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GENERAL CHARACTERISTICS OF THE WORK

Ratioanale of the topic and development degree. Passing from
one physical characteristics to other ones, a great majority of
nonsmooth real processes are reduced to studying boundary value
problems for differential equations with a small parameter in front of
the higher order derivatives. These problems are called singularly
perturbed problems. One of the first studies in this field belongs to
AN. Tikhonov [1]t. For studying dependence of the solutions of
singularly perturbed differential equations different asymptotic
methods were worked out by M.I. Vishik, L.A. Lusternik, A.B.
Vasileva, V.F. Butuzov, A.M. II'in and others. The asymptotic
method elaborated by M.I. Vishik, L.A. Lusternik in the sixties of the
XX century and whose content was reflected in the papers [2]2, [3]°
is the best of the existing asymptotic methods by its application area
and from point of view of exact mathematical justification.

One work of M.I. Vishik and L.A. Lusternik, with the exaption of
some papers of M.M. Sabzaliev and I.M. Sabzalieva, all the studies
carried out for singularly perturbed partial differential equations
relate to differential equations belonging to one of classic types. But
mathematical models of some applied problems are described by
singularly perturbed differential equations belonging to none of the
classic types. Therefore, study of boundary value problems stated for
noncalssic type singularly perturbed differential equations is of

! Tuxonor A.H. O 3aBucumocTy petennii audPpepeHNaNbHBIX YPABHEHUH OT
Majoro napamerpa // Maremarndecknii cOOpHUK, - MockBa:-1948, Ne2,
BbIN.22(64), -¢.193-204.
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MaTeMaTHYECKUX Hayk, -Mockea:-1957, Bbin.5(77), 1.12, -¢.3-122

3 Bumnk M.U., JTroctepuuk JLA. PellieHHe HEKOTOPBIX 33/1a4 O BO3MYIICHUY B
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1960, Bpim.3(93), -¢.3-80.



theoretical and applied importance. In their monograph [4]¢, M.M.
Sabzaliev and I.M. Sabzalieva worked out general approach methods
for studying dependence of the solutions of boundary value problems
stated for nonclassic type singularly perturbed differential equations
on a small parameter.

In the work complete asymptotics of the solutions of boundary
value problems stated in bounded and unbounded domains for a third
order nonclassic type differential equation degenerated into a second
order parabolic equation was constructed. In the work, complete
asymptotics of the solution of a boundary value problem stated for a
nonclassic type third order differential equation degenerated into a
quasilinear hyperbolic equation was constructed, using minimal
conditions imposed on the data and internal layer type functions the
first terms of the asymptotic expansion of the solution was
constructed and complete asymptotics of a boundary value problem
stated for this equation in an infinite strip, was structured.

The object and subject of the study. The object and subject of
the study are boundary value problems for non-classic type third
order linear differential equations degenerated into a second order
parabolic equation, and non-classic type third order quasilinear and
linear differential equations degenerated into first order linear partial
differential equations.

Goals and duties of the study. To construct asymptotic
expansion with respect to a small parameter of the solutions of some
boundary value problems stated in bounded and unbounded domains
for two classes of nonclassic type perturbed differential equations
degenerated into a linear parabolic or quasilinear hyperbolic
equation.

Methods of the study. In the work, theory of differential
equations, the methods of theory of series and “Vishik-Lusternik”
method were used.

The basic defended statements. The following statements are
defended:

4 Sobzoliyev M.M., Sabzaliyeva .M. Klassik tiplors aid olmayan sinqulyar
hoyacanlanmig diferensial tonliklar nazariyyssine giris. Monoqrafiya./ -Baki: EIm
nosriyyati, -2018, -200 s.
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e Constructing complete asymptotics of the solution of a boundary
value problem stated in a rectangular domain for a third order,
nonclassic type singularly perturbed differential equation
degenerated into a second order linear parabolic equation with
respect to a small parameter, and estimating the obtained residual
term.
e Constructing complete assymptotics of the solution of a boundary
value problem stated in an infinite semistrip for a nonclassic type
singularly perturbed differential equation degenerated into a second
order linear parabolic equation with respect to a small parameter and
estimation of the obtained residual term.
e Constructing complete asymptotics of the solution of a boundary
value problem stated in an infinite strip for a third order nonclassic
type singularly perturbed differential equation degenerated into a
second order linear parabolic equation with respect to a small
parameter, and estimation of the obtained residual term.
e Constructing complete asymptotics of the solution of a boundary
value problem stated on a rectangular domain for a third order
nonclassic type singularly perturbed differential equation
degenerated into a quasilinear hyperbolic equation with respect to a
small parameter, and estimation of the residual term.
e Constructing initial terms of asymptotic expansion of the solution
of a bisingular boundary value problem stated in a rectangular
domain for a nonclassic type differential equation degenerated into a
quasilinear hyperbolic equation with respect to a small parameter by
internal layer type functions and estimation of the residual term.
e Constructing asymptotic expansion of a boundary value problem
stated in an infinite strip for a third order nonclassic type singularly
perturbed differential equation degenerated into a linear hyperbolic
equation with respect to a small parameter and estimation of the
residual term.

