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GENERAL CHARACTERISTICS OF THE WORK 

 

Rationale and development degree of the topic. The study 

of various differential-geometrical structures on differentiable 

manifolds is one of the interesting topic of modern differential 

geometry. Some of them are complex, almost complex, 

paracomplex structures defined by affinors. 

In recent years, various manifolds have been considered in 

differential geometry and topology. Among these manifolds, 

Norden-Walker manifolds attract more attention. Such manifolds 

are determined in terms of complex structures. Norden structures 

can be shown as an example of such complex structures. Such 

structures transform a polynomial into a holomorphic polynomial 

in suitable algebras. Algebraic tensor fields on a holomorphic 

manifold correspond to pure tensor fields on a real manifold. 

Tensor fields are used in differential geometry, algebraic 

geometry, general relativity, stress analysis of materials and 

physics. For this reason, the investigation of tensor fields on 

manifolds is one of the actual issues.  

Differential-geometrical structures defined as lifts of given 

differential geometrical structures on the base of tangent and 

cotangent bundle spaces are of more interest. The vertical, 

complete and horizontal lifts of vector fields to the tangent bundle 

space were investigated by S.Ishihara, K.Yano, Sh.Kobayashi and 

the issue of constructing lifts of affine connections in the tangent 

bundle space was also considered in their articles. The construction 

of lifts allowed to study almost complex, paracomplex, almost 

product structures in the tangent bundle space. The existence of a 

dual structure in tangent bundle space allowed A.Shirokov to 

interprete this bundle space as a manifold structured over the 

algebra of dual members. Based on this, it becomes much easier to 

construct lifts of tensor fields and affine connections in the tangent 

bundle space. This idea was developed during the study of semi-
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tangent spaces. Similar results to the results obtained as a result of 

the study of tangent bundle spaces were obtained during the study 

of cotangent bundle spaces. Some interesting results on the study 

of differential-geometrical structures, also tensor fields, affine 

connection lifts and various metrics in different type tensor bundle 

spaces on differentiable manifolds were obtained. In spite of the 

fact that the issue of construction of different new types of natural 

Riemannian metrics in tangent and cotangent bundle spaces, study 

of Levi-Civita connection are the problems distinguished by their 

actuality. The topic of the represented dissertation work is related 

to the solution of this problem. In this sense the topic of 

dissertation work is actual. 

Object and subject of the study. Study of properties of 

Walker metrics, affinor structures, Levi-Civita connection on 

Walker manifolds and their tangent bundle spaces. 

Goal and objectives of the study. The purpose of the work 

is to construct almost complex structures and study their properties 

in Walker manifolds and their tangent bundle spaces. 

Research methods. In the research of the problems under 

consideration the methods of tensor calculus on differentiable 

manifolds were used. 

The main points of the study. The following main 

scientific results were obtained: 

1. Integrability conditions of generalized Norden-Walker 

structures, holomorphic conditions of Walker metrics with 

respect to this structure are given; 

2. It has been shown that the complete lift of a symplectic 

structure from its base manifold to its tangent bundle is a 

closed 2-form, and consequently its image by symplectic 

isomorphism is a 2-form. 

3. It has been shown that in the tangent bundle of a Walker 

manifold, the vertical and horizontal lifts of a vector field are 

always zero, and the complete lift is zero only if and only if 

the vector field has a constant length. 
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4. The components of the deformed complete lifts of (1,1)-type 

tensor fields and connections in the tangent bundles of 

degree 2 are given. 

5. The integrability conditions of the almost product Norden-

Walker structure on a 3-dimensional Walker manifold, the 

Kahler conditions of the Walker metric with respect to this 

structure, and the equations of geodesics are given. 

Scientific novelty of the study. The main results obtained in 

the study are new and there are the followings: 

1. Integrability conditions of generalized Norden-Walker 

structures, holomorphic conditions of Walker metrics with 

respect to this structure are given; 

2. It has been shown that the complete lift of a symplectic 

structure from its base manifold to its tangent bundle is a 

closed 2-form, and consequently its image by symplectic 

isomorphism is a 2-form. 

3. It has been shown that in the tangent bundle of a Walker 

manifold, the vertical and horizontal lifts of a vector field are 

always zero, and the complete lift is zero only if and only if 

the vector field has a constant length. 

4. The components of the deformed complete lifts of (1,1)-type 

tensor fields and connections in the tangent bundles of 

degree 2 are given. 

5. The integrability conditions of the almost product Norden-

Walker structure on a 3-dimensional Walker manifold, the 

Kahler conditions of the Walker metric with respect to this 

structure, and the equations of geodesics are given. 

Theoretical and practical value of the study. The main 

results obtained in the dissertation work are mainly of theoretical 

character. The results obtained in the dissertation work and the 

used methods can be used in teaching of specialty courses. 

 Approbation and application. The results of the 

dissertation were presented at the Republican Scientific 

Conference "Mathematics, Mechanics and Their Applications" 



6 
 

dedicated to the 98th anniversary of the birth of the National 

Leader of Azerbaijan Heydar Aliyev, at the Republican Scientific 

Conference "Actual Problems of Mathematics and Mechanics" 

dedicated to the 99th anniversary of the birth of the National 

Leader of the Azerbaijani People Heydar Aliyev, as well as at the 

"XIII Annual International Conference of the Georgian 

Mathematical Union" held abroad in Georgia, and at the "2nd 

International Symposium on Current Developments in 

Fundamental and Applied Mathematics Sciences" held in Turkey.

