of b -completeness of  { } Nnny ∈ ,  

sufficient that there exist an operator )ˆ,( XHLT ∈ :  
{ } Niinn xyxbT ∈= δ)),(( , Xx∈ , Nn∈ . 



13 
 

Definition 3. Sequence { } Nnny ∈  is called b -Hilbert in H  with 

respect X̂  ( Xb ˆ -Hilbert), if the following condition holds: for 

Xx ˆˆ∈∀   Hh∈∃   such that { } xyh Nnnb ˆ),( * =∈ω .  
The following criterion for Xb ˆ - Hilbertianess holds.  
Theorem 2. In order for the system { } Nnny ∈   to be Xb ˆ -Hilbert 

H , it is sufficient and, in case of b -completeness of { } Nnny ∈
* ,  

necessary that there exist an operator ),ˆ( HXLT ∈ :  
{ } ),()( nNiin yxbxT =∈δ , Xx∈ , Nn∈ . 

The following theorem establishes the relation between the Xb ˆ -
Bessel and Xb ˆ -Hilbert systems. 

Theorem 3. Let systems { } Nnny ∈   and  { } Nnny ∈
*  be b -complete 

in H . The system { } Nnny ∈  is Xb ˆ -Hilbert in H  if and only if  { } Nnny ∈  
is *X̂b -Bessel in H . 

In section 1.3, using bilinear maps, we generalize Riesz bases 
in Hilbert spaces, and establish their corresponding relation with 
Bessel and Hilbert systems. 

Definition 4. b -basis { } Nnny ∈  is called a Xb ˆ -Riesz basis if its 

coefficient space coincides with X̂ . 
Let { } Yy Nnn ⊂∈  and  { } Yy Nnn ⊂∈

*   be a pair of b -biorthogonal 
systems.  

The following Xb ˆ -Riesz basicity criterion is valid. 
Theorem 4. Let { } Nnny ∈  and { } Nnny ∈

*  be b -complete in H . In 
order for it { } Nnny ∈   to be a Xb ˆ -Riesz basis in H , it is necessary and 
sufficient that there exist an boundedly invertible operator 

)ˆ,( XHLT ∈ : 
{ } Niinn xyxbT ∈= δ)),(( , Xx∈ , Nn∈ . 
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In section 1.4, proceeding from bilinear mappings, we define 
the notion of Bessel and Hilbert systems in Banach spaces.  

Let { } Yy Nnn ⊂∈  and { } ),(* XZLy Nnn ⊂∈  be a pair of b -
biorthogonal systems.  

Definition 5. Sequence { } Nnny ∈  is called b -Bessel in Z  with 

respect X̂  ( Xb ˆ -Bessel),  if the condition { } Xzy Nnn
ˆ)(* ∈∈   for Zz∈∀ , 

holds.  
The following criterion for Xb ˆ -Besselianess holds.  
Theorem 5. In order for the system { } Nnny ∈   to be Xb ˆ -Bessel 

Z  it is necessary and, in case of b -completeness of { } Nnny ∈ , 

sufficient  that there exist an operator )ˆ,( XZLT ∈ :  
{ } Niinn xyxbT ∈= δ)),(( , Xx∈ , Nn∈ . 

Definition 6. The system { } Nnny ∈  is called b -Hilbert in Z  with 

respect X̂  ( Xb ˆ -Hilbert), if the following condition holds: for Xx ˆˆ∈∀  
Zz∈∃   such that { } xzy Nnn ˆ)(* =∈ .  
The following criterion for Xb ˆ - Hilbertianess holds.  
Theorem 6. In order for the system { } Nnny ∈  to be Xb ˆ  - Hilbert 

in Z , it is sufficient and, in case of completeness of { } Nnny ∈
* , 

necessary that there exist an operator ),ˆ( ZXLT ∈ :  
{ } ),()( nNiin yxbxT =∈δ , Xx∈ , Nn∈ . 

We define a mapping *** : XYZb →×  by the formula  
)),(())(,(* yxbfxyfb = , *Zf ∈ , Yy∈ , Xx∈ . 

In particular, for ),( XZLY =  and )(),( xAAxb = , we have 
)(),( ** fAAfb = .  

The next theorem establishes a connection between the b -
Hilbertianness and the *b -Besselianness of a pair of b -biorthogonal 
systems. 



15 
 

Theorem 7. Let X̂  be a reflexive CB -space, Z  be a reflexive 
Banach space, the system { } Nnny ∈   be b -complete in Z , and the 

system { } Nnny ∈
*  be complete in *Z . Then, in order for { } Nnny ∈  to be 

Xb ˆ -Hilbert in Z , it is necessary and sufficient that    { } Nnny ∈
*   to be 

*
ˆ *Xb -Bessel in *Z . 

In section 1.5, we consider the Bessellianess and Hilbertianess 
of sequences in Banach spaces without the assumption of the 
minimality condition. 

Let X  and Z  be Banach spaces, X̂  be some KB -space of 
sequences of vectors of X . Let as consider the system of operators 
{ } ),( XZLg Nkk ⊂∈ .  

By { }( )NnnX gL ∈*  denotes a collection of finite linear 

combinations of the form ∑
k

kk gx* , ** Xxk ∈ . 

Definition 7. The system { } Nkkg ∈  is called g -complete in *Z , 
if { }( ) *

* ZgL NnnX =∈  in the norm *Z . The systems { } Nkkg ∈   and 
{ } ),( ZXL

Njj ⊂Λ
∈

 are called  g -biorthogonal if Xkjjk Ig δ=Λ . The 

systems { } Nkkg ∈  is called g -minimal in *Z  if  { }0\** Xx ∈∀   and 
Nk ∈∀  the relation { }( )knnXk gLgx ≠∉ *

*  holds. 
The following notions are generalizations of Bessel and Hilbert 

systems in Hilbert and Banach spaces.  
Definition 8. The system { } Nkkg ∈  is called X̂ -Bessel in Z , if 

the condition { } Xzg Nkk
ˆ)( ∈∈  for Zz∈∀ , holds.  The system { } Nkkg ∈  

is called X̂ -Hilbert in Z , if the following condition holds: for 
{ } Xx Nkk

ˆ∈∀ ∈  Zz∈∃  such that kk xzg =)( .  

The following criterion for X̂ -Besselianess holds.  
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Theorem 8.  In order for the system { } Nkkg ∈  to be X̂ -Bessel in 
Z , it is necessary and sufficient that there exist an operator 

)ˆ,( XZLU ∈  such that nn gU =δ̂  for every Nn∈ . 

