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GENERAL CHARACTERISTICS OF THE WORK

Rationale and development degree of the topic.
Mathematical modeling methods are widely used for studying
processes in the environment that surrounds us. In order to study
these processes, one of the effective ways is to model it in the form
of differential equations. Boundary value problems for partial
differential equations occupies an important place in theory of
differential equations. The problems of finding unknown coefficients
of the equation alongside with its solution is called an inverse
problem in theory of partial differential equations. If along with the
solution of the problem, the right hand side of the equation is also
sought these inverse problems are called linear and if along with the
solution of the equation even if one of the coefficients is sought, such
inverse problems are called nonlinear problems.

Inverse problems is one of the actively developing fields of
modern mathematics. Inverse problems can be encountered in many
fields of human activities as geophysics, biology, ecology, medicine,
etc. Inverse problems for partial differential equations were studied in
the papers of Tikhonov A.N., Budak B.M., Anikonov Y.Y., Kostin
D.B., Denisov A.M., Lavrentyev M.M., Iskenderov A.D., Akhundov
AY., Ayda-zadeh K.R., Iskenderov A.D., Ivanchov N.I., lvanov
V.K., Amirov A.X., Kabanikhin S.I., Kaminin V.L.}, Namazov G.K.,
Khudaverdiyev K.l., Kojanov A.l., Guliyev M.A., Malyshev 1.G.,
Isgandarov N.Sh., Mehraliyev Y.T., Prilepko A.l., Romanov V.G.,
Cannon J.R.2, Karimov N.B., Ismayilov A.l., Ismayilov M.I. and of
other authors.

Recently, nonlocal problems for partial differential equations

! Kampiaun, B.JI. O6 obparHOli 3amade ONpEAENEHUs MPABOi 9acTu B mapabonu-
YeCKOM YPaBHEHHHU C YCIOBHEM WHTETPAILHOTO IepeornpeneicHus // MaremaTu-
yeckue 3aMmeTkH, -2005. 1.77, Ne 4, -c. 522-534

2 Cannon, J.R. The solution of the heat equation subject to the specification of
energy // Quart. Appl. Math. —1963. v.5, Ne21. -p. 155-160



are widely studied. These problems are important from both of
theoretical and practical point of view. The integral condition
problems are most studied problems among nonlocal problems. Such
conditions are encountered in plasma physics, heat transfer, in
mathematical modeling of hydration process of capillary-simple
enviroment, in demography, in some problems of mathematical
biology.

The dissertation work was devoted to the existence and
uniqueness of the classic solution of nonlocal, nonlinear boundary
value problems reduced to self-adjoint, not self-adjoint boundary
value problems for finding time-dependent unknown coefficient, the
right-hand side in a bounded domain for a linearized Benny-Luke
equation contained in the class of partial differential equations of
fourth order. As such problems are encountered in mechanics,
physics, the topic of the work is urgent.

Objective of the research. The objective of the research is to
study classical solution of nonlocal, nonlinear boundary value
problems for finding time-dependent unknown coefficient and the
right-hand side in a rectangle for a linearized Benny-Luke equation,
contained in the class of fourth order partial differential equations.

Research methods. For studying the problems under
consideration, the appropriate auxuliary problem is considered and
equivalent relation between these problems is shown. Using the
method of separation of variables and compressed mapping
principles the existence and unigueness of the auxiliary problem is
proved. And then by means of the equivalence relation, the existence
and uniqueness of the problem under consideration is shown.

Main theses to be defended.

1. Studying nonlinear, nonlocal problem reduced to a self-
adjoint boundary condition for fourth order linear partial Benny-
Luke equation;

2. Studying the existence and uniqueness of the classic solution
of an inverse boundary value problem with a not self-adjoint
boundary condition for fourth order linear partial Benny-Luke
equation.