 The organization where the work was executed: Chair of 

“Algebra and geometry” of department “Mechanics and 

Mathematics” of Baku State University. 

Authors personal contribution. The results obtained in the 

dissertation belong to the applicant. 

Published scientific works. The main results of the 

dissertation work were published in applicants 5 scinetific works, 

including 3 in scientific editions included Web of Science and 

Scopus databases. Furthermore, the results obtained in the 

dissertation were reported at international level 2 and republican 

level 2 scientific conferences, two of them were published abroad. 

Total volume of the dissertation work indicating separate 

structural units of the work in signs.  The dissertation work 

consists of introduction, four chapters, conclusions (chapter I – 

34821 signs, chapter II – 14490 signs, chapter III – 31810 signs, 

chapters IV – 10061 signs) and list of references consisting of 81 

names. The total volume of the dissertation work is 136522 signs. 

 

CONTENT OF THE DISSERTATION WORK 

Let us give brief review of the dissertation work consisting of 

4 chapters. 

In the introduction we give brief review of works related to 

the dissertation work, substantiate actuality of the dissertation 

work, give main results obtained in the work and compare them 

with the results of another works. 
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Chapter I consists of three subchapters. The first chapter 

provides concepts about Walker metrics and almost complex 

structures generalized over Walker manifolds. 

In the first subchapter of the first chapter, an almost  complex 

structure, the Norden metric is defined. let 𝑀2𝑛 be an almost 

complex manifold, i.e., we assume that 𝜑 is an almost complex 

structure satisfying 𝜑2 = −𝐼. An almost complex structure 𝜑 is 

said to be integrable if 𝜑 is reduced to the constant form in a 

collection of holonomic coordinates on 𝑀2𝑛. Also, an almost 

complex structure 𝜑 is integrable if and only if the Nijenhuis 

tensor 𝑁𝜑 ∈ ℑ2
1(𝑀2𝑛) vanishes. The triple (𝑀2𝑛, 𝜑, 𝑔)  is called 

complex manifold if 𝜑 is integrable. We say that a neutral metric 𝑔 

is a Norden metric if 

𝑔(𝜑𝑋, 𝜑𝑌) = −𝑔(𝑋, 𝑌) 
or equivalently 

𝑔(𝜑𝑋, 𝑌) = 𝑔(𝑋, 𝜑𝑌). 
where 𝑋, 𝑌 ∈ ℑ0

1(𝑀2𝑛). An almost Norden manifold is a triple 
(𝑀2𝑛, 𝜑, 𝑔) with the Norden metric 𝑔. The triple is called Norden 

manifold if 𝜑 is integrable. 

We say that a Norden metric 𝑔 on a Norden manifold 
(𝑀2𝑛, 𝜑, 𝑔) is holomorphic if 

(Φ𝜑𝑔)(𝑋, 𝑌, 𝑍) = 0 

for any vector fields 𝑋, 𝑌, 𝑍 on 𝑀2𝑛, where  Φ𝜑𝑔 is the Tachibana 

operator:       
(Φ𝜑𝑔)(𝑋, 𝑌, 𝑍) = −𝑔((∇𝑋𝜑)𝑌, 𝑍) + 𝑔((∇𝑌𝜑)𝑍, 𝑋) + 

+𝑔((∇𝑍𝜑)𝑋, 𝑌) = 0 

In the second subchapter of the first chapter, the four-

dimensional Walker manifold is defined and the integrability 

conditions of the generalized Norden-Walker structure built on it 

are stated. Let 𝑀4 be a 4-dimensional 𝐶∞ −manifold. A neutral 

metric 𝑔 on a manifold 𝑀4 is said to be Walker metric if there is a 

totally isotropic parallel 2-dimensional null distribution 𝐷 on 𝑀4. 

By a result of Walker theorem, for every Walker metric 𝑔 on a 4-
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manifold 𝑀4, there exist a system of coordinates which the matrix 

of 𝑔 = (𝑔𝑖𝑗) in these coordinates has following form: 

𝑔 = (𝑔𝑖𝑗) = (

0 0
0 0

1 0
0 1

1 0
0 1

𝑎 𝑐
𝑐 𝑏

) 

Let  𝐹 be an almost complex structure on a Walker 4-

manifold 𝑀4, which satisfies 

1) 𝐹2 = −𝐼, 
2) 𝑔(𝐹𝑋, 𝑌) = 𝑔(𝑋, 𝐹𝑌),  (Nordenian property), 

3) 𝐹𝜕𝑥 = 𝜕𝑦, 𝐹𝜕𝑦 = −𝜕𝑥, (𝐹 induces a positive 
𝜋

2
 rotation on 

the degenerate parallel field 𝐷). 

𝜑 has the local components with respect to the natural frame  

{𝜕𝑥, 𝜕𝑦, 𝜕𝑧 , 𝜕𝑡}      

𝜑 = (𝜑𝑗
𝑖)

(

 
 

0 −1 𝑑 −
1

2
(𝑎 + 𝑏)

1 0
1

2
(𝑎 + 𝑏) 𝑑

0 0 0 1
0 0 −1 0 )

 
 

. 