Let us give a criterion for the X̂ -Hilbert systems.  
Theorem 9. In order for the system { } Nkkg ∈  to be X̂ -Hilbert 

in Z , it is sufficient, and in case of g -completeness { } Nkkg ∈   it is 

necessary  that  ),ˆ( ZXLT ∈∃ : nnTg δ̂=  , Nn∈∀ . 

The following theorem establishes the relation between the X̂ -
Bessel and the X̂ -Hilbert systems.  

Theorem 10. Let X̂  be a reflexive CB -space and Z  be 
reflexive. For the system { } Nkkg ∈   to be the X̂ -Hilbert  system in Z , 
it is sufficient, and in the case of g -completeness of  { } Nkkg ∈  in *Z  
it is necessary that the following conditions hold:  

1) { } Nkkg ∈  has the g -biorthogonal { } ),( ZXLNkk ⊂Λ ∈ ; 

2) the system { } Nkk ∈Λ*   is *X̂ -Bessel in  *Z . 

Definition 9. The system { } Nkkg ∈   is called *X̂ -Riesz g -basis 
in *Z , if { } Nkkg ∈  is g -complete in *Z  and there exist 0>A  and 

0>B  such that   

*
*

* ˆ
*

1

*
ˆ

* ˆˆ
X

Zk
kkX

xBgxxA ≤≤ ∑
∞

=

, ** ˆˆ Xx ∈∀ . 

The following theorem is a criterion for *X̂ -Riesz g -basicity 
of systems. 

Theorem 11. Let X̂  be a reflexive CB -space and Z   be 
reflexive and  the system { } Nkkg ∈  is  g -complete in *Z . In order for 

{ } Nkkg ∈  to be *X̂ -Riesz g -basis in *Z , it is necessary and sufficient 

that { } Nkkg ∈  be both X̂ -Bessel and X̂ -Hilbert system in Z . 
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In section 1.6 we give the notion of uncountable Bessel and 
Hilbert systems in nonseparable Banach spaces and prove the 
corresponding criteria. 

Let X  be a nonseparable Banach space, I  be some 
uncountable index set. Let K  be a nonseparable Banach space of 
systems of scalars. Consider the minimal system { } Xx I ⊂∈αα   with 
the biorthogonal system { } ** Xx I ⊂∈αα . 

The following concepts are uncountable generalizations of 
Bessel and Hilbert sequences.  

Definition 10. The system { } Ix ∈αα  is called uncountable K -
Bessel in X , if the condition { } Kxx I ∈∈αα )(*  for Xx∈∀ , holds.  

The system { } Ix ∈αα  is called uncountable K -Hilbert in X , if 
the following condition holds: for { } KI ∈=∀ ∈ααλλ  there exists 

Xx∈   such that { } Ixx ∈= ααλ )(* .  
Let K  be a CB -space with an uncountable unconditional basis 

{ } I∈ααδ  and for { } KI ∈=∀ ∈ααλλ  the set { }0: ≠αλα  is at most 
countable.  

Theorem 12. The system { } Ix ∈αα  is uncountable K -Bessel in 
X , it is necessary and, in case of completeness of  { } Ix ∈αα  in X , 
sufficient that there exists an operator ),( KXLT ∈  such that 

αα δ=Tx , I∈∀α .  
Theorem 13. The system { } Ix ∈αα  is uncountable K -Hilbert in 

X  it is sufficient and, in case of completeness of  { } Ix ∈αα
*

 in *X , 
necessary that there exists an operator ),( XKLT ∈  such that  

ααδ xT = , I∈∀α .  
Chapter II is devoted to the study of generalizations of results 

with respect concerning to isomorphic and close bases in Banach 
spaces in the context of b -basises. The main results of this chapter 
were published in the author's works [4, 7, 13]. 
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In section 2.1, we study the properties of b -isomorphism of 
b -basises and the perturbation of b -basises. 

Let X , Y  and Z  be Banach spaces. 
In the next theorem, conditions are given for the b -

isomorphism to the b -basis under a Fredholm perturbation.  
Theorem 14. Let the system { } YNnn ⊂∈ϕ  form a b -basis in Z , 

)(ZLF ∈  be a Fredholm operator and the system { } YNnn ⊂∈ψ  such 
that ),()),(( nn xbxbF ψϕ = , Xx∈∀ , Nn∈ . Then the following 
properties are equivalent:  

a) { } Nnn ∈ψ   is b -complete in Z ; 

b) { } Nnn ∈ψ   is b -minimal in Z ; 

c) { } Nnn ∈ψ  is ω - b -linearly independt in Z ; 

d) { } Nnn ∈ψ   forms a b -basis in Z , b -isomorphic to { } Nnn ∈ϕ .  
Definition 11. The system { } Nnny ∈  with b -biorthigonal system 

{ } Nnny ∈
*   is called  p -b -Bessel in Z , if  for Zz∈∀  

Z

p

n

p

Xn zMzy 1

1

1

* )( ≤






∑
∞

=

. 

If p -b -Bessel in Z  system { } Nnny ∈   forms a b -basis in Z , 
then { } Nnny ∈   is called p - b -basis in Z .  

Theorem 15. Let { } YNnn ⊂∈ϕ  form a p -b -базис  for Z  with 
b -biorthogonal system { } ),(* XZQNnn ⊂∈ϕ  and the system 

{ } YNnn ⊂∈ψ  is q -close to { } Nnn ∈ϕ , 1>p , 1
11
=+

qp
. Then the 

properties a)-d) of theorem 14 are equivalent.  
In section 2.2 we study the stability of b -bases in Banach 

spaces.  
The following theorem is a generalization of the Riesz basis 

theorem for a system quadratically close to a Riesz basis. 
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Theorem 16. Let { } YNnn ⊂∈ϕ  forms a )(2 Xlb -Riesz basis for  
H , such that ),(),( * XZQnb ∈⋅ ϕω , the system { } YNnn ⊂∈ψ  is ω -b -
linearly independent and quadratically close to { } Nnn ∈ϕ . Then the 
system { } Nnn ∈ψ   forms a b -basis for H , b -isomorphic to { } Nnn ∈ϕ , 
i.e.  )(2 Xlb -Riesz basis. 

The following theorem is a generalization of the Paley-Wiener 
theorem in Banach spaces. 

Theorem 17. Let the system { } YNnn ⊂∈ϕ  forms a b basis for 
Z  and the system  { } YNnn ⊂∈ψ  such that )1,0[∈∃θ , for any finite 
{ } Xx Nnn ⊂∈  the following relation be valid 

Zn
nn

Zn
nnn xbxb ∑∑ ≤− ),(),( ϕθψϕ .                                  

