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GENERAL DESCRIPTION OF WORK 

 

The relevance and elaboration degree of the topic. Mathematical 

models of many processes in biology, ecology, chemistry, petro-

chemistry, pipeline transport of gas and liquid are the systems with 

parameters distributed in time and space, are described by partial 

differential equations. Classical mathematical statements of problems 

for calculating the dynamics of these processes require setting initial 

and boundary conditions corresponding to the type of differential 

equations. Setting of the form of boundary conditions and controlling 

them for one-dimensional non-stationary objects is associated with the 

possibility of taking measurements at the boundary points of the object 

and determining changes in its state at these points. Modern means of 

measuring and computer technology are quite good at solving this 

problem. It is much more complicated with the measurement, and even 

more so with the direct control of the state of all points of an object 

distributed in the phase space. Therefore, setting the initial state of an 

object required by classical statements of mathematical physics 

problems is practically impossible, and, therefore, it is necessary to 

study the state of the processes occurring in it and the dynamics of 

their change, by using only information about boundary conditions 

without knowing of initial conditions. Such problems are called 

boundary propagation problems. Their study was started by A.N. 

Tikhonov and continued in the works, Belyaev V.D., Bokalo M., 

Vafodorova G.O., Drija M., Kirilich V.M., Guseinov R.V., Lavrenyuk 

S.P. ., Lorenzi A., Lupton T., Moiseev E.I., Allwright J.S. But the 

research and development of numerical methods for solving these 

problems has received less attention. 

 The practical interest in the study of these problems is due to the 

fact that with a sufficiently long functioning of any evolutionary 

process due to the presence in it of the external forces, particularly  

friction (dissipation) forces inherent in any real physical system, the 

influence of the initial conditions on its course weakens with time and 

the most effective process control is determined by boundary controls 

in the absence of other control actions. 
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The main research objects of this dissertation are optimization 

problems, optimal control, as well as computational and inverse 

problems described by large systems of difference and differential 

equations with ordinary and partial derivatives regarding long-term 

processes with inaccurate given initial and nonlocal (unseparated) 

boundary conditions. Such problems, as a rule, arise in the 

mathematical modeling of complex objects using decomposition 

methods with respect to spatial and / or temporal variable. In 

particular, these kinds of problems are encountered in problems 

associated with the control of oil and gas transportation processes 

through pipeline networks of complex structure. Approximations of 

the problems under consideration lead in the general case to two-point 

problems with respect to systems of ordinary differential or discrete 

equations of large dimensions of a block structure. But the direct use 

of the sweep methods for boundary conditions proposed in the works 

of A.A. Abramov, V.M. Abdullaev, S.K. Godunov, E.S. Nikolaev, 

V.S. Ryaben'ky, A.A. Samarsky without taking into account the 

specifics is not effective, because taking into account the specifics of 

the structure of the conditions of the problems, as a rule, can 

significantly accelerate their solution. Note that many mathematical 

models of complex processes encountered in practice are obtained 

using their decomposition into simpler subobjects with previously 

known mathematical models or into subobjects for which it is not 

difficult to construct them. The subject of research is decomposition, 

which can be carried out according to spatial and / or temporal 

variables, and the decomposition of a complex object is carried out so 

that the intermediate (internal) states of the different subobjects do not 

affect each other and they are associated with arbitrary, but a small 

number of other subobjects. 

The approach to calculate the state of such objects proposed in this 

dissertation is based on the idea of sweeping boundary conditions, 

while in the resulting formulas for sweeping the values of the initial or 

final vector of variables of a block is used only the matrix of the 

subsystem of this block. In contrast to the approaches proposed in the 

works of Abdullaev V.M., Voevodin A.F., Godunov S.K., Ryaben'ky 
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V.S. taking into account the specifics of the systems under 

consideration, firstly, the proposed formulas do not use the inverse of 

matrix, secondly, these formulas allow unambiguous block-by-block 

sweep of unseparated conditions between blocks, and thirdly, due to 

the previous feature, the process of sweeping of conditions as a whole 

is one stage. The proposed approach develops the works of Akimov 

E.N., Bikov A.N., Yanenko N.N., which developed special 

parallelization algorithms for calculating the state of such objects, 

based mainly on dividing blocks into separate subunits, the total 

number of which is determined by the number of processors (cores) of 

the used computer system. 

The trunk pipeline of a complex looped structure with long extent 

can be considered as a complex system. The fluid flow process in a 

pipeline network is described by a system of partial differential 

equations of hyperbolic type with unseparated boundary and 

inaccurate given initial conditions. For numerical solution, the 

methods of lines, grids and special schemes of sweep methods are used 

which are different from those proposed by Abdullaev V.M., 

Voevodin A.F., Godunov S.K., Nikolaev E.S., Ryaben'ki V.S., 

Samarskii A.A.. Note that the developed schemes of the sweep 

methods can be parallelized, similarly to the schemes proposed in the 

works of Akimov E.N., Bykov A.N., Buzalo N.S., Voevodin A.F., 

Ryaben'ky V.S., Shugrin S.M., Yanenko N.N., and others. 

 In general, the works of Aliev F.A., Asanov AT, Bitsadze A.V., 

Valle-Poussen, Valikov E.A., Dzhumabaev D.S., Zapsarbaev L.K., 

Ilyin V. A., Ionkin N.I., Kabdrakova S.S., Kamynin L.I., Nakhushev 

A.M., Moiseev E.I., Pikone M., Steklov V.A., Tamarkin Ya.D. and 

etc. played an important role in the study of problems with nonlocal 

conditions. 

The first investigations of the unsteady fluid motion in pipes were 

carried out by Gromeki I.S., Zhukovsky N.E., Leibenzon M.S., 

Charny I.A. In the works of Aida-zade K.R., Verigin A.N., Gamzaev 

Kh.M., Guseinzade M.A., Kadymov Ya.B., Kublanovsky L.B., 

Nezamaev N.A., Musaev V.G., Pashaev A.M., Smirnov M.E., Yufin 

V. A., Adamkowski A., Herty M., Kim Ch., Nouri-Borujerdi A., Seaid 
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M., Seok WH, Töppel M., Wichowski R., and other authors various 

methods for calculating transients in linear and complex (branched and 

unbranched) pipelines were applied taking into account resistance and 

inertia forces. 

Starting from the 60-70s of the XX century, scientists such as 

Butkovsky A.G., Vasiliev F.P., Egorov A.I., Krabs V., Kurzhansky 

M.A., Lions J.-L., Potapov M.M., Russell D.L., Razgulina A. V., Sirin 

M., Sirazetdinov T.K., Chernousko F.L. were engaged in the study of 

problems of optimal control of processes described by systems of a 

hyperbolic type. Today, there is a lot of work in the field of optimal 

control. Among these works, one can distinguish the works of such 

scientists as Aida-zade K.R., Aliev F.A., Akhiev S.S., Aschepkov 

L.T., Vasiliev O.O., Velichenko V.V., Gabasov R., Gasanov K.G., 

Evtushenko Yu.G., Ibiev F.T., Iskenderov A.D., Kirillova F.M., 

Kuliev G.F., Mahmudov E.N., Mardanov M.J., Mansimov K.B., 

Melikov T.K., Mizukami K., Moiseev N.N., Mutallimov M.M., 

Polyak B.T., Tagiev R.K., Fedorenko R.P., Sharifov Y.A., Yagubov 

M.G. and etc. 