Scientific novelty of the study. In the dissertation work the
following main results were obtained:

e Theorems on the existence and uniqueness of the solution of self-
adjoint boundary condition, nonlocal, nonlinear inverse boundary
value problems with for a linearized Benny-Luke equation contained
in the class of fourth order partial differential equations;

e Theorems on the existence and uniqueness of the classic solution
of nonlocal, nonlinear inverse boundary value problems that can be
reduced to a Benny-Luke equation contained in the class of fourth
order partial differential equations are proved;

e Theorems on the existence and uniqueness of the solution of self-
adjoint boundary condition, nonlinear inverse boundary value
problems for Benny-Luke equation contained in the class of fourth
order partial differential equations are proved;

e Theorems on the existence and uniqueness of the classic solution
of nonlocal, nonlinear inverse boundary value problems that can be
reduced to not self-adjoint boundary condition for a linearized
Benny-Luke equation contained in the class of fourth order partial
differential equations are proved.

Theoretical and practical importance of the study.

The dissertation work is of theoretical character. The results
obtained can be determined by the application of the study of inverse
problems generated by various problems.

Approbation and application. The results of the dissertation
work were reported in the seminars of "Mathematical Analysis"
department of Ganja State University, in the conference "Actual
problems of applied mathematics, informatics and mechanics™ held
in RF Voronej city in 2019 and 2020, in the scientific seminar
"Operators, system of functions and mathematical physics" held in
Baku and organized by Khazar University in 2019, in the Republican
Scientific Conference "Function theory, functional analysis and their
applications"devoted to 110-th jubilee, of acad. Ibrahim Ibish oglu
Ibrahimov.

Applicants personal contribution. All the results of the
dissertation work belong to the author.



Authors publications. Main results of the dissertation work
were published in the works [1]-[11] and given at the end of the
thesis.

The name of the organization where the dissertation work
was executed. The dissertation work was executed in Ganja State
University of Azerbaijan.

Total volume of the dissertation work indicating separately
the volume of structural units in signs.

The total volume of the dissertation is -232828 signs (title page
404 signs, content -1674 signs, introduction -34750 signs, chapter I -
76000 signs, chapter 11 -80000 signs, chapter 111 -40000 signs), a list
of references with 93 names. The total volume of the work is 127
pages.

THE CONTENT OF THE WORK

The dissertation work consists of introduction and 3 chapters.
The rationale of the topic, brief review of works related to the topic
were justified in introduction. And the obtained results of the work
were reflected.

Chapter | of the work consists of 2 sections. Here, the existence
and unigueness of the classic solutions of nonlocal boundary
condition inverse boundary value problems for a linearized Benny-
Luke equation contained in the class of fourth order partial
differential equations, that can be reduced to self-adjoint boundary
condition is studied.

In section 1 of chapter | in the rectangle
Dr ={(x,1):0<x<1,0<t<T} for the linearized Benny-Luke equation

utt (X,t) - uxx (X’t) + auxxxx (X’t) - ﬂuxxtt (X’t) =
=a(t)u(x,t) +b(t)g(x,t) + f (x,t) (@8]



we consider an inverse boundary value problem within nonlocal®

d
u(x,0) = [ p(tu(x,t)dt +p(x) ,
0

U (x,0)+u(x,T)=w(x) (0<x<1) (2)
boundary
U, (0,t) =0,u, (L,t) =0,U,,, (0,t) =0 (0<t<T) 3
integral
1
fuxtdx=0 (0<t<T), 4)
0
and additional
u(o,t) =h(t) (O<t<T), (5)
u@t)=h,(t) (O<t<T) (6)

conditions, here «>0, >0, 5>0 are the given numbers, f(xt),
g(x,t), pt), @), w(x), h(t)@i=12) are the given functions, while
u(x,t),a(t),b(t) are desired functions.
Definition 1.1.1 If the functions u(x,t,)eC*?(Dy),
a(t) eC[0,T], b(t)eC[O,T] on the rectangle D; satisfy the
boundary condition (2) of equation (1) in the interval [0] the
conditions (3)- (6) on the interval [0,T] in the usual sense, then the
triple {u(x,t),a(t),b(t)} is called a classic solution of the inverse
boundary value problem (1)-(6), here
C*2(Dr) = B(x.1) u(x,1) €C? (D ), Uy (X, 1)
Uroe 06 )y Usge (X, 1), Uy (X, 1) € C(Dp )

Along with problem (1)-( 6) we consider the following
auxiliary problem. 1t is required to find such a  triple