Then the system { } Nnn ∈ψ   forms a b -basis,  b -isomorphic to { } Nnn ∈ϕ .    
In section 2.3 we study a Bessel basis and its stability in a 

Banach space with respect to the Banach space of sequences of 
vectors. Analogs of the results of the p - b -basis with respect to the 
space of sequences of vectors are obtained. 

Chapter III is devoted to the study of frames, atomic 
decompositions and their perturbations in Banach spaces proceeding 
from bilinear mappings. The main results of this chapter were 
published in the author's works [9, 12, 14, 16-21, 26-28]. 

In section 3.1, we given the notions of b -frames and b -frame 
operators in Hilbert spaces and study some of their properties. 

Let X  and H  be Hilbert spaces and { } Yy Nnn ⊂∈ . The next 
concept is a generalization of frames in Hilbert spaces. 

Definition 12. Sequence { } Nnny ∈  is called b -frame in H , if 
there exist 0, >BA   such that  

2

1

22 ),(
H

k
XkbH

hByhhA ≤≤ ∑
∞

=

ω ,  Hh∈∀ .         (1) 
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Constants A  and B  are called the bounds of b -frame. When the 
right-hand side of (1) is fulfilled, then the sequence { } Nnny ∈   is called  
b -Besselian in H  with a bound B .  

In the case when CX =  and HY =  we have yyb λλ =),( , 

Hb yhyh ),(),( =ω  and inequality (1) takes the form  
2

1

22 ),(
H

k
kH

hByhhA ≤≤ ∑
∞

=

, Hh∈∀  ,                                 

i.e.  { } Nnny ∈  is b -frame in H  with bounds A  and B .  
The b -frame criterion holds. 
Theorem 18. Sequence { } Nnny ∈  forms a b -frame for H  if and 

only if the bounded surjective operator ZXlT →)(: 2 , 

{ } ∑
∞

=
∈ =

1
),()(

k
kkNkk yxbxT , is defined. 

Let 1Y  be Banach space, 1H  be Hilbert space and 

111 : HYXb →×   be a bounded bilinear mapping.                                          
The next theorem establishes a Noetherian perturbation of b -

frames.  
Theorem 19. Let  { } Nnny ∈  be a b -frame in H  with bounds A  

and B , ),( 1HHLF ∈  be a Noetherian operator, the system 
{ } 1YNnn ⊂∈ψ  such that ),()),(( 1 nn xbyxbF ψ=  for every Xx∈ , 

Nn∈ . Then { } Nnn ∈ψ   forms a b -frame for  { }( )NnnbL ∈ψ . 
In section 3.2 we study a generalization of frames in Banach 

spaces by means of bilinear maps in the sense of b -basis. 
Definition 13. The system { } YNnn ⊂∈ϕ   is called *X̂b -frame in 

*Z , if for any *Zg ∈  the condition { } ** ˆ),( Xgb Nnn ∈∈ϕ  is satisfied 
and there exist constant 0, >BA  such that 

{ } gBgbgA
XNnn ≤≤ ∈ *ˆ

* ),( ϕ . 

Let us give a criterion for *X̂b -frames.  
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Theorem 20. The system { } YNnn ⊂∈ϕ { } YNnn ⊂∈ϕ   forms a 

*X̂b -frame for *Z , the operator ZXT →ˆ: , defined by formula 

∑
∞

=

=
1

),(ˆ
n

nnxbxT ϕ , { } Xxx Nnn
ˆˆ ∈=∀ ∈ , is bounded surjective linear 

operator. 
The next theorem establishes the projection property of *X̂b -

frames. 
Theorem 21. Let the system { } YNnn ⊂∈ϕ  forms a *X̂b -frame 

for *Z .  Then the following properties are equivalent:  
1) There exist an ambient Banach space 1Z  space containing 

Z  as a closed subspace, which has an Xt ˆ -basis { } ),( 1
* ZXLNnn ⊂∈ψ , 

where )(),( ** xxt ψψ = , and ),( 1 ZZLP∈  is a projector such that 
),()(*

nn xbxP ϕψ = ,  for  Xx∈∀ , Nn∈ ; 

2) { }








=∈== ∑
∞

=
∈

1
0),(:ˆˆˆ

n
nnNnn xbXxxN ϕ  is complemented in 

X̂ ;  
3) there exist X̂ -Bessel system { } ),(* XZLNnn ⊂∈ϕ  such that   

)),((
1

*∑
∞

=

=
n

nn zbz ϕϕ  for Zz∈∀ .       

In section 3.3 we generalize some properties of Banach frames 
in Banach spaces for the case of spaces of sequences of vectors.  

Definition 14. The system { } ),( XZLg Nnn ⊂∈  is called X̂ -
frame in Z , there exist constnts 0, >BA  such that  

{ }
ZXNkkZ

zBzgzA ≤≤ ∈ ˆ)( , Zz∈∀ . 
It is valid. 
Theorem 22. Let X̂  be reflexive CB -space, and Z  be 

reflexive and { } ),( XZLg Nnn ⊂∈ . The system { } Nnng ∈  forms a X̂ -
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frame for Z  only when the operator **ˆ: ZXT → , defined by 
formula 

        
∑
∞

=

=
1

** )ˆ(
k

kk gxxT , { } *** ˆˆ Xxx Nkk ∈=∀ ∈  , 

is bounded, surjective linear operator.   
The next concept is a generalization of Banach frames with 

respect to vector-valued sequences. 
Definition 15. Let { } ),( XZLg Nnn ⊂∈    and ZXS →ˆ:  is a 

linear operator. The pair { }( )Sg Nnn ,∈  is called a Banach X̂ -frame 
in Z , if the following conditions are fulfilled 

1) { } Xzg Nn
ˆ)( ∈∈ ; 

2) there exist 0, >BA  :  { }
ZXNnnZ

zBzgzA ≤≤ ∈ ˆ)( ; 

3) S is bounded and { } zzgS Nnn =∈ ))(( , Zz∈∀ .                                          
It is valid.   
Theorem 23. Let { } ),( XZLg Nnn ⊂∈  be an X̂ -frame in Z  and 

the operator )ˆ,( XZLU ∈  is given by the formula  
{ } Nnn zgzU ∈= )()( , Zz∈∀ .  The following conditions are 

equivalent: 
1)   UIm  is complemented in X̂ ; 
2) the operator ZUU →− Im:1

 can be extended to the 
bounded operator at all X̂ ; 

3) there exists the bounded operator ),ˆ( ZXLS ∈  such that the 
pair { }( )Sg Nnn ,∈   forms a Banach X̂ -frame for Z ; 

4) { } ),( ZXLNnn ⊂Λ∃ ∈  an *X̂ -Bessel in *Z  such that  

∑
∞

=

Λ=
1

)(
k

kk zgz , Zz∈∀ . 