The works of many scientists, like Vabishchevich P.N., Denisov 

A.M., Ivanchov I.M., Kabanikhin S.I., Kamynin V.L., Karchevsky 

A.L., Kozhanov A.I., Lavrentiev M. M., Otelbaev M., Pulkina L.S., 

Romanov V.G., Sabitov KB, Cannon JR, Lesnic D., Yang FL and 

others, and in our republic - Aida-zade K.R., Akhundov A.Ya., 

Bahyshev Sh.M., Gasanov A., Gasimov Yu.S., Denisov A.M., 

Iskenderov A.D., Iskenderov N.Sh., Ismailov M.I., Megraliev Y.T., 

Namazov G.K., Ragimov A.B., Tagiev R.K., Yagubov G.Ya. and 

others are devoted to the study of various aspects of inverse problems 

with respect to processes described by partial differential equations. 

If we take into account the high modern level of development and 

use of computational, information and measuring technologies in the 

systems for the main transportation of hydrocarbon raw materials, then 

the use of numerical methods, algorithms, and solution programs 

developed in the dissertation in problems of controlling the modes of 

transportation of hydrocarbon raw materials is of practical interest. 
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A key criterion for the effectiveness of evaluating automated 

pipeline control systems is the ability to quickly detect leaks. The 

range of these tools is very wide: from the methods used in everyday 

life to aerospace monitoring. A significant number of works exist in 

this area: Kutukov S.E., Balogun HA, Burn S., Chis T., Cobacho R., 

Colombo AF, Dhammika De S., Donavan M., De Silva D., Geiger G., 

Hyun K., Junseok H., Karney BW, Lin HY, Liu JH, Lee G., Lee P., 

Mashford J., Ming Liu, Oyedeko KF, Su HG, Stewart B., Zhou Zhi-

Jie et al. Colombo A.F., Lee P., and Karney B.W. did a review of 

studies on leak detection methods in the unsteady mode of fluid 

motion. 

Despite numerous scientific advances, research on obtaining 

adequate mathematical models, numerical methods of calculation and 

optimal control that would satisfy the modern requirements of practice 

are relevant and are actively continuing. 

Object and subject of research. 
The objects of research of this dissertation work are boundary 

value problems and the corresponding inverse problems and problems 

of optimal control of evolutionary systems of large dimension, block 

structure and with non-accurate given initial conditions. The subject 

of the research is approaches based on the idea of transferring 

boundary conditions for calculating the state of large systems of block 

structure and methods for solving problems of optimal control of such 

objects. 

The main goal and tasks of research. 
The main goal of the dissertation is to develop and apply effective 

numerical methods for solving boundary value problems and control 

problems for evolutionary systems with non-accurate given initial 

conditions. In accordance with this, the following tasks were set and 

solved. 

1. To develop the numerical schemes for solving the large systems 

of ordinary differential (ODE) and discrete equations with block 

structure and connected only by boundary values.  

2. To investigate the solution to the problem of optimal control of a 

large ODE system of a block structure with blocks connected only 
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by boundary conditions and to develop numerical solution 

methods.  

3. To study the impact duration of the initial conditions on the 

processes described by equations of parabolic and hyperbolic 

types, depending on the values of the parameters involved in the 

statement of the problem. 

4. To investigate the formulation and methods for solving the 

problems of optimal control of evolutionary processes under 

inaccurate given initial conditions.  

5. To develop the numerical schemes for computation the state of 

wave processes occurring at objects of a complex structure. 

6. To investigate the formulation and develop numerical methods for 

the solution to inverse problems on determination the locations 

and powers of concentrated sources at objects with distributed 

parameters of complex structure. 

7. To develop the software for solving the considered problems 

applying modern computer technologies. 

8. To apply the obtained results to solving computational, 

optimization and inverse problems on determination the locations 

and powers of concentrated sources on the example of unsteady 

flow in hydraulic networks of complex structure. 

The main research methods are: 

theories and numerical methods for solving differential equations with 

ordinary and partial derivatives with nonlocal initial-boundary 

conditions and corresponding problems of optimal control and inverse 

problems, finite-dimensional optimization, modern information 

technologies and programming tools. 

The main provisions to be defended: 

1. the solution to large linear systems of ODE  and discrete equations 

of  block structure with non-local conditions; 

2. the solution to problems of optimal control of large ODE systems 

of block structure with blocks which are associated by boundary 

conditions; 
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3. analysis of the time duration of the influence of initial conditions 

on long-term evolutionary processes depending on the process 

parameters; 

4. the solution to problems of optimal control of evolutionary 

processes under inaccurate given initial conditions; 

5. the state calculation, the solution to optimal control problems and 

identification places and powers of sources for wave processes; 

6. development of software for solving the considered problems 

with the use of modern computer technologies; 

7. application of the obtained results for solving calculation, 

optimization and inverse problems on the example of hydraulic 

networks of complex structure. 

The scientific novelty of the dissertation is as follows: 

1. The numerical methods have been developed for the solution to 

the systems of linear differential and discrete equations of large 

dimension and a block structure, the subsystems of which are 

connected only by unseparated boundary conditions. 

2. The numerical algorithm for numerical solution to optimal control 

problem for a large ODE system of a block structure with blocks 

connected only by boundary conditions is proposed. 

3. For evolutionary processes the duration time of influence of the 

initial conditions on the state of the process depending on various 

parameters involved in the formulation of the problem was 

studied. 

4. The statements of optimal control problems for evolutionary 

processes with inaccurate given initial conditions are presented 

and a numerical algorithm for their solution is proposed. 

5. Numerical schemes have been developed for calculating the state 

of processes described by a system of differential equations of a 

hyperbolic type of large dimension with unseparated boundary 

conditions.  

6. The statement is studied and a numerical algorithm for solving 

the problem optimal control of a process described by a system of 

differential equations of hyperbolic type of large dimension with 
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unseparated boundary conditions and inaccurate given initial 

conditions is proposed. 

7. Formulations, formulas and algorithms for solving inverse 

problems to determine the locations and powers of sources for 

wave processes are proposed. 

Theoretical and practical value of the study. The results obtained 

in the work have both theoretical and applied value.  

The theoretical significance of the work lies in the fact that the class 

of problems of optimal control of evolutionary processes described by 

equations with partial derivatives of parabolic and hyperbolic types 

under inaccurate given initial conditions is investigated. The systems 

of differential equations considered in the work have a block structure, 

a large dimension, and the independent subsystems of differential 

equations which are interconnected only by nonlocal boundary 

conditions. The calculation formulas necessary for the solution to the 

problems of optimal control of dynamic systems under inaccurate 

given initial conditions are obtained and justified. 

The practical value of the dissertation consists in the fact that the 

results of studies carried out in the dissertation are important for 

controlling  long-term processes, in particular, in the exploitation of 

oil and gas fields, pipeline transportation of liquid, gas, monitoring of 

the ecological state of regions and others. 

The developed mathematical methods and algorithms, for instance, 

can be included in the systems of dispatching operational control of 

the modes of transportation of oil and gas in pipeline systems. 

These methods will allow the dispatching personnel of the transport 

organization to carry out effective operational control, forecasting and 

managing hydrocarbon transport through complex pipeline systems. 