3 Mehraliyev, Y.T., Valiyeva, B.K., Ramazanova, A.T. An inverse boundary value
problem for a linearized Bonny-Luc equation with nonlocal boundary conditions //
Cogent Mathematics & Statistics, -2019. Ne6, -p.1-19
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u(x,t)eC*?(D;), a(t)eC[0,T], b(t)eC[0,T] consisting of the
functions {u(x,t),a(t),b(t)} that this triple along with conditions (1) -
(3) satisfies the conditions

Upx L) =0 (0<t<T) (7)
hf(t) — Uy (O,I) + QUyx (O’t) _/mxxtt (0,t) =
=a(t)h (t) +b(t)g(0,t) + f(0,t) (0<t<T) (8)
hé'(t) Uy (1:t) + Ay (l- t) _/mxxtt (1, t) =
=a(t)h, (t) +b(t)g@t)+ f @ t) (0<t<T) €)]

The following theorem is proved.
Theorem 1.1.1. Suppose that the coherence conditions

o(x), w(x)eC[0], p(t)eC[0,T], h(t)eC’[0,T] (i=12),
f(x1t), g(xt)eC(Dr), h(t) =ht)gLt)- —hy(t)g(0,t) =0,

1
jf(x,t)dx=0, }g(x,t)dx=0(0£t£T) and
0 0
1 1
[o()dx=0, [w(x)dx=0,
0 0
T
¢(0) =y (0) —f p(t)h (t)dt, (0) =hi(0)+ohy(T),
0

i
(1) =hy(0) - [ PO ML, v () =hy(0) + hy(T) .
0

are satisfied. Then the following statements are valid:

A. Every classic solution of inverse boundary value problem
(1)-( 6) is the solution of inverse boundary value problem (1)-( 3)
(7)-(9) .

B. Every solution of problem (1)-( 3) (7)-(9) satisfying the
condition

Ip®lepory+ 27180 ry I <2
is the classic solution of inverse boundary value problem (1)-( 6).

8



To study the solution of problem (1)-(3),(7)-(9) we introduce
the following spaces.

Bg’(Tl) denotes the functions representable in the form of

u(x,t) = iuk(t)cosﬂkx (A =kx)
k=0

in the rectangle Dy, here each of the functions uy (t)(k=0,12,...) is
continuous in the interval [0,T] and the condition

N

< 2
l(u)znuo(t)nc[oﬂ+{z<zﬁ||uk<t>||c[oﬂ> } <o
k=1
is satisfied. In this space we determine the norm in the form of
||u(x,t)||Bg,’(Tl) =1(u).

By ETS(l) we denote the topological product
Bngl)xC[O,T]xC[O,T]. In this space the norm of the element
z ={u,a,b} is determined by the formula

”Z”E$(1) - ||U(X’t)||B§le) + ”a(t)”c[o,T] + ”b(t)”c[o,T] :

It is known that Bg’(Tl) and E$(1) are Banach spaces®.

It is assumed that the data of the problem (1)-(3), (7)-(9) satisfy
the following conditions.

11.a>0, $>0,0<5< |-% 7, p(t) eC[0,T].
1+ 4

1.2. p(x) e C*[01],0® (x) € Ly(01), ¢'(0) = (1) = 9"(0) = ¢"(1) = 0.

4 Xynasepanes K.U., Bemne A.A. VccnenoBanne 0JHOMEPHOM CMENIAHHON 3a-
Jlauu ISl OJTHOTO KJlacca ICeBIOTHIIEPOOINYECKUX YPAaBHEHUH TPEThEro Mmopsika
C HEeJIMHEHHOM onepaTopHoil mpaBoit uacTeto, baky: Yamsloruel, 2010, 168 c.
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13, y(x) e CP01,w W (x) € L,(0), ¥'(0) ='(M) = y"(0) =" (1) = 0.
1.4. f(x,t), f,(x,t) e C(Dy), f (X,t) € L,(Dy),
f.(0,t)=f (Lt)=0(0<t<T).
15. g(x1),9¢(xt) € C(Dr), gy (x,1) € Lo(Dy),
0,(0,t)=0,(@t)=0(0<t<T).
1.6. h(t) eC2[0,T](i =1,2),
h(t) =h()g(Lt)-h,(t)g(0,) =0 (0<t<T).
The following theorem is proved.