Scientific novelty of the study. The following scientific novelties
of the work are the followings:
e Asymptotic expansion of the solution of a boundary value problem
stated in a rectangular domain for a third order nonclassic type
singularly perturbed differential equation degenerated into a second
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order linear parabolic equation was constructed to within to any
positive power of a small parameter and the residual term was
estimated.

e Asymptotic expnasion of the solution of a boundary value problem
stated in an infinite semi-strip for a nonclassic type singularly
perturbed differential equation degenerated into a second order linear
parabolic equation was constructed to within any positive power of a
small parameter and the obtained residual term was estimated.

e Asymptotic expansion of the solution of a boundary value problem
stated in an infinite strip for a third order nonclassic type singularly
perturbed differential equation degenerated into a second order linear
parabolic equation was structured to within any positive power of a
small parameter and the resudual term was estimated.

e Asymptotic expansion of the solution of a boundary value problem
stated on a rectangular domain for a nonclassic type singularly
perturbed differential equation degenerated into a quasilinear
hyperbolic equation was structured to within any positive power of a
small paramter and the obtained residual term was estimated.

e The first terms of the asymptotic expansion of the solution of a
boundary value problem stated in a rectangular domain for a
bisingular boundary probem for a third order nonclassic type
differential equation degenerated into a quasilinear hyperbolic
equation with respect to a small parameter were structured by means
of internal layer type functions and the residual term was estimated.

e The asymptotic expansion of a boundary value problem stated in
an infinite semi-strip for a third order nonclassic type singularly
perturbed differential equation degenerated into a linear hyperbolic
equation was structured to within any positive power of a small
parameter and the obtained residual term was estimated.

Theoretical and practical importance of the work. The
dissertation work is of theoretical character. The results obtined in
the work enrich the theory of nonclassic type singularly perturbed
differential equations, has a great theoretical importance and can be
effectively applied in many practical works.

Approbation and application. The results obtained in the work
were reported at the International and Republican Conferences. The
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international Conference dedicated to 85-th jubilee of acad. A.Kh.
Mirzajanzade (Baku, 2013); The international Azerbaijan-Turkey-
Ukraine Conference, MADEA7 (Baku- 2015); The international
Conference ‘“Non-harmonic Analysis and Differential Operators”
(Baku-2016); The XX Republican Conference of doctoral students
and young researchers (Baku-2016); The international Conference
dedicated to 55 years of Sumgayit State University held by SSU and
IMM ANAS (Baku-2017); International Conference dedicated to 80-
th jubilee of acad. Akif Gadjiev (Baku-2017); The V International
Conference dedicated to 95 years of corr. member of Russian
Academy of Sciences L.D. Kudryavtsev (Moscow-2018);
International Conference dedicated to 90-th anniversary of acad.
A.Kh. Mirzajanzade (Baku- 2018); International Conference
dedicated to 95-th anniversary of Heydar Aliyev held at Business
University (Baku- 2018); International Conference dedicated to 96-th
anniversary of Heydar Aliyev at Business University (Baku- 2019);
The 7th International conference on Control and Optimization with
industrial applications (Baku- 2020).

Author’s publications. The results of the work were published in
19 scientific papers. They are given at the end of the thesis.

The organization where the work was executed. The work was
executed at the chair of “Universal and applied mathematics” of
Azerbaijan State Oil and Industry University.

Total volume of the dissertation. The total volume of the work is
239808 signs (title page- 369 signs, content- 184000 signs,
introduction- 53350 signs, chapter I- 92000 signs, chapter 11- 92000
signs, result- 2458 signs). The list of referencess 122 titles.