Where 𝑑 = 𝑑(𝑥, 𝑦, 𝑧, 𝑡) is an arbitrary function. 

The triple (𝑀4, 𝜑, 𝑔)  is called generalized almost Norden-

Walker manifold. In some literature 𝜑 with 𝑑 = 𝑐 is called the 

proper almost complex structure. Our purpose here is to investigate 

integrability and holomorphic (Kähler) conditions of a generalized 

almost complex structure 𝜑.  

An almost complex structure 𝜑 is integrable if the Nijenhuis 

tensor 𝑁𝜑 with the coordinates 

(𝑁𝜑)𝑗𝑘
𝑖
= 𝜑𝑗

𝑚𝜕𝑚𝜑𝑘
𝑖 − 𝜑𝑘

𝑚𝜕𝑚𝜑𝑗
𝑖 − 𝜑𝑚

𝑖 𝜕𝑗𝜑𝑘
𝑚 + 𝜑𝑚

𝑖 𝜕𝑘𝜑𝑗
𝑚 = 0, 

vanishes. 

Theorem 1: An almost complex structure 𝜑 on a generalized 

almost Norden-Walker manifold is integrable if and only if 

{
𝑎𝑥 + 𝑏𝑥 + 2𝑑𝑦 = 0,

𝑎𝑦 + 𝑏𝑦 − 2𝑑𝑥 = 0.
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Theorem 2: If the triple (𝑀4, 𝜑, 𝑔) is a generalized Norden-

Walker manifold, then 𝑑 is harmonic with respect to the arguments 

𝑥 and 𝑦. 

In the third subchapter of the first chapter, a holomorphic or 

Kahler-Norden-Walker manifold is defined. If 

(Φ𝜑𝑔)𝑘𝑖𝑗
= 𝜑𝑘

𝑚𝜕𝑚𝑔𝑖𝑗 −𝜑𝑖
𝑚𝜕𝑘𝑔𝑚𝑗 + 𝑔𝑚𝑗(𝜕𝑖𝜑𝑘

𝑚 −

𝜕𝑘𝜑𝑖
𝑚) + 𝑔𝑖𝑚𝜕𝑗𝜑𝑘

𝑚 = 0, 

then 𝜑 is integrable and the manifold (𝑀4, 𝜑, 𝑔) is called a 

holomorphic Norden-Walker or a Kähler-Norden-Walker 

manifold.  

Theorem 3. The generalized Norden-Walker manifold 
(𝑀4, 𝜑, 𝑔)  is holomorphic if and only if the following PDEs hold: 

𝑎𝑥 = −𝑏𝑥 = 𝑐𝑦, 𝑎𝑦 = −𝑏𝑦 = −𝑐𝑥, 𝑑𝑥 = 𝑑𝑦 = 0, 

𝑑𝑎𝑥 − 𝑎𝑡 + 𝑐𝑧 + 𝑑𝑧 +
1

2
(𝑎 + 𝑏)𝑎𝑦 = 0, 

𝑑𝑎𝑦 − 𝑏𝑧 + 𝑐𝑡 − 𝑑𝑡 −
1

2
(𝑎 + 𝑏)𝑎𝑥 = 0. 

The fourth subchapter of the first chapter defines isotropic 

Kahler-Norden-Walker structures. 

Theorem 4. (𝑀4, 𝜑, 𝑔)  is a generalized quasi-complex 

structure on a quasi-Norden-Walker manifold that is isotropic 

Kahler. 

The fifth subchapter of the first chapter discusses the 

curvature properties of the Walker manifold.  

In the sixth subchapter of the first chapter, quasi-Kahler-

Norden-Walker structures are defined.  

 Theorem 5. Suppose that (𝑀4, 𝜑, 𝑔)  is a quasi-Norden 

manifold. Its metric is quasi-Kahler-Norden if and only if for every 

𝑋, 𝑌, 𝑍 ∈ ℑ0
1(𝑀4) the condition 

(Φ𝜑𝑔)(𝑋, 𝑌, 𝑍) + (Φ𝜑𝑔)(𝑌, 𝑍, 𝑋) + (Φ𝜑𝑔)(𝑍, 𝑌, 𝑋) = 0 

is satisfied.  

 The second chapter consists of 6 subchapters. The second 

chapter considers symplectic 2-forms, lifts of Norden-Walker 
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structures, and Norden-Walker metrics in tangent bundle spaces. 

The first subchapter of the second chapter defines tangent 

and cotangent bundle spaces. Suppose that 𝑀4 is a 4-dimensional 

Walker manifold of class 𝐶∞ − and 𝑇𝑃(𝑀4) the tangent space at 

point 𝑃 ∈ 𝑀4 is the set of all tangent vectors of 𝑀4 at point 𝑃. 

Then the set  

𝑇(𝑀4) = ⋃ 𝑇𝑃(𝑀4)

𝑃∈𝑀4

 

by definition, a tangent bundle on a manifold 𝑀4 is called a 

bundle.  

