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GENERAL CHARACTERISTIC 
 

Actuality of the work and the degree of elaboration.  An active 
development of numerical methods for solving hypersingular integral 
equations is of considerable interest in modern numerical analysis. 
This is due to the fact that hypersingular integral equations have 
numerous applications in acoustics, aerodynamics, fluid mechanics, 
electrodynamics, elasticity, fracture mechanics, geophysics and etc. 
Therefore the construction and justification of numerical schemes for 
approximate solutions of hypersingular integral equations is a topical 
issue and numerous works are devoted to their development.The 
development of constructive methods for solving hypersingular 
integral equations is impossible without studying the properties of 
hypersingular integral operators contained in these equations, and is 
associated with the approximation of such operators, which indicates 
the actuality of the subject of dissertation research.Hypersingular 
integrals were introduced by J. Hadamard for the solution of the 
Cauchy problem for a linear partial differential equations of a 
hyperbolic type.They also arise in solving Neumann problem for the 
Laplace equation, in solving  integral equations of the linear theory 
of a bearing surface, in inverting generalized Riesz potentials, when 
presenting some classes of pseudo-differential operators  and in other 
areas of mathematics and mechanics. 

Approximations of hypersingular integrals and the 
construction of constructive methods for solution of hypersingular 
integral equations with Cauchy kernel and Hilbert kernel, the theory 
of which is well described in monographs are devoted to the works 
of A.Yu. Anfinogenov, I. K. Lifanov, P.I. Lifanov , R. B. Babaev, B. 
V. Boykov , G. M. Vainikko, I. K. Lifanov, L.N. Poltavsky, K. 
Buhring, Z. Chen, Y. Zhou , D. Chien, K. Atkinson , M. De Bonis, 
D. Occorsio , V. Ervin, E. Stephan, S. Fata, L. Gray, H. Feng, X. 
Zhang , J. Huang, Z. Wang, R.Zhu , AVKostenko, R. Kress, A. Sidi 
and other authors. In 2006 a new constructive method for solution of 
the singular integral equations with the Cauchy kernel was worked 
out by R.A.Aliev, in which singular integral operator is 
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approximated by operators preserving main properties of the singular 
integral operator and  that enables to obtain more exact results than 
traditional methods in terms of the convergence rate and requires less 
computational cost because it allows  to find approximate solutions 
explicitly (and not at individual points), herewith the coefficients of 
the corresponding systems of linear algebraic equations are easily 
calculated. In present dissertation work this constructive method is 
worked out and is justified for solution of hypersingular integral 
equations with Hilbert kernel and Cauchy kernel in the space of the 
square-integrable functions and and in the Hölder spaces. 

The aim and objectives of the research. The aim of the 
work is construction of approximation hypersingular integral 
operator with Hilbert kernel and Cauchy kernel, construction and 
justification of constructive method for solution of hypersingular 
integral equations with  Cauchy kernel and  Hilbert kernel. 

Research methods. In order to justificate the results obtained 
in the dissertation the methods of the theory of functions of a real and 
complex variable, the theory of singular integral equations, 
functional analysis, linear algebra and the general theory of 
approximate methods are used. 

Key points of the dissertation which will be defended. 
• the error estimates of the approximation of  hypersingular 

integral operators with Cauchy kernel and with Hilbert kernel  in the 
space of the square-integrable functions and in the Hölder spaces; 

• presentation and justification of the constructive method for 
solution of hypersingular integral equations with Hilbert kernel and 
with Cauchy kernel in the space of the square-integrable functions;  

• the application of given constructive method to the 2D inner 
Neumann problem for Laplace equation and using numerical 
experiments to show the efficiency of this method;                   

Scientific novelty of the research.  
• the error estimates of the approximation of  hypersingular 

integral operators with Cauchy kernel and with Hilbert kernel  in the 
space of the square-integrable functions and in the Hölder spaces; 

• the constructive method for solution of hypersingular integral 
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equations with Hilbert kernel and with Cauchy kernel is presented 
and  justificated in the space of the square-integrable functions; 

• the application of given constructive method to the 2D inner 
Neumann problem for Laplace equation is described  and results of  
numerical examples confirming the efficiency of the proposed 
method are given. 