Theorem 1.1.2. Let the conditions 1.1- 1.6 be satisfied.
Furthermore, it is assumed that the inequality

(B(M)(A(M) +2)+C(T) + D(T))(A(T) +2) <1
is valid. Then the problem (1)-(3), (7)-(9) has a unigue solution in
the sphere

K = KR(||Z||E$(1) <R<AT)+2)

taken from the space E®. Here, the expressions of A(T),

B(T), C(T) and D(T) are determined in section 1.2.

By means of theorem 1.1.1 from theorem 1.1.2 we obtain the
validaty of the following theorem.

Theorem 1.1.3. Assume that all the conditions of theorem
1.1.2, the coherence conditions

1 1 1 1
[f(xDdx=0, [g(x,)dx=0 (0<t<T)vo [p(x)dx=0, [y (x)dx=0,
0 0 0 0
T
¢(0) =y (0) - [ p(hy(t)dt, (0) = hi(0)+ Ny (T),
0

:
o0 =hy(0) - PO, (D)dt, (L) =hj(0)+hy(T).
0

are satisfied. If the inequality (||p(t)||C[OT]+2T(A(T)+2))T <1 is

satisfied, then the inverse boundary value problem (1)-( 6) has a
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unigue classic solution, in the sphere K =Kg(|z| s <R=A(T)+2)

taken from the space E2® .

In section 2 of chapter I it is assumed that we are given the
rectangle Dy ={(x,t):0<x<1,0<t<T}. In this rectangle we consider
the equation

Uge (X, 1) = Uy (X, 1) + @l (X, 1) = Bl (X, 1) =
=a(t)u(x,t) +b(t)g(x,t) + f (x,t) (10)
and assume that the function u(x,t) being the solution of this
equation satisfies the non-local

.
u(x,0) = [ pOU(x.t) +p(x), u (x0) =y ()(O<x<1)  (11)
0

periodic
u(0,t) =u(Lt),u, (0,t) =u, (Lt), u,, (0,t) =u, (Lt) (0<t<T) (12)
nonlocal integral

1
fu(x.)dx=0 (0<t<T) (13)
0

and additional

u(x,t)=hi(t) (i=12;% #x,, 0<t<T) (14)
conditions, here «a>0,8>0, x,€(0)) (i=12) are the given
numbers, f(x,t), g(x,t), p(t), @(x), w(x), hi(t) (i=12) are the given
functions, u(x,t),a(t), b(t) are the desired functions.

Definition 1.2.1. Under the classic solution of inverse
boundary value problem (10)-(14) we understand such a triple

u(x,t)eC*2(Dy), a(t)ec[o,T] bt)ec[o,T]
consisting of the functions {u(x.t),a(t),b(t)} that these functions
satisfy equation (10) in the rectangle Dy, the conditions (11) in the
interval [0,1] the conditions (12), (13) and (14) in the interval [0,T] in
the usual sense.

11



For studying the classic solution of inverse boundary value
problem (10) - (14) we consider the following auxiliary inverse
boundary value problem.

It is required to find such a triple

u(x,t)yeC*2(Dy), at)eC[o,T] b(t) eC[o0,T]
consisting of the functions {u(x,t),a(t),b(t)} that this triple along
with conditions (10) — (12) satisfy the conditions
Upy (0,1) =Uy Lt)  (0<t<T) (15)
hY'(t) — U (X5, 1) + AUy (X5, 1) — By (X5, 1) =
=a(t)h () +bt)g(x;,t)+ f (X, t)([i=12; 0<t<T)  (16)
in the usual sense.
Theorem 1.2.1. It is assumed that the functions ¢(x), w(x) are
continuous in the interval [0,1] the function p(t) in the interval [0,T]
the functions f(x,t), g(x,t) inthe rectangle Dy,

1 1
[f(xtdx=0, [g(x)dx=0(0<t<T), h(t) eC*[0,T] i=12.
0 0

Assume that the coherence conditions

}(p(x)dx =0, }w(x)dx =0,
0 0

:
o(x) =i (0) - [ pO)h; (Bdt, v (x) =h{ (0) (i=12)
0

are satisfied. Then the following statements are valid.
1.  Each classic solution of the inverse boundary value problem
(10) — (14) is the solution of the inverse boundary value problem (10)
—(12), (15), (16) as well.
2. The solution of the interval boundary value problem (10)—(12),
(15), (16) satisfying the condition

(IP®leor)+ 2TIaO]ggorT <

is the solution of the inverse boundary value problem (10)-(14).