Approbation of the work. The main results of the work were 

reported at the following international conferences: 

Intern. Conf. "Control and Optimization with Industrial Applications" 

- COIA-, 2013, 2015,2018 (Baku, Borovets(Bulgaria)); Intern. Conf. 

“Problems of Cybernetics and Informatics” PСI-2010, 2012 (Baku); 

24th Mini Euro Conf. “Continuous Optimization and Information-

Based Technologies in the Financial Sector, (MEC EurOPT), 2010 
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(Turkey, Izmir), Int. Russian-Bulgarian Symposium "Equations of a 

mixed type and related problems of analysis and computer science", 

Russia, (Nalchik-Khabez 2010), (Russian-Kazakh Symposium-

Nalchik 2011), (Russian-Abkhazian Symposium-Elbrus, 2012); IV 

Int. conf. “Nonlocal boundary value problems and related problems of 

mathematical biology, computer science, and physics” (Nalchik-

Terskol, 2013, 2012); (Russian-Kazakh Symposium - Nalchik, 2014); 

Int. conf. “Actual problems of mathematics, computer science, 

mechanics and control theory” (Kazakhstan, Almaty, 2009); Int. conf. 

“Actual problems of modern mathematics, computer science and 

mechanics-II” (Kazakhstan, Almaty, 2011); The 4th Congress of the 

Turkic World Mathematical Society (TWMS) (Baku, 2011); Intern. 

Conf. "Optimation Methods and Applications", OPTIMA-2012 (Costa 

Da Caparica, Portugal, 2012), OPTIMA-2013, 2014, 2015, 2017, 

2018, 2019 (Petrovac, Montenegro); Fifth Int. conf. "Mathematics, its 

applications and mathematical education" (MPMO-2014) Russia, 

Irkutsk, 2014), VI Int. conf. (MPMO-2017) Ulan-Ude, 2017; Int. 

scientific and practical. conf. “Innovative technologies in the oil and 

gas industry” Russia Stavropol, 2015,2018), Int. conf. “Applied 

Mathematics and Fundamental Computer Science” Omsk, 2016, 2017, 

2018, 2019; Int. scientific conference "Computer science and applied 

mathematics" dedicated. 25th anniversary of Independence of the 

Republic. Kazakhstan and the 25th anniversary of the Institute of 

Information and Computational Technologies, Kazakhstan, Almaty, 

2016; V All-Russian scientific and practical. conf. “Mathematical 

modeling of processes and systems”, Bashkiria, 2016; Int. Conf. 

“Actual problems of mathematics and mechanics”, dedicated to the 

80th anniversary of Honored Scientist, Y. J. Mamedov 2010, 85th 

anniversary of 2015, Baku; "Oil-gas, oil refining and petrochemicals", 

dedicated. The 90th anniversary of the AGNA, 2010; Int. conf. 

“Actual problems of mathematics and computer science”, dedicated to 

the 90th birthday of Heydar Aliyev (Baku, 2013); Int. conf. "Non-

Newtonian systems in the oil and gas industry", ded. Acad. 85th 

Anniversary OH. Mirzajanzade (Baku, 2013). I Int. scientific conf. 

“The role of the multidisciplinary approach in solving urgent problems 
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of fundamental and applied sciences” Baku, 2014, Intern. Workshop 

on "Non-Harmonic Analysis and Differential Operators" 2016, Baku, 

Azerbaijan; XI Int. Chetaev scientific conf. “Analytical mechanics, 

stability and control”, Kazan, 2017; Int. conf. “Actual problems of 

applied mathematics and physics” Kabardino-Balkarian Republic, 

Elbrus region, 2017; IFAC Conferences & Symposia: TECIS-2018, 

Baku-2018. 

 at scientific seminars of the Institute of Control Systems, 

Institute of Mathematics and Mechanics of the National Academy 

of Sciences of Azerbaijan, Research Institute of Applied 

Mathematics at Baku State University, Department of Applied 

Mathematics of the Azerbaijan State Oil Academy (Oil and 

Industrial University), Department of “Equations of Mathematical 

Physics” at Baku State University, Faculty of Computer Sciences 

at Ege University and Dokuz Eilul University in Izmir, Turkey. 

Application of the work.  
The main scientific results of the dissertation were used in the 

works carried out within the framework of the following two projects 

supported by the Science Development Fund under the President of 

the Republic of Azerbaijan: 

 “Mathematical modeling and optimization of complex 

systems, software development and numerical methods for 

solving these problems, and their application” (Grant No. EIF-

2010-1 (1) -40/11 - responsible project executor), (2011-

2012);  

 “Numerical solution of boundary, coefficient-inverse, and 

optimization problems with respect to differential equations 

with nonlocal boundary equations with given and undefined 

initial conditions” (Grant - No. EİF / GAM-2-2013-2 (8) -

25/06/1 project Manager) (2014-2015). 

In 2014, 2015, 2018, 2019, the results associated with calculations 

and optimal control of evolutional processes in the absence of 

accurate initial conditions and dynamic objects of large dimension 

and block structure were included in the Most Important Scientific 

Results of National Academy of Sciences of Azerbaijan. 
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Publications. On the topic of the dissertation author published 51 

scientific papers, of which 26 are articles, 20 of which were published 

in foreign countries, including 13 of them are in Scopus, 8 are in  Web 

of Science Core Collection and 25 papers were published in materials 

and abstracts of international conferences. 

Institution where the dissertation work was executed. The 

dissertation was performed at the Institute of Control Systems of the 

National Academy of Sciences of Azerbaijan. 

Structure and volume of the dissertation. The dissertation consists 

of an introduction, 5 chapters, a list of references from 224 titles and 

Appendices. The total volume of the dissertation is 336 pages of 

typewritten text; the main volume is 275 (550000 signs) pages, 

including 27 tables and 27 figures. In particular, the first chapter is of 

170 000, the second is of 92 000, the third is of 80 000, the fourth is 

of 28 000, and the fifth is of 84 000 signs. 

 

 CONTENT OF THE DISSERTATION 

 

The first chapter, consisting of eight sections, is devoted to the 

development of numerical methods for solving boundary value 

problems described by systems of ordinary differential equations and 

systems of linear discrete equations of block structure and large 

dimension. 

In 1.1, a comparative analysis of the results of studies of the 

solution of large dynamical systems with nonlocal conditions is given. 

In 1.2, a solution to a system of large dimension and  block 

structure consisting of L  independent subsystems of linear non-

autonomous differential equations is studied: 

,],0[),()()()( kkkkk lxxBxuxAxu     (1) 

,)( knk Ru    .,...,1 Lk       

Here )(),( xBxA kk
 are known continuous kn dimensional 

respectively square matrix and vector functions, and 

),0(,)( kk lxconstxA  ; unknown kn dimensional vector functions 
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)(xuk
are continuously differentiable at ],0[ klx ;  0kl  are given; 

.,...,1 Lk   Subsystems (1) are interconnected only by boundary 

conditions: 

s
L

j

jjsj
L

j

jsj rluQuG 
 11

)()0(
**

,  ,,...,1 ns    (2) 

*
1 ),...,( sj

n

sjsj

j
ggG  ,   *

1 ),...,( sj

n

sjsj

j
qqQ  ,    

which can be written in matrix form: 

,)()0( rlQuGu       (3) 

where QG,  are given nn  dimension square matrices, 



L

k

k
nn

1

, 

moreover, the rank of the extended matrix ),( QG  is: nQGrang ),( ;   

 *1 ),...,( nrrr  are given n - dimensional vector, 
*  is transpose sign. 