Scientific and practical value of the research. The 
dissertation is mainly theoretical in nature. However, the obtained 
results can find application in the further development of numerical 
methods for solution of the singular integral equations and other 
problems of analysis. They can also be applied in solving various 
theoretical and applied problems, which are reduced to hypersingular 
integral equations considered in the dissertation. 

Presentation  and application of the work. The main results 
of the dissertation have been presented at the seminars of the  chair 
of “Mathematical analysis” in BSU (Chief of the chair D.p.-m.s., 
prof. Mirzoev S.S), at the seminars of the  chair of  “Theory of 
functions and functional analysis” in BSU (Chief of the chair D.p.-
m.s., prof. Akhmedov A.M), at the seminars of the department  
“Theory of functions” in IMM NAS of Azerbaijan (Chief of the dep. 
prof. Ismailov V.E), at international conference devoted to the 85th 
anniversary of prof. Y.Mammadov, Baku 2015, at international 
conference  on “Actual problems of  theoretical and practical 
mathematics”  devoted to the 100th  anniversary of M.L.Rasulov, 
Baku 2016, at the republican conference on “Functional analysis and 
its applications” 
devoted to the 100th  anniversary of A.Habibzade, Baku 2016,  at 
international conference on “Modern problems of Mathematics and 
Mechanics” dedicated to the 80-th anniversary of academician 
A.Gadjiev, Baku 2017, at 1st İnternational Science and Engineering 
Coference, Baku 2018, at international conference on “Operators, 
Functions and Systems of Mathematical Physics” , Baku 2019, at 
international conference on “Operators in general Morrey-Type 
Spaces and Applications” (OMTSA 2019), Turkey,2019. 

http://mechmath.bsu.edu.az/en/content/ali_akhmedov_534
http://mechmath.bsu.edu.az/en/content/ali_akhmedov_534
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Personal contribution of the author. All the results obtained 
in the dissertation belong to the author. 

The name of the institution where the thesis is performed. 
The work was performed at Baku State University the department of 
" Mathematical Analysis" 

Publications of the author. The main results of the 
dissertation work have been published in 13 author’s publications 
given at the end of the report. 

Structure and volume of the dissertation (in signs, 
indicating the volume of each structural subsection separately). 
The total volume of the dissertation –211669 signs (the title page-
1706 and content 570 signs, introduction – 36000 signs, chapter I – 
64000 signs, chapter II – 42000 signs, chapter III – 66000 signs 
Conclusion – 1393 signs). The list of references consists of 71 names 

 
               CONTENT OF DISSERTATION 
 
The disertation is divided into introduction, three chapters, 

conclusion and references. The first chapter describes the 
approximation of  hypersingular  integral operator with Cauchy 
kernel in the space of the square-integrable functions and in the 
Hölder spaces. The main results of this chapter were published in the 
following publications of the author [1, 2, 3, 4,5, 10,11]. 
Consider the following integral 

                                    ( )
( ) 02 ,

0

γτ
τ

τϕ

γ

∈
−∫ td

t
,                              (1)                                            

where the function ( )tϕ  is Lebesgue integrable on the unit circle 
{ }1:0 =∈= tCtγ . If we define the integral (1) similar to the Cauchy 

integral, even  if 1≡ϕ , we get the divergent integral. Therefore, 
using the idea of Hadamard finite part integral, we will define the 
integral (1) as follows. 

Definition 1. If a finite limit 
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 exists, then the value of  this limit is referred to as the hypersingular  

integral of the function ( )
( )2t−τ

τϕ  on the circle 0γ  and is denoted by  

( )
( )∫ −

0

2
γ

τ
τ

τϕ d
t

, where { }ετγτγ ε >−∈= t:0 . 

In 1.1 the hypersingular  integral (1)  is investigated, as well 
as the integrals of the form 

( )
( )

Nmmd
t m ∈≥

−∫ ,3,
0γ

τ
τ

τϕ , 0γ∈t ,                                 (3) 

( ) τ
τ

τϕ

γ
λ d
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, [ )1,0, ∈∈ λNm , 0γ∈t ,                             (4) 

where the function ( )tϕ  is Lebesgue integrable on the circle 0γ . 
Theorem 1. If the function ϕ  is absolutely continuous on 0γ , 

then the hypersingular  integral (1)  exists for almost all 0γ∈t and 
the following integration by parts formula holds: 

                                   ( )
( )

( ) τ
τ
τϕτ

τ
τϕ

γγ
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d
t ∫∫ −

′
=

−
00

2 . 