In section 3.4 we study the relation between X̂ -frames and 
X̂ -Riesz bases in Banach spaces.  
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Theorem 24. Let X̂  be a reflexive CB -space and Z  be 
reflexive space. Then the following conditions are equivalent: 

1) { } Nnng ∈  forms an *X̂ -Riesz g -basis for *Z with the bounds 
A  and B ; 

2) { } Nnng ∈   is X̂ -frame in Z  with the bounds A  and B , and  
g -minimal in *Z ; 

3) { } Nnng ∈  is g -complete, be both X̂ -Bessel and X̂ -Hilbert 
in Z . 

In section 3.5 we study the b -atomic decompositions and their 
Noetherian perturbations in Banach spaces. 

Definition 16. The pair { } { }( )NnnNnn yy ∈∈ ,*  is called Xb ˆ -atomic 
decomposition in Z , if  

1) { } Xzy Nnn
ˆ)(* ∈∈ ; 

2) there exist 0, >BA : { }
ZXNnnZ

zBzyzA ≤≤ ∈ ˆ
* )(  ; 

3) )),((
1

*∑
∞

=

=
n

nn yzybz , Zz∈∀  .                                          

If { } Nnny ∈   is *X̂b -frame in *Z  and { } { }( )NnnNnn yy ∈∈ ,*  is  Xb ˆ - 

atomic decompositions in Z , then { } Nnny ∈  is called alternative dual 

for { } Nnny ∈
* .    
The next theorem establishes a Noetherian perturbation of the 

Xb ˆ -atomic expansion.  

Theorem 25. Let { } { }( )NnnNnn yy ∈∈ ,*  be a Xb ˆ -atomic 
decompositions in Z  with bounds A  and B , ),( 1ZZLF ∈  be a 
Neotherian operator and nnb yF ψ=)( . Then there exist 

{ } ),( 1
* XZLNnn ⊂∈ψ  such that { } { }( )NnnNnn ∈∈ ψψ ,*  is a Xb ˆ - atomic 

decompositions in { }( )NnnbL ∈ψ . If { } Nnny ∈  is alternative dual *
X̂b -
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frame in *Z  for  { } Nnny ∈
* , then { } Nnn ∈ψ  is alternative dual *

X̂b -frame 

in **
1 ker FZ −  for { } Nnn ∈

*ψ . 
In Section 3.6 we study the stability of an Xb ˆ -atomic 

decomposition and an X̂ -frame in Banach spaces. 
Let  { } YNnn ⊂∈ϕ   and { } ),(* XZLNnn ⊂∈ϕ .  It is valid    

Theorem 26. Let { } { }( )NnnNnn ∈∈ ϕϕ ,*  be Xb ˆ -atomic 
decomposition in Z  with the bounds A  and B , the system 
{ } YNnn ⊂∈ψ . Assume that there exist the number 0,, ≥µβλ :  

i) { } 1;max <+ Bµλβ ; 

ii) ≤−∑
Zi

iiixb ),( ψϕ   

{ }
Xi

Zi
ii

Zi
ii xxbxb ˆ),(),( µψβϕλ ++≤ ∑∑ . 

Then there exists { } ),(* XZLNnn ⊂∈ψ  such that { } { }( )NnnNnn ∈∈ ψψ ,*   is 

Xb ˆ -atomic decomposition in Z  with the bounds  

)(1
)1(

B
A
µλ

β
++

−  and  
)(1

)1(
B

B
µλ

β
+−

+ . 

In section 3.7, we study similar results on the stability of the 
Banach X̂ -frame and the X̂ -Riess g -basis in Banach spaces. 

Chapter IV is devoted to obtaining analogues of the Riesz and 
Paley theorems in Lebesgue spaces and Lebesgue spaces with 
variable summability exponent with a mixed norm, and to the study 
of a generalized solution of the mixed problem for one class of third-
order differential equations. The main results of this chapter were 
published in the author's works [5, 10, 26]. 

In Section 4.1, we prove analogs of the Riesz and Paley 
theorems in Lebesgue spaces with mixed norm. 
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Denote by ),( bal p , 1>p , be a Banach space of sequences 
{ } Nii tata ∈= )()(   of measurable on ),( ba  functions, for which the 

norm  

p

i

b

a

p
ibal

dttaa
p

1

1
),(

)( 







= ∑∫

∞

=

. 

Let { } Nnn t ∈)(ϕ  be an orthonormed system on ],[ ba  such that 
almost everywhere an ],[ ba  Mtn ≤)(ϕ  )( Nn∈ , M  is independent 
on n . 

The following analog of the Riesz theorem3 in ),( bal p  hold.    
Theorem 27. The following statements are true: 

1) If )),(),((),( dcbaLf pq ×∈ , 21 ≤< p , 111
=+

qp
, 

∫=
d

c
ii dssstfta )(),()( ϕ , then   { } ),()()( baltata qNii ∈= ∈ ,  and  

),(

2

),( pqq L
p

p

bal
fMa

−

≤  

2) For any sequence { } ),()()( baltata pNii ∈= ∈ , 21 ≤< p , 

there exists a function )),(),((),( dcbaLf qp ×∈ , 111
=+

qp
, 

for which ∫=
d

c
ii dssstfta )(),()( ϕ , and such  that 

),(

2

),( bal
p

p

L pqp
aMf

−

≤  . 

In section 4.2, we prove analogs of the Riesz and Paley theorems 
in Lebesgue spaces with variable summability exponent with a mixed 
norm. 

 _________________________________________ 

3Zigmund, A. Triqonometric series: [in 2 vol.] / – Moscow: Mir, – 1965, v.2, – 
526 с. 
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Let Ω  and  T  are measurable sets from nR ,  1)( ≥xp , 
1)( ≥xq   are measurable functions Ω . We denote 

)(Ep+ = )(sup xpess
Ex∈

 and )(Ep− = )(inf xpess
Ex∈

, 

in particular, we assume +p = )(Ω+p , −p = )(Ω−p . Let 

∞Ω = { }∞=Ω∈ )(: xpx . 
Definition 17. The modular of the measurable function 

Rf →Ω:  with respect )(⋅p  is the number  

)(
\

)(
),( )()(

∞∞

∞

Ω
ΩΩ

Ω⋅ += ∫ L

xp
p fdxxffρ . 