THE CONTENT OF THE DISSERTATION WORK

The dissertation work consists of introduction, 2 chapters, result
and list of references. Each chapter consists of 3 sections.

Rationale of the work, short abstract of results related to the topic
of the dissertation work and basic results obtained in the dissertation
work were given in introduction.

Now we comment the basic results.

In chapter complete asymptotics of the solution of a boundary
value problem stated in a rectangular domain, infinite semi-strip and
infinite strip for a third order nonclassic type partial differential
equation degenerated into a second order linear parabolic equation
was structured with respect to a small parameter and the obtained
residual terms are estimated.

In section 1.1 in the rectangular domain

D={(t,x)|0$tsT,0$xsl} we consider the following boundary
value problem:

0 o°u ou o
Lu=e’=(Au)-e—+———+au= f(t,X), 1
u=et—(Au)-e - tx), (@)
ou
UL:OZUL:T:O' —| =0, (0<x<D, (2)
ot ¢
u|X=0=u|X=1=O, (0<t<T). (3)
0?07
Here £ >0 is a small parametr, AEEJFF , a>0 is a constant,
X

f (t,x) is the given function.

Our global is to construct the asymptotics of the solution of
boundary value problem (1)-(3) with respect to a small parameter.
For that we carry out iterative processes

In the first iterative process, the approximate solution of

noo
differential equation (1) is sought in the form W =>"¢'W, . For the
i=0
unknown function W, (t,x); 1=0.,...,n we get the following
boundary value problems:



W, _ oW,

+aW, = f(t,X), W,|_ =0, W,|  =W,| =0, (4)

ot ox?
oW, W, _
?_ aXZ +aVVI = fi (t'x)’ Wi |t:0 :01 Wi|X:O =Wi|><:1 =0 (5)

Here the functions f.(t,x) are the known functions dependent on the
functions Wy,W,,...W,,; i=12,....,n .
In order to determine the functions W,,W,,...W, from the

problems (4), (5) we prove the following statement.
Lemma 1. Assume that the function f(t,X) on D with respect to

t has p-1-th order, with respect to x has p+2-th order continuous
derivatives and satisfies the following condition:

o= f(t,0) o*f(tl)
xE xE
Then the solution of boundary value problem on D with respect to t
has p-th order, with respect to x has 2p-th order continuous
derivative and this solution satisfies the condition (4)

ail+2i2W0 (t,0) ~ 8i1+2i2W0 (t.1) ~
athox®: athox®:

(p is an arbitrary natural number).
For p=n+3 the functions W,,\W,,...,W, also are defined from

0, s=01,...,p.

0, L+i,<p

boundary value problem (5). The function W =" &'W, structured in

i=0
the iterative process satisfies the boundary conditions
W|t:0 = 0’ W|x:0 :W|x:1 =0. (6)
But this function need not satisfy the boundary conditions in (2) on
t=T. In order to provide satisfaction of the lost boundary conditions
we carry out the second iterative process and construct a boundary
layer type functions near the boundary t=T of domain D.
In order to carry out the second iterative process, at first near the
boundary t=T we make subsitution T —t = £z, x = x and write a new

expansion L, of the operator L , with respect to the powers of the
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small parameter. The boundary layer type function near t=T is
n+l

sought in the form V :Zgjvj as an approximate solution of the
j=0

equation LV =0. As a result, to determine the unknown functions
V(z,X); j=0,1..,n+1 we obtain the following ordinary
differential equation:
oV, oV, aV,
+ +

=0, 7
or®  or*  or @
oV, +azvj Ny g
or* ot or ®)

Here the functions h; are the known functions dependent on the
functions V,, V,,..,V;,; j=12,...,n+1. The boundary conditions for
differenial equations (7), (8) are found from the equalities

0
W+V) =0, —W+V) =0 9
WV, % ){ ©)
and are in the following form:
Vol _, =W, (T, x), Ny =0; (10)
= 07 |
Vi, = Wi(T,x); i=12,...,n; V| =0
oV, oW,
1 = i1 j=12,...,n+1. (11)
aT =0 at |t:T

The boundary layer type solution of the boundary value problem (7),
(10) is determined by the formula

V, (7,X) = w(@e*ﬂ — 48" ). (12)

2

1, .43 . - .
Here 4, = _Ei [ % are negative roots of a characteristic equation

corresponding to the ordinary differential equation (7) with negative
real part. To determine the boundary layer type solutions of the
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problems (8), (11) the following statement is proved.