Theorem 2. If the function ϕ  has absolutely continuous  
( )2−m  order derivatives on  0γ , then the hypersingular  integral  
(0.3) exists for almost all 0γ∈t  and the following equality holds: 

( )
( )

( )
( )∫∫ −−

′
−

=
−

00

11
1

γγ

τ
τ

τϕτ
τ

τϕ d
tm

d
t mm . 

Corollary 1. If the function ϕ  has absolutely continuous  
( )2−m  order derivatives on  0γ ,  then the following equality holds: 
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where the integral standing in the right side is understood in the 
sense of the Cauchy principal value.  

Corollary 2.  If the function ϕ  is differentiable ( )1−m  times 
at the point t , then the following equality holds: 

( )
( )

( )
( ) ( ) ( )
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k
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m
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where the integral standing in the right side is understood in the 
sense of the Cauchy principal value. 

Theorem 3.  If the function ( )tϕ  is differentiable ( )1−m  
times on the circle 0γ  and  ( )1−m th  derivative of the function ( )tϕ  
is Hölder continuous with exponent  1≤<αλ  in 0γ , then the 
hypersingular  integral  (3) exists for all 0γ∈t . 

Let ( )02 γL  be the space of the functions square-integrable on 

0γ  with the norm  

( ) ( )
2
1

2

0
02 2

1










= ∫ ττϕ

π
ϕ

γ
γ

d
L

, 

 and let ( )02 γmW  be the space of functions having ( )1−m  th order 
absolutely continuous derivative on 0γ  and whose m  th order 
derivative belongs to ( )02 γL , with the norm  

( ) ( )
( )

( )∑
=

+=
m

k
L

k
LW m

1 020202 γγγ
ϕϕϕ . 

Since the singular integral operator with Cauchy kernel is 
bounded in ( )02 γL  , then from the Theorem 1 and Corollary 1 it 
follows that the following hypersingular integral operator with 
Cauchy kernel 
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(in the case 2=m  we will denote ( )ϕϕ 2HH ≡ ) is bounded from the 
space ( )0

1
2 γ−mW  into the space ( )02 γL , and  
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LW
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In 1.2  the  approximations of  hypersingular  integral 
operator ( )mH   with Cauchy kernel are given in the space ( )02 γL  
and is described that these  approximations preserve the  main 
properties of the hypersingular  integral operator and is obtained  an 
appropriate estimate of the convergence. 

Consider the sequence of operators 

( )( )
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where ( ) te ikt
k ⋅= θτ , ( ) ( ) ( )( ) θ

θ
θτττ θ ⋅⋅=−=∆ −+ tie ikt

k
t

k
t

k 2
sin11 , nk 2,0= , 

n
πθ = . 

Theorem 4.  The operators  nH , ,...2,1=n  is bounded from 
the space  ( )0

1
2 γW  on the space ( )02 γL , then the following relation 

holds: 

( ) ( ) 1
020

1
2

≤
→ γγ LWnH , 

and for any algebraic polynomial ( ) k
n

nk
k tqtq ∑

−

+−=

=
1

1
 with degree less 

than 1−n  the following relation holds 
( )( ) ( )( )tHqtqH n = . 
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Suppose that ( ) ( )
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approximation of the function ( )02 γϕ mW∈  by polynomials nT ,  
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Тheorem 5. The sequence of operators { }nH  strongly 
converges to the operator H , and, for any  ( )0

1
2 γϕ W∈  the following 

estimate holds: 
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Theorem 6. The operators  ( )m
nH , ,..2,1=n  is bounded from 

the space  ( )0
1

2 γ−mW  into the space ( )02 γL , then 
( )

( ) ( ) ( )
1

020
1

2

≤
→− γγ LW

m
n mH , 

and  for 1−≥ mn  for any algebraic polynomial 

( ) k
mn

mnk
k tqtq ∑

+−

−+−=

=
1

1

 with degree less than 1+−mn  the following 

relation holds: 
                    ( )( )( ) ( )( )( )tqHtqH mm

n = .                                             