12



Imposing the following conditions on the data of the auxiliary
inverse problem, we prove a theorem on the existence and
unigueness of the solution.
1.7.a>0, B>0, p(t)eC[0,T].

1.8. p(x) e C*[01],0® (x) € L,(0,),

2(0)=p(0).¢'(0) = ¢'D),¢"(0) = "D, ¢"(0) = 0" (), 0'? (0) = o' ).
1.9. w(x) e C3[01], @ (x) e L,(0,0),

y(0) =y ®,v'0)=y'Q,¥"0)=y¢"D),¥"(0)=¢" Q).
1.10. f(x.1), f,(x,t) eC(Dy), f, (X,t) € Ly(Dy),

f(0,t)=f(Lt), f.(0,t)=f (Lt) (0O<t<T).
1.11. g(x,t),9x(x,t) € C(Dr), 9 (X,t) € Ly (Dr),
g(0,t)=g(L1),9,(0,t) =g, (L) (O<t<T).
1.12. h(t) eC?[0,T](i=12),

h(t) = h () g(Lt)—hy (t)g(0,t) 0 (0<t<T).

Theorem 1.2.2. Assume that the conditions 1.7-1.12 and the
inequality
(B(T)(A(T)+2)+C(T)+ D(T)(A(T) +2) <1

is satisfied. Then the inverse problem (10) — (12), (15), (16) has a
unigue solution in the sphere K = KR("Z”ET5<2>)5 A(T)+2) taken from

the space EX® . Here the space EZ® the expressions of A(T),

B(T), C(T)and D(T) were determined in the section 1.2.

Using the equivalence theorem and theorem 1.2.1, we prove
the following theorem.

Theorem 1.2.3. Assume that all the conditions of theorem
1.2.1 are satisfied. Furthermore, assume that the coherence
conditions

1 1
[f(xtydx=0, [g(xt)dx=0(0<t<T)
0 0

and

13



1 1
[o(x)dx=0, [y (x)dx=0,
0 0

.
(%) =h; (0) - [ pO)h; (), y (x;) = h(0) (i =12)
0

are satisfied. If the inequality (||p(t)||C[OT]+2T(A(T)+2))T<1 is

satisfied, then the inverse boundary value problem (10)-(14) has a
unigue solution in the sphere K =Kg(|Z] o) < A(T)+2) taken from

the space E2®?

Unlike chapter I, in chapter 1l we study the existence and
unigueness of the classic solution of nonlocal inverse boundary value
problem for a Benny-Luke equation with not self-adjoint boundary
condition.

In section 1 of chapter Il it is assumed that,

Dr ={(xt): 0<x<1 0<t<T}.
f(x,t), g(xt), pt), oXx), wkx), h@)(i=12) are the given
functions such that x<[0]], t [0, T].

We consider the following boundary value problem®: it is
reguired to find such a triple u(x,t),a(t) ,b(t) consisting of the
function {u(x,t), a(t),b(t)} that this triple satisfies the linearized
Benny-Luke equation®

> Merpanues, S,T., Benuesa, 5.K. Obparnas kpaeBas 3amada [isl JTHHEAPU30BAH-
Hoe ypaBHeHuss bennm-Jlloka ¢ HelokambHBIMH ycioBusMUA // BecTHHK
Ynamyprckoro YHuBepcurera. MaTtemaTuka, MEXaHUKa, KOMIBIOTEpHbIE HAYKH, -
2019. 1.29. BBI.2. —.166-182¢