Denote by )()( ΩxpL  a Banach space of measurable functions 
Rf →Ω: , for which the norm  

{ }1)/(:0inf ),()()(
≤>= Ω⋅Ω

λρλ ff pL xp
 

is finite.  
Denote by ))(,( )()( TLL pq ⋅⋅ Ω  a space of measurable on  T×Ω  

functions RTtxf →×Ω:),(  such that for almost on 
Ω )(),( )( TLxf xp∈⋅  and )(),( )()()(

Ω∈⋅ xqTL
Lxf

xp
, and also )()( Ωxpl  

and )(2)(),( Ω−xpxpl  are Banach space of sequences { } Nkk xc ∈)(  of 
measurable on Ω  functions, with corresponding norms 

{ }








≤>= ∑∫
∞

= Ω
Ω

1)
)(

(:0inf
1

)(
)()(

k

xpk
lk

xc
c

xp λ
λ  , 

{ }








≤>= ∑∫
∞

= Ω

−
Ω−

1)
)(

(:0inf
1

)(2)(
)(2)(),(

k

xpkxp
lk

xc
kc

xpxp λ
λ . 

The following theorems are true.  
Theorem 28. The following statements are true: 
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1) If f ∈ )),(),,(( )()( dcLbaL xpxq , 2)(1 ≤≤< − xpp , and  

∫=
d

c
kk dtttxfxc )(),()( ϕ , Nk∈ , then { } ),()( balc xqNkk ∈∈   and  

{ }
)),(),,((1);( )()()(

)(
dcLbaLbalNkk

xpxqxq
fpMc ≤∈ , 

1)(
)()(
−

=
xp

xpxq . 

2) For any sequence { } ),()( balc xpNkk ∈∈ , 2)(1 ≤< xp , there 
exists a function )),(),,(( )()( dcLbaLf xqxp∈ , for which 

∫=
d

c
kk dtttxfxc )(),()( ϕ , Nk∈   and 

{ }
),(1)),(),,(( )()()(

)(
balNkkdcLbaL xpxqxp

cpMf ∈≤ ,
1)(

)()(
−

=
xp

xpxq  . 

Theorem 29. The following statements are true: 
1) If )),(),,(( )()( dcLbaLf xpxp∈ , 2)(1 ≤≤< − xpp , and 

∫=
d

c
kk dtttxfxc )(),()( ϕ , Nk∈ , then  { } ),(2)(),( balc xpxpNkk −∈ ∈   and  

{ }
)),(),,((

1
);( )()(2)(),( 1

)(
dcLbaLbalNkk

xpxqxpxp
f

p
pAMc

−
≤

−
∈

−
 ; 

2) For any sequence { } 2)(),( −∈ ∈ xqxqNkk lc , ∞<≤≤ +qxq )(2 ,  
there exists a function )),(),,(( )()( dcLbaLf xqxq∈ , for which 

∫=
d

c
kk dtttxfxc )(),()( ϕ , Nk∈  and  

{ }
),(2)),(),,(( 2)(),()()(

)(
balNkkdcLbaL xqxqxqxq

cqMAqf
−

∈+≤ . 

In section 4.3 the existence and uniqueness of a generalized 
solution to the mixed problem for one class of third-order differential 
equation is proved.  
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Let T  is a fixed number. By )),0(],,0([ 2, π−ppp LTL , 2≥p , 

denote a Banach space of function )(),( DLxtf p∈ ,  
),0(),0( π×= TD , for wich the norm  

p

n

T
p

n
p

LTL
dttfnf

ppp

1

1 0

2
)),0(],,0([

)(
2, 








= ∑ ∫

∞

=

−

− π
 

is finite, where dxnxxtftfn ∫=
π

π 0

sin),(2)( . 

Let k

k TB ααα
βββ

,..,,
,,..,,

10

10
 be Banach space of the function ),( xtu  of the 

form xntuxtu
n

n∑
∞

=

=
1

sin)(),( , considered in closure of the set D , with 

]),0([)( )( TCtu k
n ∈ , equipped with the finite norm  

( ) iii
k
Tk

k

i n

i
nTtB

tunu
ββα

ααα
βββ

1

0 1

)(

0
)(max,..,1,0

,..,1,0
∑ ∑
=

∞

= ≤≤








= , 

were 0≥iα , 1≥iβ , ki ,0= , 0≥k  is an integer. 
Consider the following mixed problem for the equation 

                        ),)((),(),( xtuFxtuxtu txxtt =−α                                  (2) 
with initial and boundary conditions  

                   )(),0( xxu ϕ= , )(),0( xxut ψ= , π≤≤ x0 ,                   (3) 

                   0)0,(),( == tutu π , Tt ≤≤0 ,                                       (4)  
were  0 < α  is a fixed number, F  is an general a given nonlinear 
operator,   ϕ   and ψ   are the given functions.  

Definition 18. The function qq
TppBxtu
2,21

,,),(
+

∈  ( pq,  are are 
conjugate numbers) satisfying condition (3), is called a generalized 
solution of (2)-(4), if for any function )),0(],,0([),( 1

1 πqLTWxtv ∈  
such that 0),( =xTv  on a.e. ],0[ π , 0),()0,( == πtvtv , ],0[ π∈t , the 
integral identity  
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{ } −+−∫ ∫
T

txxtt dxdtxtvxtuFxtvxtuxtvxtu
0 0

),()),((),(),(),(),(
π

α  

0),0()(),0()(
00

// =+− ∫∫
ππ

ψϕα dxxvxdxxvx . 

The next theorem proves the existence and uniqueness of a 
generalized solution to problem (2)-(4). 

Theorem 30. Let the following conditions be satisfied: 
1) ),0(]),0([)( 2)1( ππϕ pWCx ∩∈ , { } 2,

2
−∈ ∈ ppNnn ln ϕ , 

0)()0( == πϕϕ , ),0(]),0([)( 1 ππψ pWCx ∩∈ , { } 2, −∈ ∈ ppNnn lnψ , 
0)()0( == πψψ ; 

2) )),0(],,0([)( 2, π−∈ ppp LTLuF , qq
TppBu
2,21

,,

+

∈ , 2≥p , there exist 
),0()(),( TLtbta p∈  such that  

qq
tpppp BL

utbtatuF 2,21

,,2,
)()(),)((

),0(
+

−
+≤⋅

π
, ],0[ Tt∈ ; 

3) there exists ),0()( TLtc p∈  : ),0(, RSvu ∈∀  

qq
tpppp BL

vutctvFtuF 2
,

2
1

,,2,
)(),)((),)((

),0(
+

−
−≤⋅−⋅

π
, ],0[ Tt∈ ,                         

where R  is some number. Then the problem (2)-(4) has a unique 
generalized solution. 