Theorem 7.  The sequence of operators ( ){ }∞=1n
m

nH  strongly 
converges to the operator ( )mH , and, for any ( )0

1
2 γϕ −∈ mW  the 

following estimate holds: ( ) ( )
( )

( )1
21 ;2

02

−
+−≤− m

mnL

m
n

m WEHH ϕϕϕ
γ

. 
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Let ( )0γαΛ , 10 ≤<α  be the space of  Hölder continuous 
functions with exponent α  in 0γ  i.e. the space of the functions 
which satisfies the following condition 

( ) ( ) αϕϕγ 2121021 :,0 ttMttttM −⋅≤−∈∀>∃ , 
with the norm 

( )αϕϕϕ
α

;h+=
∞

, 
where 

( )t
t

ϕϕ
γ 0

max
∈∞

= ,   ( ) ( ) ( )












≠∈
−

−
= 21021

21

21 ,,:sup; tttt
tt

tt
h γ

ϕϕ
αϕ . 

From  the Theorem 3 it follows that, if ( )0γϕ αΛ∈  then 
hypersingular integral (4) exists for all 0γ∈t , where 1≤<αλ . 

In 1.3 the  approximations of  hypersingular  integral operator 
with Cauchy kernel are given : 

( )( )( ) ( )
∫ +−

=
0

1

1

γ
λ

λ τ
τ

τϕ
π

ϕ d
ti

tH , 10 <≤ λ , 

in the space ( )0γαΛ , where ( )0γϕ αΛ∈ , 1≤<αλ  and is obtained  
an appropriate estimate of the convergence. 

The second chapter describes the approximations of  
hypersingular  integral operator with Hilbert kernel in the space of 
the square-integrable functions and in the Hölder spaces. The main 
results of this chapter were published in the following publications of 
the author [ 7,12, 13]. 

Consider the integral 

                               ( )∫
−π

ττϕτ2

0

2

2
csc dt ,    [ ]π2,00 =∈Tt ,            (5) 

where ( )tϕ  is Lebesgue integrable on 0T  and π2 -periodic function. 
Therefore, using the idea of Hadamard , we will define the 

integral (5) as follows: 
Definition 2.   If a finite limit 
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exist, then the value of this limit is referred to as the hypersingular 

Hilbert integral of the function ( )τϕτ
2

csc2 t−   on 0T , and is denoted 

by ( )∫
−π

ττϕτ2

0

2

2
csc dt . 

If according to the definition we will calculate the 

hypersingular  integral ∫
−π

ττ2

0

2

2
csc dt , where 0Tt∈ , then we get 

               0
2

csc
2

0

2 =
−

∫
π

ττ dt .                                              (6) 

From the equality (6) follows that existence of  hypersingular  

integral  ( )∫
−π

ττϕτ2

0

2

2
csc dt  is equivalent to existence of the integral  

( ) ( )[ ]∫ −
−π

τϕτϕτ2

0

2

2
csc dtt  in the sense of the Cauchy principal value, 

and the following equation holds: 

( ) ( ) ( )[ ]∫∫ −
−

=
− ππ

τϕτϕτττϕτ 2

0

2
2

0

2

2
csc

2
csc dttdt , 

where the integral standing in the right hand side is understood in the 
sense of the Cauchy principal value. 

In 2.1 the hypersingular integral (5) is investigated as well as 
the integrals of the form 

( ) ,,3,
2

csc
2

0

Nmmdtm ∈≥
−

∫
π

ττϕτ  0Tt ∈ ,               (7) 

               ( ) [ )1,0,,
2
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2

0

∈∈
−

∫
+

λττϕτπ λ

Nmdt m

, 0Tt ∈ ,        (8) 



13 
 

where the function ( )tϕ   is Lebesgue integrable on 0T .  
Theorem 8. If the π2 -periodic function ( )tϕ  is absolutely 

continuous on 0T , then the hypersingular Hilbert integral (5) exists 
for almost all 0Tt ∈ , and the following integration by parts formula 
holds: 

( ) ( )∫∫ ′−
=

− ππ

ττϕτττϕτ 2

0

2

0

2

2
2

2
csc dtctgdt . 