6 Benney D.J., Luke J.C. On the interactions of permanent waves of finite
amplitude // Journal of Mathematical Physics. 1964. v.43. p. 309-313.
https://doi.org/10.1002/sapm1964431309
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utt(x’t) —Uyy (X,t) + Oy (X,t) _ﬂuxxtt(xat) =
=a(t)u(x,t)+bt)g(x,t) + f(x,t), (x,t)eDy a7
nonlocal conditions

T
u(x,O)zjp(t)u(x,t)dt+go(x), U (%,0) + U (X, T)=w(x) (0<x<1) (18)
0

with respect to time, not self-adjoint boundary conditions
u(0,t) =u(t) ,u,(0,t)=0, u,, (0,t) =u,, (Lt) ,u,,(0,t)=0(0<t <T)(19)
and additional conditions

1
fuetdx=h(t) (O<t<T), (20)
0

ux(%,tjzhz © (O<t<T) 1)

here >0, #>0,5=>0 are the fixed real numbers.

Definition 2.1.1. If the triple u(x,t)eC*?(D;) a(t)eC[0,T],
b(t) € C[0,T] consisting of the functions {u(x,t), a(t),b(t)}satisfies the
equation (17), the conditions (18)-(21) in the usual sense, this triple
is called the classic solution of the problem (17)-(21).

Now, along with inverse boundary value problem (17)-(21) we
consider the following auxiliary problem: it is reguired to find such a

triple u(x,t)eC>?(D;), a(t)eC[0,T], b(t) eC[0,T] consisting of the
functions {u(x,t),a(t),b(t)} that this triple along with conditions (17)-
(19) satisfy the conditions

hy(t) — Uy (L 1) + Ay (L 1) — By (L 1) =

1 1
=at)h () +bt)[ g(x tydx + [ F(x,t)dx (0<t<T) (22)
0 0

14 1 1 1
h2 (t) - uxxx(z ’ tj + auxxxxx(E vtj + ﬂuxxxtt(z ) tj =

:a(t)hz(t)+b(t)gx[%,tj+ f{%,tj O<t<T) (23)

15



here

C52(Dr) = B(x,1) u(x,1) € C42(Dr), Uy (K1), U (1) € C(Dy )

Between the stated inverse boundary value problem (17)-(21)

and the auxiliary inverse boundary value problem (17)-(19), (22),
(23) we prove the following theorem.

Theorem 2.1.1. Assume that the following coherence

conditions  are  satisfied  @(x), w(x)eCY01], p(t) e C[0,T],

h (1) €C2[0,T1(=1.2), g(x.1), G, (1) eC(Dr), h(t) = hl(t)gx(%,t)

1
—hy ) g(x,)dx=0 (0<t<T), f(xt), f(xt)eC(Dy) and
0

1 T 1
[e()dx =hy (0) - [ phy (t)dt, [y (x)dx =h; (0) + Sy (T),
0 0 0

i
o[ ) -pomou, v{5]-no-omm @
0

then the following equations are valid.

A. The classic solution {u(xt),a(t),b(t)} of the inverse
boundary value problem (17)-(21) satisfying the condition
u(x,t)e C>?(Dy) is the solution of the auxiliary problem (17)-(19),
(22), (23) as well;

B. The solution of the auxiliary inverse boundary value
problem  (17)-(19), (22), (23) satisfying the condition
(||P(t)||C[O’T]+%||a(t)||c[oﬂj’r <1 is the classic solution of the

inverse boundary value problem (17)-(21) as well.

In section 2 of chapter Il it is assumed that the data of the
auxiliary problem satisfy the following conditions:
21.a>0, B>0,0<6<1, p(t)eC[0O,T].