Lemma 2. The boundary layer type solutions of differential
equations (8) satisfying appropriate boundary conditions in (11) are
determined by the formulas

V,(z,x) = Z{[b(l)(x)r b+ @0 B} j=12.....n+1.(13)

Here the functions bl(x); k=12;s=12,..,j are the known
functions expressed by the values of the functions
W, (T, X)W, (T, X),..,W,(T,x), their first order derivatives with
respect to t and only even order derivatives with respect to x.

Multiplying all the functions V; by the smoothing functions, we
retain for the obtained new functions the previous denotation
V;; 1=0,1..,n+1. Hence, from (12), lemma 2 and (6) we get that
the structured sum W +V in addition to (9) satisfies the following
boundary conditions as well:

W+v) =0 W+v)_ =W=+v)_ =0
Theorem 1. Assume that for p=n+3 the conditions of lemma 1

are satisfied. Then for the solution of the boundary value problem
(1)-(3) the following asymptotic expansion is valid
n+1
U—ZSIW +> eV +e™ (14)

i=0 j=0

Here the functions W, are determined in the first iterative process,
the functions V; are boundary layer type functions near t=T and are
determined in the second iterative process, £""z is a residual term,
for the function z the estimation

»||0Z oz|’
E | Ell—
ot L,(0.1) ot L(D)
is valid. The constants C, >0, C, >0 are independent of ¢.

The results obtained in this section were published in the author’s
works [1], [3].
In section 1.2 in the infinite semi-strip

11
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t=0 L, (D)



P.={(t, )0 <t <1, 0<x<+oof for the differential equation (1) we
give the following boundary conditions

=0, u =0, (0<x<+00), (15)
oty

ul_,=0, limu=0, (0<t<1). (16)

X—>+00

u|t:0 - u|t:1

In this section the asymptotic expansion of boundary value problem
(1), (15), (16) is sought in the form of (14). But here for the unknown
functions W, (t,x); i =0,1,...,n the following boundary conditions are
obtained:

Wi, =0, W] =0, limW, =0;i=0L...n. (17)

X—>+0

We prove the following statement.
Lemma 3. Assume that the function f(t,x) on P, has n+3-th

order continuous derivatives with respect to t, and n+2-th order
continuous derivatives with respect to x, and satisfies the condition

o4 f (t,X)
othox'
k,.=01...n+3 k,=01...,n+2.

The degenerating boundary value problem has a unique solution and
this solution satisfies the condition

O"W, (t, X)
otox’
k,=01...,n+4; k,=01...,n+2. (18)
The functions W,,W,,...,W_ are determined by Lemma 3.

<cexp(-c,x); ¢, >0,¢,>0; k=k +k,;

<cyexp(—C,x); ¢; >0, k=k, +Kk,;

The function W =Y &'W, satisfies the boundary condition

i=0

W[, =0,w|_ =0, limW=0. (19)

But the function W need not satisfy in (15) the boundary condition
on t=1. In order to provide the satisfaction of these lost boundary
conditions we construct boundary layer type functions near t=1.

Construction of boundary layer type functions near t=1 is carried out
12



similar to construction of boundary layer type functions near t=T in
section 1.1.
According to the formula for determined functions V,, we obtain

n+l

that the V =3 &'V, structured in the second iterative process
j=0

satisfies the following boundary conditions:
V[ ,=0, limV =0, (0<7<+x). (20)

The results obtained in section 1.2 are expressed in the form of the
following theorem.
Theorem 2. Assume that the function f(t,X) satisfies the

conditions of lemma 3. Then for solving the boundary value problem
(1), (15), (16) the asymptotic expansion (14) is valid. Here the
functions W, are determined from first iterative process. The

functions V; are boundary layer type functions near t=1 g™z isa
residual term, and for the function z the following estimation

2 2 2
0z 0z 0z
— &ll— +[— +Cl||Z||2L2(P+) <C,
ot L(P,) L(P)
is valid, the constants ¢, >0, ¢, >0 are independent of ¢.
The results obtained in section 1.2 are in the author’s works

[4], [5], [6]-

In section 1.3, in the infinite strip
P= {(t, x)|0 <t<l-wo<Xx< +oo} for the differential equation (1) the
following conditions are given:
=0, au =0, (—oo<x<+0), (21)
t=1 at -

limu=0, (0<t<1). (22)

[X|—>-+o0
In this section for the functions W,;i=0,1,...,n constructed in the

first iterative process the following boundary value problems are
obtained:

2

t=01l1, (0,40)

u|t:0 - u|

13



oW, o'W,

e A= T W, =0 fimw, =0 (23)
oW, oW, Wl
o raWi= f,(t,%); Wi|_, =0,
‘I‘imWi=O, 1=12,...,n (24)

The following statement on boundary value problem (23) is
proved.