Let ( )022 TLL =  be the space of the functions square-
integrable on 0T  with the norm  

( )
2
1

2

0

2

2
1

2 







= ∫

π

ττϕ
π

ϕ d
L

, 

 and let ( )02 TW m  – be the space of π2 -periodic functions having 
( )1−m th order absolutely continuous derivative and whose m th 
order derivative belongs to ( )02 TL , with the norm  

( ) ( )
( )

( )∑
=

+=
m

k
TL

k
TLTW m

1 020202
ϕϕϕ . 

Since the hypersingular integral operator with Hilbert kernel 
is bounded in the space ( )02 TL  , from the Theorem 8 it follows that, 
the hypersingular integral operator with Hilbert kernel 

( )( ) ( )∫
−

=
π

ττϕτ
π

ϕ
2

0

2

2
csc

4
1~ dttH , 0Tt∈  

is bounded from the space  ( )0
1
2 TW  into the space ( )02 TL , then 

( ) ( )
1~

020
1
2

≤
→ TLTW

H . 

In 2.2 the  approximations of  hypersingular  integral operator 
H~ with Hilbert kernel are given in the space ( )02 TL  and is described 
that these  approximations preserve the  main properties of the 
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hypersingular  integral operator and is obtained  an appropriate 
estimate of the convergence. 

Consider the sequence of operators 

( )( ) ( ) ( ) ( )∑
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−






 +
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2 ,12
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Theorem 9. The operators  ,...2,1,~ =nH n  is bounded from 

the space  ( )0
1

2 TW  on the space ( )02 TL , then 

( ) ( )
1~

020
1
2

≤
→ TLTWnH , 

and for any trigonometric polynomial ( ) ikt
n

nk
k eqtq ∑

−=

=  with 

degree less than n  the following relation holds 
( )( ) ( )( )tqHtqH n

~~ = . 
Suppose that ( ) ( )

)(
1
2

0
1
2

)(inf;
TWnTqn qWE

n

⋅−⋅=
∈

ϕϕ  – is the best 

approximation of the function ( )0
1
2 TW∈ϕ  by polynomials from nT , 

where  nT – is the set of trigonometric polynomials of the form  

ikt
n

nk
k e∑

−=

α , Ck ∈α . 

Theorem 10. The sequence of operators { }nH~  strongly 

converges to the operator H~ , and, for any ( )0
1
2 TW∈ϕ  the following 

estimate holds: 

( )
( )1

2;2~~
02

WEHH nTLn ϕϕϕ ≤− . 

Let ( )0TαΛ , 10 ≤<α  be the space of π2 -periodic, Hölder 
continuous functions with exponent α  on the real axis. Note that, if 

( )0Tαϕ Λ∈ , 10 ≤<≤ αλ , then hypersingular integral 

( )∫
+−π λ

ττϕτ2

0

1

2
csc dt  exists for all 0Tt∈ . 
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In 2.3 the  approximations of  hypersingular  integral operator 
with Hilbert kernel are given: 

( )( )( ) ( )∫
+−

=
π λ

λ ττϕτ
π

ϕ
2

0

1

2
csc

4
1~ dttH , 10 <≤ λ , 

in the space ( )0TαΛ , where ( )0Tαϕ Λ∈ , 1≤<αλ , and is obtained  
an appropriate estimate of the convergence. 

The third chapter is devoted to the constructive solution of 
hypersingular integral equations with Hilbert kernel and Cauchy 
kernel in the space of the square-integrable functions. The main 
results of this chapter were published in the following publications of 
the author [6, 8, 9, 12]. 

In 3.1 the constructive solution of hypersingular integral 
equations with Cauchy kernel is given. At First the simple 
hypersingular integral equation of the first kind with Cauchy kernel 
is considered: 

( )( ) ( )tftH =ϕ ,  0γ∈t ,                                         (9) 
where ( )02 γLf ∈ . From the theorem 1 follows that, the equation  (9) 
is solvable only if 
                                       ( ) 0

0

=∫
γ

ττ df .                                           (10) 

If the condition (10) is satisfies, then the equation  (9)  has 
infinitely many solutions  in the general form 

( ) ( ) ( ) ( )0
1
2

0

1
2

1
0 11

γϕ Wt
k

fct
k

fcdt
k

kk

k

kk ∈
+

+
+

−= ∑∑
+∞

=

+
−

−∞=

+∗ ,          (11) 

where ( ) ( )∫ −−=
0

1

2
1

γ

τττ
π

df
i

fc k
k - are  Fourier’s coefficients of the 

function ( )02 γLf ∈  and 0d - is a constant.
 