The second subchapter of the second chapter provides 

information about the 2-form derived from the Walker metric in 

the tangent bundle space. A manifold 𝑀4 is symplectic if it 

possesses a nondegenerate 2-form 𝜀 which is closed (i.e. 𝑑𝜀 = 0).  

For any manifold 𝑀4 of dimension 4, the cotangent bundle 𝑇∗(𝑀4) 
is a symplectic 8-manifold with symplectic 2-form 𝜀 = −𝑑𝑝 =
𝑑𝑥𝑖 ∧ 𝑑𝑝𝑖, where 𝑝 = 𝑝𝑖𝑑𝑥

𝑖  is the Liouville form (basic 1-form) 

in 𝑇∗(𝑀4). the musical isomorphisms 𝑔𝑏: 𝑇(𝑀4) → 𝑇
∗(𝑀4)  and 

𝑔⋕: 𝑇∗(𝑀4) → 𝑇(𝑀4)  are given by 

𝑔𝑏: 𝑥𝐼 = (𝑥𝑖 , 𝑥𝑖̅) = (𝑥𝑖 , 𝑣𝑖) → �̃�𝐾 = (𝑥𝑘 , �̃��̅�) =

= (𝑥𝑘 = 𝛿𝑖
𝑘𝑥𝑖 , 𝑝𝑘 = 𝑔𝑘𝑖𝑣

𝑖) 

and 

𝑔⋕: �̃�𝐾 = (𝑥𝑘 , �̃��̅�) = (𝑥𝑘 , 𝑝𝑘) → 𝑥
𝐼 = (𝑥𝑖 , 𝑥𝑖̅) = 

= (𝑥𝑖 = 𝛿𝑘
𝑖𝑥𝑘, 𝑣𝑖 = 𝑔𝑖𝑘𝑝𝑘). 

In the third subchapter of the second chapter, symplectic 

vector fields and some properties of symplectic 2-forms on the 

Walker manifold are studied. 

𝜔 = 𝚤𝑔 = 𝑔𝑗𝑖𝑦
𝑗𝑑𝑥𝑖 

is a new 1-form in 𝑇(𝑀4). An anti-symmetric (0,2)-tensor  𝑑𝜔 has 

the following components: 

𝑑𝜔 = ((𝑑𝜔)𝐽𝐼) = (
(𝑑𝜔)𝑗𝑖 (𝑑𝜔)𝑗𝑖̅
(𝑑𝜔)�̅�𝑖 (𝑑𝜔)�̅�𝑖̅

) = 
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= (
(𝜕𝑗𝑔𝑖𝑠 − 𝜕𝑖𝑔𝑗𝑠)𝑦

𝑠 −𝑔𝑗𝑖
𝑔𝑗𝑖 0

). 

On the other hand 𝑑(𝑑𝜔) = 𝑑2𝜔 = 0, i.e. 𝑑𝜔 defines a 

symplectic 2-form in the tangent bundle 𝑇(𝑀4). 
Theorem 6. A vector field 𝑇(𝑀4)  on 𝑇(𝑀4) is a symplectic 

vector field with respect to 𝑑𝜔, if 

𝑑(𝚤�̃�𝑑𝜔) = 0, 

i.e. if  the interior product 𝚤�̃�𝑑𝜔 is closed. 

In the fourth subchapter of the second chapter, a theorem is 

given on the pullback of a 2-form in the cotangent bundle space of 

a Walker manifold. the pullback of 𝑑𝜔 by 𝑔⋕ is a 2-form  

(𝑔⋕)∗𝑑𝜔 on  𝑇∗(𝑀4) and has components 

(𝑔⋕)∗𝑑𝜔 = (((𝑔⋕)∗𝑑𝜔  )𝐾𝐿) = (
0 −𝛿𝑘

𝑙

𝛿𝑙
𝑘 0

). 

From here follows that the pullback (𝑔⋕)∗𝑑𝜔 coincides with the 

symplectic form  �̃� = −𝑑𝑝 = −𝑑𝑝𝑖 ∧ 𝑑𝑥
𝑖 = 𝑑𝑥𝑖 ∧ 𝑑𝑝𝑖. Thus we 

have 

Theorem 7. Let (𝑀4, 𝑔) be a Walker manifold. The natural 

symplectic structure −𝑑𝑝 = 𝑑𝑥𝑖 ∧ 𝑑𝑝𝑖 on cotangent bundle 

𝑇∗(𝑀4) is a pullback by 𝑔⋕ of exterior derivative  𝑑𝜔, i.e. 

(𝑔⋕)∗𝑑𝜔 = −𝑑𝑝. 

In the fifth subchapter of the second chapter, the lifts of 

Norden-Walker structures in tangent bundle spaces are 

investigated.  

Let (𝑀4, 𝑔) be a Walker manifold of class 𝐶∞. The complete 

lift 𝑔𝐶  of Walker metric has components in the form: 

𝑔𝐶 = ( 𝑔𝐼𝐽
𝐶 ) = (

𝑡𝑠𝜕𝑠𝑔𝑖𝑗 𝑔𝑖𝑗
𝑔𝑖𝑗 0

). 