Chapter V is devoted to the basicity of the classical system of 
exponents, and also the system of eigenfunctions of one 
discontinuous spectral problem for a second-order differential 
equation in grand Lebesgue spaces and in their weighted versions. 
The main results of this chapter were published in the author's works 
[31, 33-36]. 

In section 5.1, we prove the density of the set of continuous 
functions in the grand Lebesgue subspace generated by the shift 
operator.  
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Let nR⊂Ω  be a measurable set with the finite Lebesgue 
measure Ω  and 1>p .  Denote by )() ΩpL  the space of measurable 

functions f  on Ω  such that  

     +∞<










Ω
=

−

Ω

−

−<<
∫

ε
ε

ε

ε p
p

p
p

dttff

1

10
)

)(sup .                                 

Consider in ),() baLp  the shift operator  





∈+
∈++

=
],,[\,0

],,[),(
)(

baRx
baxxf

xfT
δ

δδ
δ , 0>δ . 

Let ),() baGp  be the closure in ),() baLp  of a linear manifold 
consisting of the functions ),() baLf p∈ : 0

)
→−

p
ffTδ , 0→δ .  

The following statement is true. 
Theorem 31.  The set ],[0 baC ∞  is dense in ),() baGp . 
In section 5.2, we prove the basicity of the system of 

exponents and trigonometric systems of sines and cosines in the 
grand Lebesgue subspace generated by the shift operator. 

The basicity of the system of exponents and trigonometric 
systems of sines and cosines in ),() ππ−pG  is established.   

Theorem 32. Exponential system { } Zne ∈
int  forms a basis for the 

space ),() ππ−pG . 

Theorem 33.  Systems of sines { } Nnnt ∈sin  and cosines 
{ }

0
cos Nnnt ∈  form bases for the space ),0() πpG . 

In section 5.3, we study the basicity of a system of exponents 
and trigonometric systems of sines and cosines in weighted grand 
Lebesgue spaces with a general weight. 

Let +→ Rba ],[:ρ  be some weight function and +∞<< p1 . 
By ),( baAp  we denote the Muckenhoupt class, i. e. the class of 
weight functions )(tρ  satisfying the condition  
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+∞<









−

−
−

⊂
∫ ∫

1

1
1

],[
)(1)(1sup

p

I I

p

baI
dtt

I
dtt

I
ρρ . 

Denote by ),(), baGp ρ  the subspace of the space ),(), baLp ρ  of 
functions f  such that ),() baGf p∈ρ .  

The basicity of the classical system of exponents and 
trigonometric systems in )1,1(), −ρpG  are established.  

Theorem 34. Let the weight function ρ  belong to the 
Muckenhope class )1,1(−pA . Then the exponential system { } Zn

xine ∈
π  

forms basis for the space )1,1(), −ρpG .  
Theorem 35. Let the weight function ρ  belong to the 

Muckenhope class )1,0(pA . Then the systems of sines { } Nnnx ∈πsin  
and cosines { }

+∈Znnxπcos  form bases for the space )1,0(),ρpG . 
In section 5.4, we consider a discontinuous spectral problem 

for a second-order differential equation in the grand Lebesgue space.  
Consider the following discontinuous spectral problem 

             0)()(// =+ xyxy λ , )1,0()0,1( ∪−∈x ,                      (5)

                               









≠=+−−

+=−
==−

.0),0()0()0(
),0()0(

,0)1()1(

// mmyyy
yy
yy

λ

                       (6)  

Define the operator L  in CGp ⊕− )1,1()  by the formula  

))0()0(,()ˆ( //// +−−−= uuuuL  
domain )(LD , which consists  

( ) CGWmuuu p ⊕∪−∈= ))1,0()0,1(()0(;ˆ 2
)  

satisfying the conditions 0)1()1( ==− uu , )0()0( +=− uu . 
As shown in the work of T.B.Gasymov and S.J. Mammadova, 

problem (5), (6) has the following two series of eigenvalues 
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2
,1 )( nn πλ = , ,...2,1=n , 2

,2,2 nn ρλ = , ,...2,1,0=n , where n,2ρ  it has 
asymptotics4  

)1(2
2,2 n

O
mn

nn ++=
π

πρ  

the corresponding eigenfunctions are of the form  
nxxu n πsin)(12 =− , ,...2,1=n , 





∈−

−∈+
=

]1,0[),1(sin
]0,1[),1(sin

)(
,2

,2
2 xx

xx
xu

n

n
n ρ

ρ
, ,...2,1,0=n . 

The following theorem is valid. 
Theorem 36. The system of eigenvectors { }

+∈Znnû  of the 

operator L  forms a basis for the space CGp ⊕− )1,1() , 1>p . 
In section 5.5, we establish the basicity of the system of 

eigenfunctions of the differential operator of one discontinuous 
spectral problem in a weighted grand Lebesgue space with a general 
weight.  

Consider the following discontinuous spectral problem 

             0)()(// =+ xyxy λ , )1,
3
1()

3
1,0( ∪∈x ,               (7)                               















=+−−

+=−

==

),
3
1()0

3
1()0

3
1(

),0
3
1()0

3
1(

,0)1()0(

// myyy

yy

yy

λ

                (8)  

_________________________________________ 

4Gasymov, T.B., Mammadova, S. J. On convergence of spectral expansions 
for one discontinuous problem with spectral parameter in the boundary 
condition // – Baku:  Transactions of NAS of Azerbaijan, – 2006. 26(4), – 
p.103–116.  
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where λ  is a spectral parameter, m  is a nonzero complex number. 
Problem (7), (8) has5 two series of eigenvalues 2

,1,1 )( nn ρλ = , Nn∈ ,  

and 2
,2,2 )( nn ρλ = , { }0∪∈Nn , where  

nn πρ 3,1 = , )1()1(2
2

3
2,2 n

O
mn

n n

n +
−+

+=
π

πρ , 

the corresponding eigenfunctions are expressed as  
nxxy n π3sin)(,1 = , ]1,0[∈x , Nn∈  , 










∈−

∈++−
=

]1,
3
1[),1(sin

]
3
1,0[),

3
1(sin)

3
1(sin

)(
,2

,2,2

,2

xx

xxx
xy

n

nn

n

ρ

ρρ
, { }0∪∈Nn .          