Problem (1), (2) is characterized by the following specific features: 

1) the subsystems of differential equations of system (1) are mutually 

independent, 2) the solutions ,,...,1),( Lkxu k   of subsystems connect 

non-separable boundary conditions characterized by weakly but 

arbitrarily filled connection matrices QG, ; 3) a large number ( L ) of 

subsystems, and therefore, a large order n  of system (1) as a whole; 

4) in real problems, there is a relation Lknn
k

,...,1,  . For a 

numerical solution, a scheme of the sweep method of boundary 

conditions was developed and justified, which allow to carry out the 

transfer of conditions in blocks, and not for the entire system at the 

same time. This significantly increases the efficiency of solving the 

problem in comparison with the use of known schemes of the sweep 

method. 

Let in s -th condition from (2) the first nonzero coefficient of 

the left values of the solutions of all subsystems, for 0x   is skG , i.e., 

kn

skG 0 . 

Definition 1.1. We’ll say that kn dimensional vector-function 

)(xsk  and a function )(xsk  are as follows   
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ssksksk rG  )0(,)0(  ,    (4) 

carry out the transfer of the left boundary value of the solution of the 

k -th subsystem (1) in the s -th condition from (2) to the right, if for 

an arbitrary solution )(xuk
of k -th subsystem (1) for all ],0[ klx  the 

next equality holds 

)()()0()()(
11

* **

xluQuGxux sk
L

j

jjsj
L

kj

jsjksk  











 



. (5) 

It is clear that, the condition (5), taking into account (4), coincides 

with the s -th condition of (2) at 0x . Functions )(xsk , )(xsk  we’ll 

call sweep coefficients. Substituting the values of function )(xsk , 

)(xsk  at klx   in (5), we obtain the equality equivalent to the s -th 

condition from (2)  

,~)(
~

)0(
11

** s
L

j

jjsj
L

kj

jsj rluQuG 


     

where designated )(
~ ksksksk lQQ  , )(~ ksks lr  ,  ,

~ sjsj QQ   

kj  . Sweep functions )(xsk , )(xsk , used to sweeping 

the boundary values of the solutions of the subsystems involved in the 

boundary conditions (3), from one end to the other are not unique. In 

particular, their constructive construction was proposed in the 

following theorem.  

Theorem 1.1. If 
kn

skG 0  and kn - dimensional vector function 

)(xsk  and a function )(xsk  at ],0( klx  are the solution to the 

following Cauchy problems: 

),()()(
*

xxAx skksk        
sksk G)0( ,             (6) 

),()()(
*

xxBx skksk           ,)0( ssk r      

then these functions are sweep coefficients for the left boundary value 

of an arbitrary solution of the k -th subsystem (1) in the s -th 

condition, and, therefore, satisfy condition (5) at ],0[ klx . 

,,...,1 Lj 



 

 

16 
 

It is important to note that, as follows from Definition 1.1 and 

Theorem 1.1, the sweeping of the left value of the solution of the k -

th subsystem in the s -th condition is carried out only if the 

corresponding coefficient in this condition is nonzero. 

Similar to the right sweep, the left sweep method is given. 

Let in the s -th condition of (2) the first nonzero coefficient for the 

right values of the solutions of all subsystems are 
skQ , i.e., 

kn

skQ 0 . 

Definition 1.2. We’ll say that kn - dimensional vector function 

)(xsk  and function )(xsk  are as follows   
skskskksk rlQl  )(,)(  ,    (7) 

carry out the transfer of the right boundary value of the solution of the 

k -th subsystem (1) in the s -th condition from (2) to the right, if for 

an arbitrary solution )(xuk
of k -th subsystem (1) for all ],0[ klx  the 

next equality holds: 

).()()0()()(
11

* **

xluQuGxux sk
L

kj

jjsj
L

j

jsjksk  











 



  (8) 

It is clear that, the condition (8), taking into account (7), coincides 

with the s -th condition of (2) at klx  . If such sweep functions are 

known, then equality (8) at 0x  takes the form: 

s
L

kj

jjsj
L

j

jsj rluQuG ~)()0(
~

11

**

 


,    (9) 

where kjLjrGGGG sjssjsjsksksk  ,,...,1),0(~,
~

),0(
~

 . The 

condition (9), which is equivalent to s -th condition (2), involve kn  - 

dimensional variable, defined at the right end, one less than before 

sweeping. 

Similar to Theorem 1.1, the following theorem holds.  

Theorem 1.2. If 
kn

skQ 0 and kn - dimensional vector function 

)(xsk  and function )(xsk  at ],0[ klx  are the solution to the 

following Cauchy tasks: 
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 ,)(),()()(
* skkskskksk QlxxAx       

skskskksk rlxxBx  )(),()()(
*

 ,   (10) 

then these functions are sweep coefficients for the right boundary 

value of an arbitrary solution of k th subsystem (1) in the s -th 

condition (2), and therefore they satisfy the sweep condition (8). 

Note that the advantage of the sweep method, requiring the solution 

of auxiliary vector Cauchy problems over the known approach using 

the fundamental matrix, requiring a solution to the matrix Cauchy 

problem of dimension ( n n ) is that in real problems, from the 

existing n conditions, as a rule, only a few can be nonlocal, the rest are 

given at one end. 

The advantage of the proposed approach in comparison with the 

direct use of sweep methods in general is obvious, because here, the 

transfer is carried out only with respect to those variables whose 

coefficients are non-zero in the boundary conditions, while the transfer 

is carried out using only the subsystem of differential equations in 

which the transferred variable is involved. 

To the mathematical formulation (1), (2) is reduced, for example, 

the problem of calculating artificial dynamic neural networks with a 

complex structure and large dimension, the problem of calculating 

unsteady processes of fluid, gas flow in pipeline networks of a 

complex structure, etc. 

In 1.3, a numerical approach for the solution to a system of 

ordinary second-order differential equations with associated only 

nonseparated boundary conditions is studied. For example, the 

application of the direct method to the calculation of oscillatory 

processes and heat transfer processes in multilink coupled structures 

described by second-order hyperbolic and parabolic equations leads to 

this problem. 

The specificity of the considered system of equations is that the 

equations themselves are assumed to be independent of each other, i.e. 

the functions involved in them are connected only by boundary 

conditions. The mathematical statement of the problem under 

consideration is presented in the general case as a two-point problem 
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with respect to a system of ordinary differential equations of large 

dimension. For a numerical solution of the problem, generally 

speaking, it is possible to use various known schemes of the sweep 

method. For an effective numerical solution of the problem, an 

approach is proposed based on the idea of sweeping conditions, but 

essentially using the specific features of the problem. This allowed the 

transfer of the boundary condition for each equation of the system 

separately, independently of other equations of the system. As a result, 

at the end, it is necessary to solve an algebraic system of equations of 

the same order as the original system of differential equations. The 

essential thing is that the proposed approach is easily parallelized. The 

obtained formulas and solution schemes are given. The illustrative test 

problem considered in the dissertation is obtained as a result of 

applying the direct method for calculating fluid flow modes using an 

example of a fragment of a complex pipeline transport network. 