Theorem 8. Let (𝑀4, 𝑔) be a Walker manifold and 

(𝑇(𝑀4), 𝑔
𝐶 ) its tangent bundle with complete lift of Walker 

metric. Then the vertical 𝑋𝑉  and horizontal lift 𝑋𝐻   of any vector 

field 𝑋 to tangent bundle 𝑇(𝑀4) are always null vector with 



12 
 

respect to the metric 𝑔𝐶 . The complete lift 𝑋𝐶  is a null vector if 

and only if the vector field 𝑋 is of constant length, i.e. 𝑔𝑖𝑗𝑋
𝑖𝑋𝑗 =

𝑔(𝑋, 𝑋) = 𝑐𝑜𝑛𝑠𝑡. 
The sixth subchapter of the second chapter provides 

information on the complete lift of Norden-Walker metrics over 

the tangent bundle of a Walker manifold. Let (𝑀4, 𝜑, 𝑔) be a 

Norden-Walker manifold i.e.   

𝐺(𝑋, 𝑌) = (𝑔°𝜑)(𝑋, 𝑌) = 𝑔(𝜑𝑋, 𝑌) = 𝑔(𝑋, 𝜑𝑌) = 𝑔(𝜑𝑌, 𝑋) =
= 𝐺(𝑋, 𝑌) 

where 𝐺 is the twin Norden metric. 

It is well known that the complete lift 𝜑𝐶   of almost complex 

structure 𝜑𝐶  has components  

𝜑𝐶 = (
𝜑𝑖
𝑗

0

𝑡𝑠𝜕𝑠𝜑𝑖
𝑗
𝜑𝑖
𝑗
). 

For any vector fields 𝑋, 𝑌 ∈ ℑ0
1(𝑀4), we have. 

Theorem 9. Let (𝑀4, 𝜑, 𝑔) be a Norden-Walker manifold. 

Then the triple (𝑇(𝑀4), 𝜑
𝐶 , 𝑔𝐶 ) is a Norden manifold, but not a 

Walker-Norden manifold. 

Theorem 10. Let (𝑀4, 𝜑, 𝑔) be a Norden-Walker-Kahler 

manifold. Then the triple (𝑇(𝑀4), 𝜑
𝐶 , 𝑔𝐶 ) is a Norden-Kahler 

manifold, but not a Walker-Norden-Kahler manifold. 

 The third chapter consists of 4 subchapters. The third chapter 

considers deformed complete lifts of (1,1)-type tensor fields and 

connections on a 3-dimensional nilpotent algebra. 

 In the first subchapter of the third chapter, the conditions for 

the holomorphism of the tangent bundle space to the Walker 

manifold of degree 2 with respect to a 3-dimensional nilpotent 

algebra are considered. Let Π = {𝐽𝛼𝑗
𝑖 }, 𝛼 = 1,2; 𝑖, 𝑗 = 1,… , 𝑛 be a 

Π −structure on a smooth  manifold 𝑀𝑛. If there exists a frame 

{𝜕𝑖 =
𝜕

𝜕𝑥𝑖
} , 𝑖 = 1,… , 𝑛, 𝑥 = (𝑥𝑖) ∈ 𝑀𝑛 such that 𝜕𝑖𝐽𝛼𝑗

𝑘 = 0, then 

the Π −structure is said to be integrable. An algebraic structure is 
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said to be an 𝑟 −regular Π −structure if the matrices (𝐽𝛼𝑗
𝑖 ), 𝛼 =

1,2
 
of order 𝑛 × 𝑛, simultaneously reduced to the form 

(𝐽𝛼𝑗
𝑖 ) = (

𝐶𝛼 0 … 0
0 𝐶𝛼 … 0
… … … …
0 0 … 𝐶𝛼

) , 𝛼 = 1,2; 𝑖, 𝑗 = 1,… , 𝑛 

with respect to the adapted frame {𝜕𝑖},  where 𝐶𝛼 = (𝐶𝛼𝛽
𝛾
) is the 

regular representation of 𝔄2 and 𝑟 is a number of 𝐶𝛼 −blocks. We 

note that the 𝑟 −regular Π −structure is integrable if a structure-

preserving connection with free-torsion exists on 𝑀𝑛. Let 𝑅(𝜀2) be 

an algebra of order 3 with a canonical basis {𝑒1, 𝑒2, 𝑒3} =
{1, 𝜀, 𝜀2}, 𝜀3 = 0. It is clear that there exists an affinor field (a 

tensor field of type (1,1)) 𝛾 on 𝑇2(𝑀4) which has components of 

the form  

𝛾 = (
0 0 0
𝐼 0 0
0 𝐼 0

) 

with respect to the natural frame {𝜕𝑖, 𝜕𝑖̅, 𝜕𝑖̿} = {
𝜕

𝜕𝑥𝑖
,
𝜕

𝜕𝑥�̅�
,
𝜕

𝜕𝑥�̿�
} , 𝑖 =

1,… ,4, where 𝐼 denotes the 4 × 4 identity matrix. From here, we 

have 

𝛾2 = (
0 0 0
0 0 0
𝐼 0 0

) , 𝛾3 = 0, 

i.e. 𝑇2(𝑀4) has a natural integrable structure Π = {𝐼, 𝛾, 𝛾2}, 𝐼 =
𝑖𝑑𝑇2(𝑀4), which is an isomorphic representation of the algebra 