 
Therefore if we consider the following  equation

    ( )( ) ( ) ( )∫−=
0

2
1

γ

ττ
π

ϕ df
it

tftH , 0γ∈t ,                                (12) 
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  ( )
0

0
2
1 dd

i
=∫

γ

τ
τ
τϕ

π
                                               (13) 

then the equation (12) - (13) is unique solvable for any  
( ) ( ) CLdf ×∈ 020; γ  and the solution of  (12) - (13) is the 
function ( )t*ϕ  defined by (11). 

 We will look for approximate solution of the equation (12) - 

(13) in the form ( ) ( ) ( )( )∑
−

=

12

0

n

k

t
k

n
k ft τα , where ( ) ( )tn

kα , 12,0 −= nk  -are 

continuous functions, Nn∈ .  
 Therefore consider the following equation 

( )( ) ( )tftH n =ϕ  , 0γ∈t ,                                          (14) 
where ( )02 γLf ∈ . For any 0γ∈t  if the following equality holds 

0))(( )(
12

0

)( =⋅∑
−

=

t
p

n

p

t
pnH ττϕ  

then we obtain that, the equation  (14) is solvable only if 

                   0)( )(
12

0

)( =⋅∑
−

=

t
p

n

p

t
pf ττ .                                               (15) 

 If the condition  (15) is satisfies, then the equation (14) has infinitely 
many solutions in the form 

               
( )
( ) ( )02

1

1

2 γ
µ

Lt
fc

td
k

k
n

k

k

k

kn
k ∈+ ∑∑

∞+

−∞=

+

+

∞+

−∞=

 .                               (16) 

From the above mentioned it follows that the equation 

( )( ) ( ) ( )( )∑
−

=

−=
12

02
1 n

p

t
p

ip
n fe

n
tftH τϕ θ      , 0γ∈t  ,                            (17) 

( )( ) 0

12

02
1 d
n

n

p

t
p =∑

−

=

τϕ                                                              (18) 

is unique solvable for any  ( ) ( ) CLdf ×∈ 020; γ and the 

solution of  (17) - (18) is the function  ( )tn
*ϕ  defined by  
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the following equality 
 

( ) ( )
( )

( )

( )02

2mod1

1

1

*

0
* γ

µ
ϕ Lt

fc
dt

nk
k

k
n

k

k
n ∈+= ∑

∞+

−≠
−∞=

+

+

 . 

 Theorem 11. For any ( ) ( ) CLdf ×∈ 020; γ  the equation (17)-
(18) is unique solvable and the solution of this system ( )tn

*ϕ  
converges to the solution of the equation (12)-(13)  ( )t*ϕ  in the 
norm of ( )02 γL , and the following estimate is holds 

( )
( )2

** ;11
02

LfE
n nLn 





 +≤−

γ
ϕϕ . 

 Now consider the hypersingular integral equation of the first 
kind with Cauchy kernel 

( )( ) ( )( ) ( )( ) ( )tfttHtR =+= ϕϕϕ K  ,  0γ∈t          (19) 

where  ( )( ) ( ) ( )∫=
0

,
γ

ττϕτϕ dtKtK  and ( ) ( )ττ ,, tF
t

tK
∂
∂

= -is 

continuous function. Since for any ( )0
1
2 γϕ W∈  the following 

equalities hold: 
( )( )∫ =

0

0
γ

ττϕ dH ,  ( )( ) 0
0

=∫
γ

ττϕ dK , 

then we obtain that the equation (19) is solvable only if the condition 
(10) holds. Therefore we will consider the following equation: 

( )( ) ( ) ( )∫−=
0

2
1

γ

ττ
π

ϕ df
it

tftR , 0γ∈t ,                               (20) 