Lemma 4. Assume that on P the function f(t,x) has n+ 3-th

order continuous derivatives with respect to the variable t, is

infinitely differentiable with respect to the variable x and satisfies the
following condition:

1\ |64 f (t, X)

su (1+ X )—

n M) oo

Here | is a non-negative number, k=k +k,,k <n+3 k, is an

arbitrary non-negative integer, and C,, = const>0. Then boundary

=CY < +o0,

Iklkz

value problem (23) has a unique solution and on P this solution has
n+4-th order conitnuous derivatives with respect to t, is infinitely
differentiable with respect to X and satisfies the following condition:

o W, (t,
sul+ ) s

Here k, <n+4, C{% =const>0.

=Cia <+, (25)

Lemma 4 is also used in determining the functionsW,,W,,...,W. as
the solution of boundary value problems (24).

n .
The function W =) &'W, structured in such a way satisfies the
i=0

following conditions:
W], =0, (~oo<x<-o0); limw =0, (0<t<1) (26)

As in section 1.2, we construct such a boundary layer type

n+l

function V :Zgjvj that for the sum of W +V the boundary
j=0

14



conditions are satisfied for considered problem.

The results obtained in this section were published in the author’s
works [2], [10].

Theorem 3. Assume that the function f(t,x) satisfies the

condition of lemma 4. Then for solving the boundary value problem
(1), (21), (22) the asymptotic expansion (14) is valid. Here the
functions W, are determined from the boundary conditions (23), (24),

the functions V; are boundary layer type functions near t=1 and are

determined in the second iterative process, £""z is a residual term,
and for the function z the following estimation is valid:

2 2 2
z IS L oY S
ot Ol ey 10Xl ) 2

the constants, ¢, >0, ¢, >0 are independent of &.

In chapter 1l for nonclassic type third order partial differential
equation degenerating into a quasilinear hyperbolic equation we
consider boundary value problems on a rectangular domain and
infinite semi-strip. This chapter consists of 3 sections.

In section 2.1 on the rectangular domain

D= {(x, y) |0 <x<10<y Sl} we consider the following boundary
value problem:

2
g

=01l (1)

0 ou ou
Lu=e?—(Au)—eAu+—+—+F(x,y,u)=0, (27
ggax()8+ax+ay+(>/) (27)

ou
U,o=u,=0,—| =0, (0<y<l), (28)
= OX|,
u‘yzozu‘yzl: 0, (0<x<1). (29)

Here F(X,y,u)is a given function.

In the case when the function F(X,Yy,u) is linearly dependent on
the variable u, more exactly when F(X,y,u)=u—"f(x,y), by
imposing very hard conditions on the function f(X,y), only initial

terms of the asymptotic expansion of the solution of boundary value
problem (27)-(29) was found by Vishik M.I. and Lusternik L.A. in

15



[2]%. By rejecting to impose hard conditions on the function f(X,y),

using inner boundary layer type functions, in [5]° M.N. Javadov and
M.M. Sabzaliev have constructed initial terms of the asymptotic
expansion of the solution of this linear boundary value problem. In
the paper [5]° complete asymptotics of the solution of the boundary
value problem stated for this linear equation in an infinite strip was
also constructed. In this section, the complete asymptotics of the
solution of boundary value problem (27)-(29) stated on a rectangular
domain for a quasiliner equation was structured.