In 1.4, a decomposition approach for the solution to the linear 

discrete block-diagonal systems with unseparated between blocks 

boundary conditions is proposed. Mathematical models of many large 

objects of complex structure are characterized by the following 

features: 

1) a large number of sub-objects L ;  

2) a large dimension of the state vector of sub-objects or a long 

duration of functioning kn , Lk ,...,1 ;  

3) weak and arbitrary relations between sub-objects, i.e. weak and 

arbitrary filled matrices т.е. слабой и произвольной 

заполненностью матриц QG, . 

Features 1), 2) for real objects lead to the fact that the order of the 

algebraic system can exceed several thousand and tens of thousands. 

Feature 3) leads to nonseparated boundary conditions, which 

necessitates the use of methods for transferring boundary conditions. 

Consider a blocky tridiagonal system of equations: 
k

i
k
i

k
i

k
i

k
i

k
i

k
i FyByCyA   11 ,    1,...,1  kni ,  Lk ,...,1 . (11) 
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Here   )1(,...,0 


k
k
n

kk nyyy
k

-dimensional vector, that determines 

the state of the k th process (subsystem); 
k
i

k
i

k
i CBA ,,  and k

iF  are 

given numbers; kn the duration of k th process, Lk ,...,1 . 

We introduce the notation  

1

L

k

k

n n L


  ,  ,2Lm    M n m  ,   

1 * 1 *

0 1 0 0 1 1( , ) (( ,..., ) , ( ,..., ) )L L my y y y y y R  ,      *1 ,..., mrrr  ,  

 
1 1

1 * 1 *

1 1 1( , ) (( ,..., ) , ( ,..., ) )
L L

L L m

n n n n n ny y y y y y R    . 

Here M is the number of unknowns in system (11), consisting of 

L subsystems (blocks) with n  total number of equations, 
10

, yy  and


1

,
nn

yy are accordingly, the state of all subprocesses at the initial and 

final (individual for each subprocess) time instants.  

Subprocesses under consideration are interconnected by means of 

m  initial and final states in the form of nonseparated boundary 

conditions between blocks, given in the form: 

    ,
1

0010

1
1

s
L

j

jsjjsj
L

j

j

n

sj
l

j

n

sj
l ryqygyqyg

jj
 


    ms ,1 . (12)

 
Taking into account the specific structure of the system, formulas 

are obtained for transferring the values of the initial and final variables 

in the boundary conditions, which is carried out block by block 

independently of each other. The result is an algebraic system, the 

dimension of which is determined by the number of subsystems, and 

only the values of the initial or final variables of all subsystems are 

unknown. 

Definition 1.5 We say that the variables 
sk
i

sk
i

sk
i  ,, , 

,,...,1 kni   carry out the sweeping to the right the left value of the 

solution of k th subsystem (11) in s th condition, if for any solution 

of k th subsystem (11) the equalities hold 

sk
i

j

n

L

j

sj
l

L

j

j

n

sj
l

j
L

kj

sjj
L

kj

sjk
i

sk
i

k
i

sk
i

jj
yqygyqygyy  




  1
11

0

1

01

1

01 ,(13) 
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sksk q00  ,   
sksk g00  ,    

ssk r0 .    (14) 

Theorem 1.6 If 
skg0 and 

skq0  at the same time are not equal to zero, 

then the parameters , ,sk sk sk

i i i   , 1,..., ,ki n determined from the 

recurrence relations  

,, 0011
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 ,,...,1 kni   (15) 

are the sweep coefficients of the left value in the s th condition (12) 

with respect to the solution of k th subsystem of equations of system 

(11). The formulas are derived in a similar way and a theorem is 

proved for sweeping to the left. 

In 1.5 the solution of linear discrete two-step block-diagonal 

systems of equations of large dimension with subsystems connected 

only by boundary conditions between blocks is studied. Taking into 

account the specific structure of the system, the formulas are obtained 

for transferring the values of the initial and final variables in the 

boundary conditions, which is carried out block by block 

independently of each other. The result is an algebraic system whose 

dimension is determined by the number of blocks, and only the values 

of the initial or final variables of all blocks are unknown. 

In 1.6 the numerical solution of a system of independent hyperbolic 

equations related only by unseparated boundary conditions is studied. 

Approximating the system of differential equations, initial and 

boundary conditions, is obtained a system of tridiagonal algebraic 

equations, for the solution of which the sweep method given in 1.4 is 

used. 
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In 1.7 the numerical solution of the optimal control problem for a 

complex object described by a large-dimensional ODE system of a 

block structure with blocks connected only by boundary conditions is 

studied. The necessary optimality conditions are obtained in which the 

adjoint problem has the same specificity as the direct problem. To 

solve the optimal control problem, it is proposed to apply first-order 

numerical optimization methods using functional gradient formulas 

involved in the necessary optimality conditions. To solve direct and 

conjugate initial-boundary value problems having a block structure 

and unseparayed nonlocal boundary conditions with a weakly filled 

Jacobi matrix, were used the special schemes of the sweep method 

proposed above, which take into account the specifics of systems of 

differential equations and boundary conditions that allow the transfer 

of boundary conditions for each block separately. 

In 1.8 the results of numerical experiments carried out on examples 

of solving test problems corresponding to the problems considered in 

the first chapter are presented. 

The second chapter, consisting of five sections, is devoted to 

studying the length of duration time of the influence of the initial 

conditions on the state of the evolutionary process using numerical 

methods on the example of specific boundary value problems and the 

corresponding problems of optimal control of evolutionary processes 

with inaccurate given initial conditions. 

In 2.1, the solution of boundary value problems with respect to 

evolutionary processes described by parabolic equations under 

inaccurate given initial conditions is studied. The initial-boundary-

value problem with respect to the heating process of a rod limited in 

length is considered: 

,0,),,(
0

lxTtttxfauu
xxt

    (16) 

.0),(),(),(),0(
21

Ttttluttu  
   (17) 

It is assumed that the initial state of the process is not known 

exactly, but piecewise continuous functions  

),;()(),( 000 xuxutxu   ],0[ lx ,  (18) 
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which could be initial for the process, depend on the r dimensional 

vector of parameters 
rR  whose values belong some given 

admissible set D :  

},...,1,:{ riRD iii

r   .
   

(19) 

In this case, it is assumed )(D -the density function of the 

distribution of the parameters   of the initial state on the set D  is 

given. Here ii  , are given numbers;  0a is a coefficient of 

thermal diffusivity; ),( txu is the temperature of the rod at a point at a 

point ],0[ lx  in time ];,[ 0 Ttt  ),,( txf  )(),(
21

tt   are given 

continuous functions. 

The classical solution to problem (16)–(18) is assumed continuous 

everywhere in a closed domain, in particular, requiring matching of 

the initial and boundary conditions. The continuity condition for the 

initial functions is very restrictive for practical applications. For 

considered in (18) initial functions with parameters from D , the 

fulfillment of conjugation conditions (initial conditions with boundary 

ones) is not considered. 