𝑅(𝜀2), 𝜀3 = 0.  Using  

𝛾𝜕𝑖 = 𝜕𝑖̅, 𝛾
2𝜕𝑖 = 𝛾𝜕𝑖̅ = 𝜕𝑖̿ 

we have {𝜕𝑖, 𝜕𝑖̅, 𝜕𝑖̿} = {𝜕𝑖 , 𝛾𝜕𝑖, 𝛾
2𝜕𝑖}. Also, using a frame 

{𝜕1, 𝛾𝜕1, 𝛾
2𝜕1, 𝜕2, 𝛾𝜕2, 𝛾

2𝜕2, … , 𝜕4, 𝛾𝜕4, 𝛾
2𝜕4} which is obtained 

from {𝜕𝑖, 𝜕𝑖̅, 𝜕𝑖̿} = {𝜕𝑖, 𝛾𝜕𝑖, 𝛾
2𝜕𝑖} by changing of numbers of frame 

elements. 

The second subchapter of the third chapter provides 

information on deformed complete lifts of (1,1)-type tensor fields 
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in tangent bundle spaces of order 2. Let 

�̃� = �̃�𝐽
𝐼(𝑥1, … , 𝑥4𝑚)𝜕𝐼⨂𝑑𝑥

𝐽 

be a pure (1.1)-tensor field on 𝑇2(𝑀4) with respect to Π =
{𝐼, 𝛾, 𝛾2}, 𝐼 = 𝑖𝑑𝑇2(𝑀4), and Π be the regular structure naturally 

existing on 𝑇2(𝑀4). it follows that the pure tensor field  �̃� = (�̃�𝐽
𝐼) 

on 𝑇2(𝑀4) which is corresponding to the 𝑅(𝜀2) −holomorphic 

(1,1)-tensor field  𝑡∗ on 𝑋4(𝑅(𝜀
2))  has components 

�̃� =

=

(

 
 

𝑡𝑗
𝑖 0 0

𝑥4+𝑘𝜕𝑘𝑡𝑗
𝑖 + 𝐻𝑗

𝑖 𝑡𝑗
𝑖 0

𝑥8+𝑠𝜕𝑠𝑡𝑗
𝑖 +
1

2
𝑥4+𝑘𝑥4+𝑠𝜕𝑘𝜕𝑠𝑡𝑗

𝑖 + 𝑥4+𝑘𝜕𝑘𝐻𝑗
𝑖 + 𝐾𝑗

𝑖 𝑥4+𝑘𝜕𝑘𝑡𝑗
𝑖 + 𝐻𝑗

𝑖 𝑡𝑗
𝑖

)

 
 

 

We have 

(𝑡𝐼𝐼) = 𝑡𝐼𝐼 + 𝐻𝐼 + 𝐾0𝐷 . 

In the third subchapter of the third chapter, theorems about 

deformed second lifts of almost complex structures in tangent 

bundle spaces of the second order are proved. 

Theorem 11. Let 𝐻 be an almost tangent structure (𝐻2 = 0) 

and 𝐻,𝐾 be the hybrid tensor fields with respect to 𝑡 on 𝑀4, then 

the deformed lift (𝑡𝐼𝐼)𝐷  is an almost complex structure on 𝑇2(𝑀4) 
if  𝑡 is so on 𝑀4.  

The fourth subchapter of the third chapter provides 

information about deformed lifts of connections in tangent bundle 

spaces of the second degree.  

The pure connection ∇̃ with components Γ̃𝛼𝛽
𝛾

  is called a 

holomorphic connection, if 

(Φ𝜑Γ)𝜏𝛼𝛽
𝛾

= 𝜑𝜏
𝜎𝜕𝜎Γ̃𝛼𝛽

𝛾
− 𝜑𝛼

𝜎𝜕𝜏Γ̃𝜎𝛽
𝛾
= 0, 

(Φ𝜑2Γ)𝜏𝛼𝛽
𝛾

= (𝜑2)𝜏
𝜎𝜕𝜎Γ̃𝛼𝛽

𝛾
− (𝜑2)𝛼

𝜎𝜕𝜏Γ̃𝜎𝛽
𝛾
= 0 

 

Let 𝛾 = 𝑘. Since 𝜎 = (𝑚, �̅�, �̿�), we have   
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(Γ̃𝛼𝛽
𝑘 ) = (

Γ𝑖𝑗
𝑘(𝑥𝑚) 0 0

0 0 0
0 0 0

) = ( Γ𝛼𝛽
𝑘𝐶 ), 𝑥𝑚 = (𝑥1, … , 𝑥4) 

Let 𝛾 = �̅�. In this case, we have 

(Φ𝜑Γ)𝜏𝛼𝛽
�̅�

= 0 ⟹ 𝜑𝜏
�̅�𝜕�̅�Γ̃𝛼𝛽

�̅� + 𝜑𝜏
�̿�𝜕�̿�Γ̃𝛼𝛽

�̅� − 𝜑𝛼
�̅�𝜕𝜏Γ̃�̅�𝛽

�̅� = 0. 

From here it follows that  

(Γ̃𝛼𝛽
�̅� ) = ( Γ𝛼𝛽

�̅�𝐶 ) + ( 𝐺𝛼𝛽
𝑘𝐶 ), 𝑥𝑚 = (𝑥1, … , 𝑥4). 