  ( )
0

0
2
1 dd

i
=∫

γ

τ
τ
τϕ

π
.                                           (21) 

 Theorem 12. If for any ( ) ( ) CLdf ×∈ 020; γ  the equation 
(20)-(21) is unique  solvable, then for large values of n  the following 
equation 
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( ) ( )

)(
2
1)(

2
1)(

),(
2
1)()(

)(
12

0

)()(

12

0

)()(
12

0

t
p

n

p

ipt
k

t
k

n

k

t
k

t
p

n

p

ip
n

fe
n

tf

Ke
n

ttH

τττϕ

ττϕϕ

θ

θ

∑

∑∑
−

=

−

=

−

=

−=





 ∆×

×−+ nK
         (22) 

0

12

0

)( )(
2
1 d
n

n

p

t
k =∑

−

=
τϕ ,                                 (23) 

where ( ) 





 ∆= ∑

−

=

)()(
12

0

)(

2
1)(),()( t

k
t

k

n

k

t
ktKt ττϕτϕnK , are also unique 

solvable for any ( ) ( ) CLdf ×∈ 020; γ ;  ( )tn
*ϕ  of the equation (22)-(23) 

converge in the norm of the space ( )02 γL  to the solution ( )t*ϕ  of the 
equation (20)-(21) , and the following estimat holds 

( )
( ) ( ) ( ){ +++⋅≤− −∞ 2

*
12

*
2

** ;4;;
02

LEKLKELfEconst nnnLn ϕπϕϕϕ
γ

 

( ) ( )
( ) 







 ++ −−

02

*
2

*
11 ;4

γ
ϕϕπ

Lnn LEKE . 

In 3.2 the constructive solution of hypersingular integral equations 
with Hilbert kernel is given.  First the simple hypersingular integral 
equation of the first kind with Hilbert kernel is considered 

( )( ) ( )tftH =ϕ~ ,  [ ]π2,00 =∈Tt ,                                (24) 
where ( )02 TLf ∈ . From the theorem 8 follows that, the equation  
(24) is solvable only if 

                                      ( ) 0
2

0

=∫
π

ττ df .                                           (25) 

If the condition (25) is satisfies then the equation (24) has 
infinitely many solutions  in the general form 

                     ( ) ( )
{ }

( )0
1
2

0\
0 TWe

k
fcdt

zk

iktk ∈−= ∑
∈

∗ϕ ,                       (26) 
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where  ( ) ( )∫ −=
π

τ ττ
π

2

02
1 dfefc ik

k - are  Fourier’s coefficients of the 

function ( )02 TLf ∈  and 0d - is a constant.
  From the above mentioned it follows that the equation 

   ( )( ) ( ) ( )∫−=
π

ττ
π

ϕ
2

02
1~ dftftH , 0Tt ∈ ,                                (27) 

 ( ) 0

2

02
1 dd =∫

π

ττϕ
π

                                               (28) 

is unique solvable for any ( ) ( ) CTLdf ×∈ 020;  and the solution of 
(27)-(28) is the function ( )t*ϕ , defined by (26). 
 We will look for approximate solution of the equation (27)-

(28) in the form ( ) ( )∑
−

=






 +

12

0

n

k

n
k n

ktft πα , where ( ) ( )tn
kα , 12,0 −= nk  - 

are continuous functions, Nn∈ .Therefore consider the following 
equation 

( )( ) ( )tftH n =ϕ~  , 0Tt ∈ ,                                         (29) 
where ( )02 TLf ∈ . For any 0Tt ∈  if the following equality holds 

                         ( ) 0)(~12

0
=+∑

−

=

n

p
n n

ktH πϕ  

then we obtain that, the equation  (29) is solvable only if 

                 0
12

0
=






 +∑

−

=

n

p n
ptf π .                                               (30) 

 If the condition (30) is satisfies, then the equation (29) has infinitely 
many solutions in the form 

           ( )
( )

( )

( )02

2mod0

2
~ TLe

fc
ed

nk
k

ikt
n

k

k

k

knit
k ∈+ ∑∑

+∞

≠
−∞=

+∞

−∞= µ
 .                           (31)

                                 
 

 From the above mentioned it follows that the equation 
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( )( ) ( ) ∑
−

=






 +−=

12

02
1~ n

p
n n

ptf
n

tftH πϕ ,                         (32) 

0

12

02
1 d

n
kt

n

n

k
=






 +∑

−

=

πϕ                                     (33) 

is unique solvable for any  ( ) ( ) CTLdf ×∈ 020;  and the solution of 
(32)-(33) is the function  ( )tn

*ϕ , defined by  the following equality 

         ( ) ( )
( )

( )

( )02

2mod0

0
*

~ TLe
fc

dt
nk

k

ikt
n

k

k
n ∈+= ∑

∞+

≠
−∞= µ

ϕ  . 