Indeed, if we consider the simplest problem of cooling a uniformly 

heated rod at zero temperature at the edges and 0)(0 xu , then the 

solution to the problem is continuous in a closed domain should be 

discontinuous at points ),0( 0t  and ),( 0tl . This example shows that the 

condition of continuity of the initial value and the conditions of its 

conjugation with boundary values exclude practically important cases 

from consideration. Using the function that is the fundamental solution 

of the heat equation constructed by A.N. Tikhonov1, we can uniquely 

determine the solution to the problem for the case when the initial 

function 0 ( , )u x   belongs to the class of piecewise continuous 

functions. It is clear that for all initial functions with parameters from 

                                                 
1 Tikhonov, A.N., Samarskii, А.А. Equations of mathematical physics. M. 

“Nauka”, 1977, 736p. 
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D , the conditions for the existence and uniqueness of a solution to the 

corresponding initial-boundary-value problem are satisfied. 

It follows from the form and properties of the fundamental solution 

that, if the moment of interest to us is sufficiently far from the initial 

one, then over time the influence of the initial conditions on the 

temperature distribution along the rod decreases and the temperature 

of the rod is practically determined only by the values of the boundary 

conditions. 

In 2.2, the well-known fact is confirmed by numerical experiments:  

at sufficiently large values of the duration time of the process, the 

influence of the initial conditions on its current state decreases. A 

qualitative analysis of the duration of the influence of the initial 

conditions depending on the values of the parameters and functions 

involved in the mathematical model of the process under study, as well 

as the range of variation of the possible values of the initial and 

boundary conditions, is carried out. 

It was established by numerical experiments that the current state 

of the process mainly depends on the boundary conditions and the 

existing capacities of internal or external sources after a certain 

moment of time T , and little depends on the set of possible initial 

states with parameters from D . 

In 2.3 An analytical representation of the solution of the initial-

boundary-value problem is obtained that describes, according to I.A. 

Charny2, unsteady fluid flow in a linear section of the pipeline: 
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 (20) 

Here ),(),,( txQtxP  is the pressure and flow rate of the fluid in the 

pipeline at a point ),0( lx  in time 0t ; l  is the length of the 

considered linear part of the pipeline; 
216 dva   , d  is the internal 

                                                 
2
 Charny, I.A., Unsteady motion of a real fluid in pipes, 2nd -ed. M.: Nedra, –

1975. –296 p. 
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diameter of the pipeline, S  is the cross-sectional area of the pipeline 

section,   is the density of the fluid, v  is the kinematic viscosity 

coefficient, which for a droplet fluid we can assume that, it is 

independent of pressure, and therefore consta  ; c  is the speed of 

sound in the tested fluid; T  is the given duration of the study of the 

modes of operation of the process. 

Due to the very complex form of the obtained analytical 

representation of the solution, it is impossible to conduct any 

qualitative analysis of its behavior, to investigate the dependence of 

the duration of the influence of the initial conditions on the factors and 

parameters involved in the formulation, even in the case of only one 

linear section, not to mention case of the complex loopback structure 

of the pipeline network. 

In 2.4 numerical methods have been used to analyze the duration 

time of the influence of the initial conditions on the unsteady mode of 

fluid flow in the linear section of the pipeline under given boundary 

conditions (modes) and the dependence of this duration on the values 

of the initial conditions themselves, on the geometric dimensions of 

the pipeline, the properties of the pumped liquid, and also the 

boundary modes. The duration of the influence of the initial conditions 

on the process almost weakly depends on the values of the initial 

modes (conditions) themselves. With an increase in the friction 

coefficient, the duration of the influence of the initial conditions 

increases and the growth rate of the influence time is the same with 

growth of a . 

Identified patterns are important in the calculations, forecasting, 

optimization of transient modes that arise for various technical and 

technological reasons during the transportation of hydrocarbon raw 

materials through trunk pipelines. 

In 2.5 is studied the formulations of the problems of optimal control 

of the boundary conditions of evolutionary processes that have been 

functioning for a long time, in connection with which there is no 

accurate information about their initial state (initial conditions). In this 

regard, only controlling boundary conditions play an important role. 



 

 

25 
 

In 2.5.1 the problems of optimal control of processes described by 

differential equations of the parabolic type are studied in the absence 

of accurate information about the initial values of the state of the 

process. The process of thermal conductivity (16) is considered as an 

illustration. 

A numerical solution of the problem is carried out in which, by 

controlling the temperatures ],0(),(),(
21

Tttt   that determine the 

boundary conditions, at a given moment 0T , the temperature 

distribution in the rod must be brought as close as possible to a given 

distribution lxxU 0),( , i.e. the functional defined, for example, in 

the form: 

( ) ( , ) ( ) min,D

D

J I d          (21) 

   

get the minimum value. Here  is the solution to the problem 

(16) – (19) for given parameter  in the initial condition 

( ,0) ( ; )u x x   and for admissible control . Based on the 

numerical experiments, an analysis is made of the dependence of the 

behavior of the obtained optimal boundary conditions on the change 

in the set of possible initial conditions. 

In 2.5.2 the problem of optimal control of processes described by 

differential equations of a hyperbolic type is studied in the absence of 

accurate information on the initial values of the state of the process. 

The wave process is considered as an illustration. 

For the corresponding optimal control problems considered in 2.5.1 

and 2.5.2, analytical formulas for the gradients of the corresponding 

target functionals are obtained. These formulas allow us to use 

effective numerical methods of first-order optimization for solving 

problems. The obtained results can be used in studies related to the 

control of many long-term processes with distributed parameters, 

described by systems of partial differential equations. 

2
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In 2.5.3 the results of numerical experiments carried out on 

examples of solving model problems are presented.  

The third chapter, consisting of five sections, is devoted to the 

modeling and calculation of transients that occur during the 

transportation of the fluid in pipeline networks of complex structure. 

In 3.1 is carried out a comparative analysis of the results of studies 

on numerical modeling of the modes of unsteady fluid flow in 

pipelines. 

In 3.2 is considered the formulation of the problem of computation 

of the transient modes in oil pipelines of complex loopback structure. 

The fluid flow in each linear section according to I.A. Charny can be 

adequately described by a system of two first-order partial differential 

equations of hyperbolic type. There are nonseparated boundary 

conditions at the connection points of the sections, determined by an 

analog of the first Kirchhoff law. 

An unsteady fluid flow regime is considered for a fairly general 

case of a complex loopback hydraulic network containing M sections 

and N nodes. We introduce the following notations: I is the set of 

nodes;   IskskJ ,:),( is the set of sections; 
kI  the set of node 

numbers from which sections lead to k th node; 
kI  the set of node 

numbers to which sections lead from k th node;  
kkk III  the 

set of nodes, adjacent to k th node.  

The unsteady isothermal flow of a droplet liquid under a laminar 

regime with a constant density   on the ),( sk -th linear section of the 

oil pipeline network with pipelines of a diameter ksd  and length ksl  

can be adequately described by the following linearized by Charny 

I.A. hyperbolic system of differential equations: 
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Here: ;,];,(
0

IkIsTtt
k

 
 ),(),,( txQtxP ksks – is pressure and 

flow rate in ),( sk  -th pipeline of the network, at a point ),0( kslx  in a 

moment of time t ; c – speed of sound in the medium; ksS internal 

cross-sectional area of the ),( sk -th section of pipeline; ksa is the 

resistance coefficient on the ),( sk –th section (in the case of a laminar 

regime, we can assume that the kinematic viscosity coefficient   is 

independent of pressure, and then ))(322 2 constda ksks   . 