Consider the operator L  in the space CGp ⊕)1,0()  by the 
formula   

))0
3
1()0

3
1(;()ˆ( //// +−−−= yyyyL ,                                      

domain )(LD , which consists  

CGWmyyy p ⊕∪∈





= ))1,

3
1()

3
1,0(()

3
1(;ˆ 2

)  

satisfying the conditions 

0)1()0( == yy , )0
3
1()0

3
1( +=− yy . 

Theorem 37. Let the weight function ρ  belong to the 
class )1,0(pA . Then the system of eigenfunctions { }

+∈Znnŷ  of the 

operator  L  forms a bases for space  CGp ⊕)1,0(),ρ . 
________________________________________ 

5Gasymov, T.B., Akhtyamov, A.M., Ahmedzade, N.R., On the basicity of 
eigenfunctions of a second-order differential operator with a discontinuity 
point in weighted Lebesgue spaces // – Baku: Proceeding of IMM of NAS of 
Azerbaijan, – 2020. v.46, №1, – p. 32–44.  
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The next theorem considers the basicity of the system of 
eigenfunctions { } { }

Nniniyy
∈=

∪
;2,1,0  of problem (7), (8) in )1,0(),ρpG .   

Theorem 38. Let the weight function ρ  belong to the 
class )1,0(pA . The following statements are true: 

1) if from the system { } { }
Nniniyy

∈=
∪

;2,1,0  we eliminate any 

function )(
0,2 xy n , corresponding to a simple eigenvalue, then the 

obtaining system forms a basis for )1,0(),ρpG ; 
2) if from the system { } { }

Nniniyy
∈=

∪
;2,1,0   we eliminate any 

function )(
0,1 xy n , then the obtaining system is not complete and is 

not minimal in )1,0(),ρpG . 
In Section 5.6, we study analogs of Korovkin's theorems and 

their statistical variants in grand Lebesgue spaces. 
Theorem 39. Let { } NnnL ∈  be a sequence of positive linear 

operators on  )1,0()pG , 1>p  , satisfying the condition   

0lim =−
∞∞→

ggLnn
, { }2,,1 ttg ∈∀ . 

Then the relation  
0lim

)
=−

∞→ pnn
ffL , )1,0()pGf ∈∀ , 

hold if and only if  +∞<= cLn
n

sup . 

Corollary 1. Let { } NnnL ∈  be a sequence of positive linear 
operators on )1,0()pG , 1>p , such that +∞<= cLn

n
sup . If  in 

])1,0([C  ggLst nn
=−∃

∞→
lim , { }2,,1 ttg ∈∀ , then in )1,0()pG  

ffLst nn
=−∃

∞→
lim , )1,0()pGf ∈∀ .  

Chapter VI is devoted to the determination of the grand Hardy 
classes, the solvability of the Riemann problems in the grand Hardy 
classes, and the basicity of the perturbed system of exponents in the 
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grand Lebesgue spaces. The main results of this chapter were 
published in the author's works [30, 32]. 

In Section 6.1, we determine a grand Hardy class, the analogs 
of the Riesz, Smirnov theorem and the representation of a function 
by the Cauchy formula are proved. 

Let γ  be a unit circle { }1: =∈= zCzγ  and γω int= . Define 
the grand Hardy space +

)pH , 1>p , of functions f  analytic in ω  
which satisfy the condition 

+∞<⋅=
<<

+ )
10

)(sup
) pr

r
H

ff
p

, )()( it
r reftf = . 

The first part of the Riesz theorem is valid in +
)pH . 

Theorem 40. Every function +∈ )pHf , 1>p , has boundary 

values )(⋅+f  almost everywhere on γ  in non-tangential directions, 
)2,0() πpLf ∈+  and the relation 

)1)
)(lim)(

prrp
ff ⋅=⋅

→

+   holds.  

The second part of the Riesz theorem is true under an 
additional condition.  

Theorem 41. Let +∈ )pHf , 1>p . Then the relation 

0)()(lim
)1
=⋅−⋅ +

→ prr
ff  holds only when 0)(lim

2

0
0 ∫ =

−+

+→

π
ε

ε
ε dttf

p
.                                                       

In theorem below, Cauchy’s formula for the functions from 
grand Hardy class is obtained.   

Theorem 42. 1) If +∈ )pHf , +∞<< p1 , then the following 
Cauchy formula holds: 

    ξ
ξ

ξ
π γ

d
z

f
i

zf ∫ −
=

+ )(
2
1)( , ω∈z .                      (9) 

2) If )2,0() πpLf ∈+ , +∞<< p1 , then the function f , 

defined by (9), belongs to the class +
)pH .    

In section 6.2, we find a general solution to the homogeneous 
Riemann problem in the grand Hardy classes. 
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Let )(zf  be an analytic function outside the unit disk ω  , and 
let the Laurent expansion of )(zf  in a neighborhood of point at 
infinity be of the form 

k
m

k
k zazf ∑

−∞=

=)( , ∞→z . 

If the regular part k

k
k zazf ∑

−

−∞=

=
1

0 )(  is such that +∈







)0
1

pH
z

f , 1>p , 

then we say that f  belongs to the class −
)pm H . 

Consider the homogeneous Riemann problem in the classes 
−+ × )) pmp HH :  

                                        0)()()( =− −+ τττ FGF , γτ ∈ ,              (10)      
where )(τG  is a given measurable function onγ .   

Let )(arg)( iteGt =θ , ];[ ππ−∈t , and )(zθΖ   is the canonical 
solution to the homogeneous problem (10).  

Theorem 43. Let the coefficient G  of the Riemann problem 
(10) satisfy the following conditions:  

i) ),()(1 ππ−∈ ∞
± LeG it ; 

ii) )(tθ  is piecewise Hölder on the closed interval ],[ ππ− , and 
)()()( 10 ttt θθθ += , where )(0 tθ  is a continuous part of )(tθ  and 

)(1 tθ  is the function of jumps of )(tθ  at the points of discontinuity of  
ππ <<<<<− rsss ......21 , i. e.   

0)(1 =−πθ , ∑
<

=
kstk

kht
:

1 )(θ , ],( ππ−∈t , 

where )0()0( −−+= kkk ssh θθ , rk ,1= . 

iii)
 p

h
q

k 1
2

1
≤<−

π
, rk ,0=  , )()(0 πθπθ −−=h .                                 