Let 𝛾 = �̿�.. In this case we have 

(Φ𝜑Γ)𝜏𝛼𝛽
�̿�

= 𝜑𝜏
𝑚𝜕𝑚Γ̃𝛼𝛽

�̿� + 𝜑𝜏
�̅�𝜕�̅�Γ̃𝛼𝛽

�̿� + 𝜑𝜏
�̿�𝜕�̿�Γ̃𝛼𝛽

�̿� − 𝜑𝛼
𝑚𝜕𝜏Γ̃𝑚𝛽

�̿�

− 𝜑𝛼
�̅�𝜕𝜏Γ̃�̅�𝛽

�̿� −𝜑𝛼
�̿�𝜕𝜏Γ̃�̿�𝛽

�̿� = 0. 

From here, it follows that 

(Γ̃𝛼𝛽
�̿� ) = ( Γ𝛼𝛽

�̿�𝐶 ) + ( 𝐺𝛼𝛽
�̅�𝐶 ) + ( 𝐻𝛼𝛽

𝑘𝐶 ). 

Theorem 12. Let ∇ be a connection in the manifold  𝑀4. Then 

the deformed complete lift ∇̃ of ∇ to tangent bundle of 2-jets 

𝑇2(𝑀4) has components  

∇̃= (Γ̃𝛼𝛽
𝑘 , Γ̃𝛼𝛽

�̅� , Γ̃𝛼𝛽
�̿� ) = ( Γ𝛼𝛽

𝑘 , Γ𝛼𝛽
�̅� + 𝐺𝛼𝛽

𝑘 ,𝐶𝐶𝐶 Γ𝛼𝛽
�̿� + 𝐺𝛼𝛽

�̅� +𝐶𝐶 𝐻𝛼𝛽
𝑘𝐶 ) 

where 𝐺𝛼𝛽
𝑘𝐶  and 𝐻𝛼𝛽

𝑘𝐶  are first components of complete lift of 

(1,2)-tensor fields 𝐺 and 𝐻 respectively, 𝐺𝛼𝛽
�̅�𝐶  are second 

components of complete lift of 𝐺 and Γ𝛼𝛽
𝑘𝐶 , Γ𝛼𝛽

�̅� ,𝐶  Γ𝛼𝛽
�̿�𝐶  denote the 

all components of complete lift ∇𝐶  of connection ∇= (Γ𝑖𝑗
𝑘) . 

The fourth chapter consists of 5 subchapters. 

The fourth chapter provides information about  almost 

product Walker structures on 3-dimensional product Norden-

Walker manifolds. 

The first subchapter of the fourth chapter seems to be looking 

at the product manifolds. Let (𝑀𝑛, 𝑔)  be a Lorentzian manifold 

(pseudo-Riemannian manifold), with a pseudo-Riemannian metric 

𝑔 of signature (1, 𝑛 − 1) (equivalently (𝑛 − 1,1)).  Let (𝑀𝑛, 𝜑, 𝑔)  
be an almost product manifold, i.e., we assume that 𝜑 is an almost 
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product structure satisfying 𝜑2 = 𝐼. 
In the second subchapter of the fourth chapter, a three-

dimensional Walker manifold is defined, and under certain 

conditions, an almost product Walker structure is constructed. Let 

𝑀3  be a 3-dimensional 𝐶∞ −manifold. A metric 𝐺𝑓 on a manifold 

𝑀3  is said to be Walker metric if there is a parallel 1-dimensional 

null distribution 𝐷 on 𝑀3. By a result of Walker theorem, for every 

Walker metric 𝐺𝑓 on a 3-manifold 𝑀3, there exist a system of 

coordinates which the matrix of 𝐺𝑓 = ((𝐺𝑓)𝑖𝑗) in these 

coordinates has following form: 

𝐺𝑓 = ((𝐺𝑓)𝑖𝑗) =
(
0 0 1
0 𝜀 0
1 0 𝑓

), 

where 𝑓 is an arbitrary, differentiable function depending on the 

coordinates (𝑥, 𝑦, 𝑧) and 𝐷𝑒𝑡 ((𝐺𝑓)𝑖𝑗) = 𝜀 = ±1 ≠ 0.  

Let  𝜑 be an almost product structure on a Walker 3-manifold 

𝑀3, which satisfies 

1) 𝜑2 = 𝐼, 

2) (𝐺𝑓)𝑖𝑚𝜑𝑗
𝑚 = (𝐺𝑓)𝑚𝑖𝜑𝑖

𝑚 or 𝐺𝑓 ∙ 𝜑 = 𝜑 ∙ 𝐺𝑓
𝑇  (property of 

purity). 

We choose the almost product structure 𝜑, which has the local 

components with respect to the natural frame {𝜕𝑥, 𝜕𝑦, 𝜕𝑧}: 

𝜑 = (𝜑𝑗
𝑖) =

(

 
 

1 0 0

1

√𝑓𝜀
0 √

𝑓

𝜀

−
1

𝑓
√
𝜀

𝑓
0
)

 
 
.                                             

The triple (𝑀3, 𝜑, 𝐺𝑓)  is called almost product Norden-

Walker manifold. 