M2  boundary conditions must be specified for the system (22). The 

conditions of material balance  

 int),(~),0(),( IktqtQtlQ k

Is

ks

Is

ksks

kk

 
 

,   ],[ 0 Ttt , (23) 

and flow continuity: 

),0(),( tPtlP kkkkkk


 ,  int,, IkIkIk
kk

 


,  ],[ 0 Ttt , (24)  

are used for 
intI - the set of internal nodes of the network, where 

)(~ tq k
is the given external inflow )0)(~( tq k

 or outflow )0)(~( tq k
 

for the k the internal node. 

At each node from 
int\ III f  , which is not the internal node of 

the network, we define the pressure value (the set of such nodes is 

denoted by
ff

p II  ) or the flow rate (the set
ff

q II  ). Then 

conditions (23) and (24) are supplemented with the following 

conditions: 
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and it is important that the conditions are met:
f
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f
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In 3.3, numerical schemes are investigated for calculating 

unsteady modes of fluid flow in pipeline networks. 

In 3.3.1, a scheme is proposed for numerically calculating the 

modes of fluid flow through a pipeline, based on the application of the 

lines method and reducing the problem to a boundary value problem 

with respect to ODE systems with non-separated boundary conditions, 

for the solution of which a scheme of a sweep method is proposed in 

the first chapter. 

In 3.3.2 a numerical scheme based on the use of the grid method 

is proposed for the numerical computation of the modes of fluid flow 

through the pipeline. The application of the grid method in two 

versions of the equation for the fluid flow is investigated. In the first 

version, a system of two differential equations in each section is 

reduced to a second-order equation. Approximating the boundary-

value problem together with the initial and boundary conditions, a 

system of block-tridiagonal algebraic equations with nonseparated 

boundary conditions is obtained, for the solution of which the scheme 

of sweep method for boundary conditions is used, which proposed in 

the first chapter. In the second version a finite-difference 

approximation of the system (22) itself is used. A scheme based on the 

use of implicit grid methods is proposed for numerically calculating 

the modes of fluid flow through the pipeline, algorithms are developed 

based on the obtained formulas that determine the functional 

dependence of the values of the desired functions at current points on 

the boundary values at the left or right ends of the corresponding 

sections. 

We introduce uniform grid areas:  
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on the set ],,0[],0[ Tlks   Jsk ),( , where ,h –are the given positive 

numbers, defining grid steps, [а]–is the integer part of the number а. 

Using the following notation ( 2 )ks ksh
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j tqq   and applying a stable 

implicit grid method for approximating system (22) on a template 

),1(),,(),1,( jijiji   or on ),1(),,(),1,( jijiji  , after simple 

transformations, are obtained:  
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or 
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To sweep the conditions (23) - (27) from the left end to the right on 

each j th time layer for ),( sk th section are obtained functional 

dependences: 
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which are called formulas of the right sweep, and for sweeping 

conditions from the right end to the left, are obtained dependencies:  
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which are called formulas of the left sweep.  

For this purpose, for the right sweep, the dependencies in the following 

form is built: 
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i  ,, are sweep coefficients, satisfying 

the following recurrence relations:  
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As a result, according to formulas (32), the following expressions are 

obtained for ksnr   in the case of a right sweep: 
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Formulas are constructed for the variant of the left sweep similar to 

formulas (32), (33), (34). In formulas (33), the values of the desired 

functions at the left end are expressed using their values at the right 

end of the ),( sk th section. Carrying out the operation of sweeping 

conditions for all sections Jsk ),(  to one end: right (or left), 

substituting the obtained expressions (34) in (23) - (26) for all sections 

are obtained all M2  conditions only at one left (right) end of the 

intervals ),0( ksl , Jsk ),( :  
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These conditions can be written in compact form in the form of the 

following system of linear algebraic equations of order M2 : 

BAX  ,     (35) 
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case of right sweep), A -is the MM 22   dimensional matrix, B - M2

dimensional vector. Solving the system (35) by any numerical method, 
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the pressure and flow rate values at the right (or left) ends of the 

corresponding intervals (sections) Jksl ks )(),,0(  are found. So, the 

problem (22) - (26) with unseparated boundary conditions is reduced 

to a problem with all conditions at one end, for the solution of which 

using formulas (32) it is possible to find the values of pressure and 

flow rate at all points of the intervals Jksl ks )(),,0( .  

In 3.4, a description of a numerical scheme for calculating fluid 

flow regimes for a particular pipeline network is given. 

In 3.5, numerical experiments were conducted on the example of 

solving model problems using the proposed approaches, an analysis of 

the results is given. 

The fourth chapter, consisting of three sections is devoted to the 

numerical solution of the problem of optimal control on transient 

processes in complex hydraulic networks.  

In 4.1, the formulation of the problem of optimal transient control 

in a pipeline network of complex structure is investigated. It lies in 

controlling the boundary conditions (by pumping stations installed at 

the beginning and end of the section), to transfer the flow mode of the 

network sections from the initial stationary state to the required final 

stationary state, optimizing the specified criterion. 

Various indicators can act as criteria for controlling transient 

modes on a pipeline network. It has adopted the total value of two 

indicators: the duration of the transition process (performance) and the 

integral value of the deviation of the values of the state function from 

predefined: 
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here 21 , rr  – are given weight (penalty) factors, the values of which are 

determined by the desired conditions for the establishment.  

In 4.2, the problem of optimal performance of transient control 

due to boundary conditions is considered. Two methods were used for 

this. In the first approach, two-stage optimization was used: first, the 

optimal time optT is determined for which one of the known methods 
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of one-dimensional minimization is applied, then, at this value T , it is 

determined  

),(min),( TJTJJ
opt
T

opt

T 


 , 

related to the problem of controlling a system of differential equations 

with a given end time of the process. In another approach, the end time 

T  is considered as a control parameter, to determine the optimal value 

T  and )(t  at the same time a gradient optimization method is used.  

For the numerical solution of these problems, calculation formulas, 

algorithms, and recommendations for their application are given. 

In 4.3, the results of numerical experiments are presented on the 

example of solving model problems using the formulas obtained in 4.2 

and an analysis of the obtained numerical results is given. 

The fifth chapter, consisting of seven paragraphs, is devoted to the 

formulation and numerical solution of the inverse problem associated 

with the localization of places of fluid leakages in the pipeline 

network. 

In 5.1, analysis is carried out for studies and applied tools, methods 

for detecting leakages in pipelines 

In 5.2 the formulations of the problem of determining the places 

and volume of leakage of raw materials on a linear section of the 

pipeline under non-stationary mode of fluid flow are investigated. The 

identification problem is considered within the class of optimal control 

problems. 

In 5.3 analytical formulas are obtained for the gradient of the 

functional corresponding to the problem studied in 5.2. These 

formulas allow us to use effective optimization methods to solve the 

problem.  

In 5.4 the results of computer experiments obtained in solving 

model problems using the formulas from 5.3 are presented; the results 

are analyzed. 

In 5.5 the formulation of one inverse problem on the hydraulic 

network of a complex loopback structure is investigated. The problem 

is to determine the places and volumes of the leakage of raw materials 

in the presence at any point in the pipeline of the results of additional 
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observations of the modes of unsteady fluid flow. The features of the 

problem under consideration are the absence of classical initial 

conditions and the setting of boundary conditions in the form of non-

separated relations between the states of the process at the ends of 

adjacent sections of the pipeline network.  