2.2. p(x) eC°[04],0® (x) € L, (01), ¢'(0) = 9" (0) = ¢ (0) =0,

16



2(0) = (1), ¢"(0) = ¢"(1), 0¥ (0) = 0 (1) .
2.3. w(x) eC[01],yr®(x) e L,(0), w'(0) =" (0) =0,
v =vD,v"0)=v"Q) .
24, F(x1), f, (%), (%) €C(Dr), fn(x,1) € Ly (D),
f,(0,t)=0, f(O,t)=f(Lt), f (O, t)=F (Lt) (O<t<T).
2.5. g(X,1), 05 (%,1), 01 (X,1) € C(Dr), G (X, 1) € Ly (D),
9x(0.)=0, g(0,t) =g(L1), §,x(0.1) =g, (Lt) (O<t<T).
2.6. hi(t)eC?[0,T](i=12),

1
h(t) = hl(t)gx(%,tJ—h2(t)Jg(x,t)dx =0 (0<t<T).
0

The following theorem is proved.
Theorem 2.2.1. If the conditions 2.1 — 2.6 and the inequality
(B(T)(A(M)+2)+C(T)+D(T)(A(T)+2) <1
are satisfied, the problem (17)-(19), (22), (23) has a unigue solution
in the sphere K = KR(||z||ETG <R<A(T)+2) taken from the space E?.

Here, the space Ef the expressions of A(T), B(T), C(T) and D(T)-
were determined in section 2.2.
Theorem 2.2.2. Let all the conditions of theorem 2.1.2 and
coherence conditions (24) be satisfied. If the condition
(” p(t)”C[O,T] N (25+1)1TJE,2(|') +2) -1
is satisfied, the problem (17)-(21) has a unigue solution in the sphere
K = K, taken from the space E;.

In chapter 111 consisting of two sections, unlike chapters | and
I1, we study the existence and unigueness of the classic solution of a
nonlocal inverse boundary value problem for a Benny-Luke equation
reduced to the self-adjoint boundary condition.
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In section 1 of chapter Il it is assumed that we are given a
rectangle Dy ={(x,t):0<x<1,0<t<T} and consider the following
inverse boundary value problem. It is reguired to find such triple
{u(x,t),a(t),b(t)} that this triple satisfies the equation

Ugt (X, 1) = Uy (X, 1) + U0 (X, 1) — Py (X, 1) =
=a(t)u(x,t) +bt)g(x,t)+ f(x,t) (x,t)eDy (25)
nonlocal conditions
T

u(x,0)=(x) + [ py(tyu(x,t)dt,
0

T
Ut (%,0) =y (x) + [ p2(u(x,t)dt (0<x<1) (26)
0
with respect to time, the boundary conditions

u@Lt)=0, u,(0,t)=u,(Lt), uyw@t)=0 (O<t<T) (27)
the integral conditions

1
fu(x,hdx=0 (0<t<T) (28)
0
and additional conditions
u(0,t) =h,(t) (0<t<T), (29)
u@,t}=h2(t) (0<t<T) (30)

here «>0, >0 are the given numbers g(x,t), f(xt),
o(X), w(x), p(t), po(t), h(t), hy(t) are the given functions.
Definition 3.1.1. The triple {u(xt),a(t),b(t)} satisfying the
equation (25) in the domain D; nonlocal conditions (26) on the
interval [01] the conditions (27)-(30) on the interval [0,T] in the

usual sense, is said to be a classic solution of the inverse boundary
value problem (25)-(30).
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Along with inverse boundary value problem (25)—(30) we
consider the following auxiliary inverse boundary value problem. It
is reguired to find a triple

u(x,t)yeC*?(Dy), a(t)eC[0,T] b(t)eC[0,T]
consisting of the functions {u(xt),a(t),b(t)} that along with
conditions (25) — (27) this triple satisfies the conditions

Uyx (0,1) = Uy (L) (0<t<T), (31)
hY(t) — Uy (0,1) + Ay (0,) = B (0, 1) =
=a(t)h (t) +b(t)g(0,t) + f (0,t) (0<t=T), (32)

hg(t)_uxx(; tJ"'O‘uxxxx(l j ﬂuxxtt[ j:

:a(t)hz(t)+b(t)g(%,tj+ f(%,tj 0<t=T) (33)

The following eguivalence theorem is valid.
Theorem 3.1.1. Assume that ¢(x), w(x) € C[0,1],

py(t), p,(t) €C[0,T] f(x,t), g(x,t) e C(Dy),
hi(t) e C2[0,T](i =1,2),

h(t) = hl(t)g(%lt)_hz(t)g(ort) #0(0<t<T),

1 1
j f (x,t)dx =0, jg(x,t)dx =0(0<t<T) va
0 0

1 1
[o(xdx=0, [w(x)dx=0, (34)
0 0

T T
¢(0) =y (0) — [ pr (L (D)dt, w(0) =hi(0)— [ P2 DNy (t)dlt,
0 0

( ) h(0) - Ipz(t)hz(t)dt W( ] h2(0) - Ipz(t)hz(t)dt (35)
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Then the following statements are valid.
. Each classic solution {u(x,t),a(t),b(t)} of the inverse

boundary value problem (25) —(30) is the solution of the auxiliary
inverse boundary value problem (25)-(27), (31)- (33) as well.