 Theorem 13. For any ( ) ( ) CTLdf ×∈ 020;  the equation  (32)-
(33) is unique solvable and the solution of this system ( )tn

*ϕ converges 
to the solution ( )t*ϕ  of the equation (27)-(28) in the norm of  

( )02 TL , and the following estimate is holds 

( )
( )2

** ;
02

LfEnTLn ≤−ϕϕ . 

 Now consider the hypersingular integral equation of the first 
kind with Hilbert kernel  

( )( ) ( )( ) ( )( ) ( )tfttHtR =+= ϕϕϕ K
~~~  ,  0Tt∈ ,                   (34) 

where ( )( ) ( ) ( ) τϕτ
π

ϕ
π

dttKt ∫=
2

0

,~
2
1~

K , and ( ) ( )ττ ,~,~ tF
t

tK
∂
∂

= - is 

continuous function. Since for any  ( )0
1

2 γϕ W∈  the following 
equalities hold: 

                           ( )( ) 0~2

0

=∫ ττϕ
π

dH ,  ( )( ) 0~2

0

=∫ ττϕ
π

dK , 

then we obtain that the equation (34) is solvable only if the condition 
(25) holds. Therefore we will consider the following equation: 
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                 ( )( ) ∑
−

=






 +−=

12

02
1)(~ n

p n
ptf

n
tftR πϕ ,                                 (35) 

  0

12

02
1 d

n
kt

n

k
=






 +∑

−

=

πϕ
π

.                                           (36) 

 Theorem 14. If for any ( ) ( ) CTLdf ×∈ 020;  the equation  
(35)-(36) is unique  solvable, then for large values of n  the following 
equation 

( )( ) ( )( ) =





 +






 ++−+ ∑ ∑

−

=

−

=

12

0

12

02
,~

4
1~~ n

k

n

p
nn n

kt
n
kt

n
ptK

n
ttH πϕππϕϕ K  

( ) ∑
−

=






 +−=

12

02
1 n

k n
ktf

n
tf π ,                         (37) 

0

12

02
1 d

n
pt

n

p
=






 +∑

−

=

πϕ
π

,                         (38) 

where ( )( ) ∑
−

=






 +






 +=

12

0
,~

2
1~ n

k
n n

kt
n
kttK

n
t πϕπϕK , are also unique solvable 

for any ( ) ( ) CTLdf ×∈ 020; ; the solution ( )tn
*ϕ  of the equation (37)-

(38) converge in the norm of the space ( )02 TL  to the solution ( )t*ϕ  
of the equation  (35)-(36) , and the following estimate holds 

( )
( ) ( ){ ++⋅≤− 2

*
2

** ;~;
02

LELfEconst nnTLn ϕϕϕ K  

( ) ( ) ( )
( ) 











+++ −−−∞ 02

*
2

*
112

*
1 ;~2;~2

TLnnn LEKELEK ϕϕϕ . 

In 3.3 the results of  numerical examples confirming the 
effectiveness of the proposed method are given. 
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                                          CONCLUSION 
 
In the present dissertation work the following main results were 
obtained: 

• the error estimates of the approximation of  hypersingular 
integral operators with Cauchy kernel and with Hilbert kernel  in the 
space of the square-integrable functions and in the Hölder spaces are 
obtained; 

• the constructive method for solution of hypersingular integral 
equations with Hilbert kernel and with Cauchy kernel in the space of 
the square-integrable functions is presented and  justificated; 

• the application of given constructive method to the 2D inner 
Neumann problem for Laplace equation is described and the results 
of  numerical examples confirming the efficiency of the proposed 
method are given; 
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