 Suppose that at the point );0(
,,

sjsisjsi
kkkk

l of the ),(
ss ji kk -th 

network segment there is a leakage of raw materials, the volume of 

which is determined by the function )(
,

tq sjsi
kk . The set of such sections 

in the network in quantity of  Z  is denoted by ),...,,{(
11 ji

loss kkJ   

.)},( Jkk
ZZ ji   

 The process of unsteady isothermal laminar flow of a dropping 

fluid of constant density   on the ),( sk –th linear section of the oil 

pipeline network can be described by the following two linear 

differential equations of hyperbolic type: 
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 (36) 

As indicated in Chapter 2, if the process (36) is as long enough, 

then due to the presence of friction determined by the second terms in 

the first equations of the subsystems (36), the influence of the values 

of the initial conditions on the modes of fluid flow in the pipeline 

weakens over time. 

Therefore, during long-term monitoring of the process, there is 

such ,  0t  that, at t  only the values of the boundary conditions 

significantly affect the mode of flow in the time interval ],[ 0 Tt , where 

the value of   is determined by the parameters of the fluid and the 

geometric dimensions of the pipeline network. 

Therefore, we will assume that at the initial moment of time 0t  the 

initial conditions for the process (36) are not exactly known, and some 



 

 

34 
 

sets of possible values of the initial modes are specified, which are 

defined in this case by a parametric set nMRD   of possible values 

of flow rates in the sections under steady-state flow modes: 
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Here ks
q  possible value of flow rates in the ),( sk th section 

Jks , ks
p  possible value of pressures at the nodes Ik  under 

steady-state flow modes, the corresponding density functions are 

given, which are written in vector form as )(D  .  

Possible set of initial states can also be determined as by finite set 

of their values, as well as by the set of parametrically given functions:  
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 Jsklx ks  ),(),,0( .   

Based on the meaning of the problem, there are restrictions on 

identifiable functions and parameters: 

 
ksks l 0 , ,)( qtqq ks   ],,[ 0 Ttt lossJsk ),( . (38) 

To determine the unknown locations and volumes of leakages
lossksks Jsktq ),()),(,( , we will assume that at certain points in various 

sections of the network, the number of which must exceed Z2  – the 

number of identified parameters, there are results of monitoring of 

pressure and / or flow values. 

Suppose that the points of additional measurements are again the 

nodes of the inlet and outlet of the pipeline network, i.e. from fI . 

Moreover, if in the boundary conditions (23) and (24) the pressure 

measurements were used for the nodes from the set
f
pI , and flow rate 

measurements for the nodes from 
f

qI , then the additional information 

will be the results of pressure measurements at some nodes of the 
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subset 
f

qpI  of the set 
f

qI , i.e. 
f

q
f

qp II  , and flow measurements at the 

vertices of a subset f
pqI  of the set f

pI , т.е. f
p

f
pq II  : 
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In 5.6, the inverse problem posed in 5.5 on the hydraulic network 

of a complex loopback structure is reduced to the parametric optimal 

control problem with inaccurate given initial conditions and with 

nonseparated boundary conditions. 

To form the objective functional of the problem, without 

detracting from the generality, it is assumed that, in conditions (39) 

the sets 
f

qp
I  and 

f

q
I  coincide: 

 ( , ) ( , ; ) ( , ) ( ) min,D
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where  ( ; , ( ), ),mQ t q t   
f

qIm
~

  are the calculated values of the flow 

rate at the observed points as a result of solving the boundary value 

problem for any possible initial conditions ,})(ˆ{ˆ
),( Jsk

ks xQQ


 

Jsk

ks xPP



),(

ks}P)(ˆ{ˆ
  and given admissible places and volumes of 

leakages ))(,( tq ; ],[ T – the time interval for monitoring the process, 

the modes of which no longer depend on the initial conditions; 

21,,ˆ,ˆ  mRq  are the regularization parameters.  

Since the initial conditions determined at the time instant 0t  do 

not affect the process in the interval ],[ T , the exact knowledge of the 

initial value 0t  and the initial functions ),;,( 0 txQks  
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DJsktxPks   ,),(),;,(
0

 does not affect the value of functional (42) 

is not fundamental importance.  

The following theorem is proved.  

Theorem 5.1 In problem (36) - (41), the components of the gradient 

of functional (41) with respect to admissible places and volumes of 

leakages 
losssksk Jsktq ),()),(,(  are determined by the formulas: 
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Here the functions ( , ) ( , ; ),ks ksx t x t    Jsk ),(  are the solutions 

of the conjugate initial-boundary value problem with nonlocal 

boundary conditions, corresponding to the direct problem (36), (37). 

In 5.7 the results of numerical experiments are presented on the 

example of solving model problems using the formulas obtained in 

5.6, an analysis of the results is given. 

The Appendix provides a description, structure and listings of main 

modules of software developed by the author for the numerical 

solution of optimal control problems, boundary value problems with 

respect to systems of differential equations with independent 

subsystems connected only by boundary conditions. 

The author is grateful to the scientific consultant, 

corresponding member of NAS of Azerbaijan, doctor of physics 

and mathematics, prof. Aida-zade K.R. for permanent attention 

to work.  
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MAIN RESULTS OF WORK 

 

In the dissertation, the following results were obtained. 

1. The numerical methods have been developed for the solution to 

the systems of linear differential equations of large dimension of 

a block structure, the subsystems of which are connected only by 

unseparated boundary conditions. 

2. A numerical method has been developed for solving the systems 

of linear discrete equations of large dimension of a block 

structure, the blocks of which are connected only by initial and 

final variables in an arbitrary order. 

3. A numerical algorithm for the solution to the problem of optimal 

control by a large ODE system of a block structure is proposed. 

4. For the processes described as by parabolic, as well as hyperbolic 

partial differential equations, the duration time of the influence of 

the initial conditions on their state is studied depending on the 

values of the parameters involved in the formulation of the 

problem. 

5. The formulation and formulas for the numerical solution of 

problems of optimal control of evolutionary processes under 

inaccurate given initial conditions are proposed. 

6. The numerical methods based on lines and grid methods and 

proposed transfer schemes of boundary conditions have been 

developed to solve a system of differential equations of a 

hyperbolic type of large dimension with unseparated boundary 

conditions.  

7. The formulation is investigated and formulas are proposed for the 

numerical solution to the problem of optimal control by the 

process described by a large system of differential equations of 

hyperbolic type with unseparated boundary conditions and 

inaccurate given initial conditions. 

8. The formulation, formulas, and algorithm for the numerical 

solution to the inverse problem on determination the locations and 

powers of sources for processes described by a large system of 
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differential equations with partial derivatives of a hyperbolic type 

with unseparated boundary and inaccurate given initial conditions 

are proposed. 

9. The statements of the problems of optimal control of transients in 

complex hydraulic networks are investigated, the formulas and 

algorithms for their numerical solution are proposed. 

10. Formulations and algorithms are proposed for the numerical 

solution to the inverse problems on determination sections, places 

on them, and volumes of leakage of raw materials in networks of 

a complex looped structure under nonsteady fluid flow mode. 

11. To solve the problems considered in the work, software was 

developed using modern software technologies. 
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