In the third subchapter of the fourth chapter, the conditions 

for the integration of the almost product structure on the almost 

product Norden-Walker manifold are shown. An almost product 
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structure 𝜑 is integrable if the Nijenhuis tensor 𝑁𝜑 with the 

coordinates 

(𝑁𝜑)𝑗𝑘
𝑖
= 𝜑𝑗

𝑚𝜕𝑚𝜑𝑘
𝑖 − 𝜑𝑘

𝑚𝜕𝑚𝜑𝑗
𝑖 −𝜑𝑚

𝑖 𝜕𝑗𝜑𝑘
𝑚 + 𝜑𝑚

𝑖 𝜕𝑘𝜑𝑗
𝑚 = 0 

vanishes. 

So we have obtained the following theorem: 

Theorem 13: An almost product structure 𝜑 on an almost 

product Norden-Walker manifold is integrable if and only if 

{
√𝑓𝜀𝑓𝑥 + 𝑓𝑦 = 0,

𝑓𝑧 = 0,
 

where  𝑓𝑥 =
𝜕𝑓

𝜕𝑥
, 𝑓𝑦 =

𝜕𝑓

𝜕𝑦
, 𝑓𝑧 =

𝜕𝑓

𝜕𝑧
. 

 In the fourth subchapter of the fourth chapter, the conditions 

for a Walker metric to be Kahler with respect to an almost product 

structure on  the almost product Norden-Walker manifold are 

considered. Now let (𝑀3, 𝜑, 𝐺𝑓) be an almost product Norden-

Walker manifold. First, we note that if 

(Φ𝜑𝐺𝑓)𝑘𝑖𝑗
= 𝜑𝑘

𝑚𝜕𝑚(𝐺𝑓)𝑖𝑗 − 𝜑𝑖
𝑚𝜕𝑘(𝐺𝑓)𝑚𝑗 + 

+(𝐺𝑓)𝑚𝑗
(𝜕𝑖𝜑𝑘

𝑚 − 𝜕𝑘𝜑𝑖
𝑚) + (𝐺𝑓)𝑖𝑚𝜕𝑗𝜑𝑘

𝑚 = 0, 

then 𝜑 is integrable and the manifold (𝑀3, 𝜑, 𝐺𝑓)  is called a 

product anti-Kähler-Walker manifold. So, we have the following 

theorem: 

Theorem 14: The product Walker manifold (𝑀3, 𝜑, 𝐺𝑓) is 

Kahler if and only if the following PDEs hold: 

𝑓𝑥 = 𝑓𝑦 = 𝑓𝑧 = 0, 

i.e., 𝑓 = 𝑐𝑜𝑛𝑠𝑡.  

In the fifth subchapter of the fourth chapter, geodesics on the 

three-dimensional Walker manifold are investigated and their 

equations are given. A curve 𝑥 = 𝑥(𝑡) is geodesic in (𝑀3, 𝜑, 𝐺𝑓) 

with respect to ∇ if and only if it satisfy the differential equations 

𝑑2𝑥𝑖

𝑑𝑡2
+ Γ𝑘𝑙

𝑖
𝑑𝑥𝑘

𝑑𝑡
∙
𝑑𝑥𝑙

𝑑𝑡
= 0, 𝑖, 𝑗, 𝑘 = 1,2,3.  
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We can write the last equation as follows:  
𝑑2𝑥1

𝑑𝑡2
+ 𝑓𝑥

𝑑𝑥1

𝑑𝑡
∙
𝑑𝑥3

𝑑𝑡
+ 𝑓𝑦

𝑑𝑥2

𝑑𝑡
∙
𝑑𝑥3

𝑑𝑡
+
1

2
(𝑓 ∙ 𝑓𝑥 + 𝑓𝑧)

𝑑𝑥3

𝑑𝑡
∙
𝑑𝑥3

𝑑𝑡
= 0, 

𝑑2𝑥2

𝑑𝑡2
−
𝜀

2
𝑓𝑦
𝑑𝑥3

𝑑𝑡
∙
𝑑𝑥3

𝑑𝑡
= 0,

𝑑2𝑥3

𝑑𝑡2
−
1

2
𝑓𝑥
𝑑𝑥3

𝑑𝑡
∙
𝑑𝑥3

𝑑𝑡
= 0. 
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Consclusion 

 

1. The integration conditions of generalized Norden-Walker 

structures and the holomorphic conditions of Walker metrics with 

respect to this structure are given; 

2. It has been shown that the complete lift of a symplectic structure 

from its base manifold to its tangent bundle is a closed 2-form, and 

consequently, its image by symplectic isomorphism is a 2-form; 

3. It has been shown that in the tangent bundle of a Walker manifold, 

the vertical and horizontal lifts of a vector field are always zero, 

and the total lift is zero only if and only if the vector field has a 

constant length; 

4. The components of the deformed complete lifts of (1,1)-type 

tensor fields and connections in the tangent bundles of degree 2 are 

given; 

5. The integration conditions of the almost product Norden-Walker 

structure on a 3-dimensional Walker manifold, the Kahler 

conditions of the Walker metric with respect to this structure, and 

the equations of geodesics are given. 
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