Then the solvability of problem (10) in classes −+ × )) pmp HH  is 
valid:  
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)α  for 0≥m , problem (10) has a general solution of the form  
)()()( zPzzF kθΖ= , 

where  )(zPk   is an arbitrary polynomial of degree mk ≤ ; 
)β  for 0<m  problem (10) has a trivial solution. 

In section 6.3, we find a general solution to the 
inhomogeneous Riemann problem in the grand Hardy classes. 

Consider the inhomogeneous Riemann problem in the classes 
−+ × )) pmp HH :  

)()()()( ττττ fFGF =− −+ , γτ ∈ ,                     (11)      
where )() γpLf ∈ ,  1>p , )()(1 γτ ∞

± ∈ LG  are a given measurable 
function onγ .   

The following statement holds.  
Theorem 44. Let the assumptions of Theorem 43 hold and  

p
hk 1
2

≠
π

 , rk ,0= . Then the solvability of problem (11) in classes 

−+ × )) pmp HH  is valid:  
)α  for 1−≥m  problem (11) has a general solution of the form 

)()()()( 1 zFzPzzF k +Ζ= θ ,  where )(zPk  is an arbitrary polynomial 
of degree mk ≤  (for 1−=m , 0)( =zPk )  and  )(1 zF  is the function 
defined by formula 

∫ −
ΖΖ

=
−+

γ

θθ ξ
ξ

ξξ
π

d
z

f
i
z

zF
1

1
)]()[(

2
)(

)(  ;                          

)β  for 1−<m  problem (11) is solvable if and only if the right-
hand side )() γpLf ∈  satisfies the orthogonality condition  

    ∫
−

+ =
Ζ

π

π

0
)(
)( dte

e
ef ikt

it

it

, 1,1 −−= mk .                                

In this case, problem (11) has the unique solution )()( 1 zFzF = .  
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In Section 6.4, we prove the boundedness of the singular 
operator in the weighted subspace ),(), ππρ −pG  and the basicity of 

the perturbed system of exponents in ),() ππ−pG , 1>p . 
Let +→− R];[: ππρ  be some weight function. Consider the 

identification operator ),()(: )) ππγ −→ pp LLT , defined by the 

formula )(:)( iteftTf = , ],[ ππ−∈t . Let )() γpG  and )(), γρpG  be the 
images of the spaces ),() ππ−pG  and ),(), ππρ −pG , respectively, 
during the mapping 1−T .  

In the next lemma, invariance ),(), ππρ −pG  with respect to a 

singular operator γS  with the Cauchy kernel is proved.  
Lemma 2. Let the weight function ρ  belong to the 

Muckenhope class ),( ππ−pA . Then γS  acts boundedly in )(), γρpG . 
The main result of this section is  

Theorem 45. Let Z
p
∉+

1Re2 β . Then the system 

{ } Zn
tsignnnieE ∈

−= )( β
β  forms a basis for ),() ππ−pG ,  if and only if 

01Re2 =







+

p
β . The defect of the system βE  is equal to 









+=

p
Ed 1Re2)( ββ . In other words, when 0)( <βEd , the system 

βE  is not complete, but minimal in ),() ππ−pG ; when 0)( >βEd , 

the system βE  is complete, but not minimal in ),() ππ−pG . 
 

The author expresses his deep and sincere gratitude to the 
scientific consultant Corresponding Member of NASA, prof. Bilal 
Telman oglu Bilalov for the problem statement and his constant 
attention to work. 
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Conclusions  
 

The dissertation work is devoted to the study of Bessel and 
Hilbert sequences, Riesz bases and frames in Hilbert and Banach 
spaces with respect to the spaces of sequences of vectors under 
bilinear mappings, to obtaining the analogs of the Riesz and Paley 
theorems in Lebesgue spaces with mixed norm and in Lebesgue 
spaces with variable summability exponents, to establishing a 
basicity classical systems of exponents and trigonometric systems of 
sines and cosines in grand Lebesgue subspaces )pG  generated by the 
shift operator, to obtaining analogues of Korovkin's theorems and 
their statistical variants in spaces )pG , to establishing the basicity of 
a system of eigenfunctions of one discontinuous spectral problem for 
a second-order differential equation in )pG  and in their weighted 
variants with a general form weight, to determination the grand 
Hardy classes, to establishing analogues of some classical facts and 
studying the solvability of Riemann boundary value problems in the 
grand Hardy classes and also to establishing the basicity properties of 
a perturbed system of exponents in subspaces )pG .   

The main results of the dissertation work are the followings:  
1. The notions of b -Bessel, b -Hilbert sequences, b -Riesz bases and 

b -frames in Hilbert and Banach spaces with respect to Banach 
spaces of sequences of vectors, generalizing the classical notions 
were introduced and their characterizations was studied;  

2. The notions of an uncountable unconditional basis, uncountable 
Bessel and Hilbert systems in nonseparable Banach spaces are 
introduced and analogues of classical results in this case are 
proved; 

3. Generalizations of perturbation and stability theorems for bases 
and frames with respect to b -basises and b -frames in Hilbert and 
Banach spaces, was obtained; 

4. The analogs of the Riesz and Paley theorems was found in 
Lebesgue spaces with mixed norm and in Lebesgue spaces with 
variable summability exponent; 
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5. The existence and uniqueness of the generalized solution of the 
mixed problem for one class of differential equations of the third 

order was established in the space qq
TppB
2,21

,,

+

  ( pq,  are conjugate 
numbers), 2≥p  ;  

6. The basicity of the classical systems of exponents and 
trigonometric systems of sines and cosines in the grand Lebesgue 
subspaces )pG , was proved; 

7. The basicity of the system of eigenfunctions of the differential 
operator of one discontinuous spectral problem was proved in the 
direct sum CGp ⊕)  of spaces, where C is the complex plane; 

8. The boundedness of the singular operator in the weighted space 
ρ),pG  was proved in the case when the weight function satisfies 

the Muckenhoupt condition; 
9. The basicity of the system of eigenfunctions of one discontinuous 

spectral problem for a second-order differential equation was 
proved in a weighted space ρ),pG  with a general form weight; 

10. The grand Hardy classes )pH  were determined, the analogs of 
the Riesz and Smirnov theorems were established, and the 
solvability of Riemann boundary value problems in the grand 
Hardy classes were studied; 

11. The obtained results were applied to establishing of the basicity 
of the system of exponents with a linear phase in subspaces )pG . 
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