. The solution {u(x,t),a(t),b(t)} of the auxiliary inverse
boundary value problem (25)-(27), satisfying the condition

1
[n POlcfor1+Tl pz<t>||c[o,T]+glla<t>llc[o:ﬂ<1

(31)-(33) is the classic solution of the inverse boundary value
problem (25) — (30) as well.

In section 2 of chapter Il we prove the existence and
unigueness of the solution of the auxiliary problem. Then, using the
eguivalence theorem, we show the existence and unigueness of the
classic solution of the main problem. It is assumed that the data of
the auxiliary inverse boundary value problems satisfy the following
conditions

3.1. p(x)eC*[04],0® (x) € L,(02),
2(1)=0,¢'(0)=¢'(1), ¢"()) =0,¢"(0) =" (1), ') (1) = 0.
3.2. w(x) eC3[01], ™ (x) e L,(0,0),
y@Q=0v'0)=y'D, y"O=0y¢"(0)=y"©1)

3.4, f(x.t), f(xt) eC(Dy), f(x.t) € Ly(Dy),
f(Lt)=0, f (0)=f,(Lt) (O<t<T).

3.5. g(x1), 0, (1) €C(Dr), g (X,t) € Ly (Dr),
gLy =0, g, (O =g, (L) O<t<T).

3.6..a>0, B>0,p;(t)eC[0,T], h(t) e C*[0,T](i=12),

h(t) = hl(t)g(%,tj—hz ()g(0,t) %0 (0<t <T).

The following eguivalence theorem is proved.
Theorem 3.2.1. Let conditions 3.1-3.6 be satisfied. If the
inequality
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(A(M)+2)(B(T)A(T) +2)+C(T)+ D(T)) <1
is satisfied the inverse boundary value problem (25)-(27), (31)- (33)
has a unigue solution in the sphere K =Kg(|z| s <A(T)+2) taken

from the space EX® . Here the space EX®) the expressions of A(T),

B(T), C(T)and D(T)were determined in section 2.3.

Theorem 3.2.2. Let all the conditions of theorem 3.2.1. the
1 1
[f(x,t)dx=0, [g(x,)dx=0(0<t<T) and coherence conditions
0 0
(34), (35) be satisfied. if the inequality

(” pl(t)”C[O,T] +T|| p2 (t)”C[O,T] + % (A(T) + 2)}'- <1

is satisfied, then the problem (25) —(30) has a unigue solution in the
sphere K = Kg (2] zs < R) taken from the space E7®.
T
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CONCLUSIONS

The dissertation work was devoted to the study of some
inverse boundary value problems for some nonlocal boundary
condition fourth order differential equations and the following results
were obtained:

e - Theorems on the existence and uniqueness of the solution of a
self-adjoint boundary condition, nonlocal, nonlinear inverse
boundary value problems for a linearized a fourth order linearized
partial Benny-Luke equation were proved,

e Theorems on the existence and uniqueness of the classic solution
of nonlocal, nonlinear inverse boundary value problems reduced to
self-adjoint boundary condition for a fourth order linearized partial
Benny-Luke equation were proved,;

e Theorems on the existence and uniqueness of the solution of a
not self-adjoint boundary condition, nonlocal, nonlinear inverse
boundary value problems for fourth order linearized partial Benny-
Luke equation were proved,;

e Theorems on the existence and uniqueness of the classic solution
of nonlocal, nonlinear inverse boundary value problems reduced to
not self-adjoint boundary condition for a linearized, fourth order
partial Benny-Luke equation were proved.
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