For constructing asymptotic expansion of the solution of
boundary value problem (27)-(29) in the carried out iterative process
the approximate solution of the equation (27) was sought in the form

of W=>¢W, and for the functions W, (x,y) the following
i=0
differential equations were obtained:

oW, oW,
+—=+F(x,y,W,) =0, 30
(x,y 0) (30)
oW. OW.
i M +8F(t,X,W0)Wj =f;; 1=12,..,n. (31)
OX oy oW,

Here f;(W,,W,,..,W, ) denote known functions dependent on the
functions Wy, W,,...,W,; ;. We look for the solutions of differential
equations (30), (31) satisfying the boundary conditions

W0|x:0 =0; Wo‘y:o =0, (32)

Wil =0, W[, =0;j=12...n. (33)

The solution of boundary value problem (30), (32) has a

singularity on a bisector of the first coordinate quarter. To eliminate

this singularity, when the function F(X,y,u) is linearly dependent

on the variable u, on the function f(x,y) e C*"**(D) we impose the
condition

5 Jl:xasanos M.T., Ca63anueB M.M. O6 oxHoii KpaeBoii 3a1a4e ay1s

OJTHOXaPaKTEPUCTHICCKOTO YPABHEHUSI, BEIPOKAAIOMICTOCS B

onHoxapakrtepuctudeckoe//JJAH CCCP,-Mockga: 1979, Ne5,1.247,-¢.1041-1046
16



o'f (x,y)
when the function F(x,y,u) e C*™*(Dx(~o,40)) is linearly
independent of the variable u the condition

. O'F(xy,0)

F(X y,u)l,.=0; oy

1=12,..,2n+3, (0<x<1). (35

In this case the function W,(x,y) enters the space C*"*(D) and
satisfies the following condition:

O'Wy (%, Y)

ox"oy"”
Thus, in the first iterative process we construct such a function

=0 =i, +iy i=01..2n+3; (0<x<1)  (34)

y=

yox = 01 =1 +1, + 155

=0 i=i+i, i=04..2n+3; (0<x<1). (36)

y_

W =3 &'W, that this function satisfies the boundary conditions

i=0
W|,=0, W| ,=0. (37)
In order to satisfy the boundary conditions near x=1 and y=1, we

construct a boundary layer type functions.
Near x=1 the boundary layer type function is sought in the

n+l

form V =Y ¢V, as the solution of the equation
j=0

L., W +V)~L, W =0[¢"). (38)
It was determined that for the functions V;; j=01...,n+1 to vanish
at y=0 and satisfy also the condition

W+V),,=0 (39)

of the sum W +V , when the function F(X,Y,u) is linearly dependent
on the variable u satisfies the condition

o' f (1,0

axilgyiz

when is linearly independent satisfies the condition

=0; i=i+1,;1=01..,2n+3, (40)

17



0'F(1,0,0)
oxtoyout
Near y=1, the boundary layer type function is structured in the form

n+l

1= &'n; as the solution of the equation
=0

=0; i=i+i,+i,;1=01..,2n+3. (41)

Lo W +V +7) =L, W +V) =O(c""). (42)
To determine the functions 77; from the equality (42) we get the

following differential equations:
2
a—szr%:Ps; s=01..,n+1 (43)
ot ot
Here, the functions P, =0, B, are known functions dependent on the
functions Wy, W,,.... W,_;; Vo, Varees Vi sy 6 e Ty K=12,0,n+1.

For differential equations (43) the boundary conditions are
found from the equality

W +V +7)|, =0. (44)
Using the fact that all the functions W,(x, y); i=0.1,...,n vanish for
x =Y, we get that the functions 7; satisfy the conditions

on; .
Mila=0, — H,a =0 j=01.,n+1.

Hence we get that the sum W +V +7 satisfies the boundary
conditions

W +V +7),, =0, %(\N +V +7)),, =0 (45)
as well.
When the function F(X, y,u) is linearly dependent on the variable
u satisfies the condition
o't (0,)
axilayi2

when is lienarly indepedent satisfies the condition

=0; i=i+i,1=01..,2n+3, (46)

18



0'F(0.1,0)

— 2 =0;i=1+1,+I,;1=01,...,2n+3, 47
axl1ay|26ul3 1 2 3 ( )
the structured sum W +V +7, satisfies the condition
(\N +V +77)|x=0 =0

as well.

Denoting by z, the difference between exact solution u of
boundary value problem (27)-(29) and the structured U =W +V +7
in this section we get the following asymptotic expansion for solving
the problem under consideration in this section:

n. n+l n+l
u=>eW +> eV, +> &'n +z. (48)
i i=0 i=0

Theorem 4. Assume that when the function F(X y,u)e

C*™3(Dx (—o0,+0)) is linearly dependent on the variable u,

satisfies the conditions (34), (40), (46), when is linearly indepedent

of the variable u satisfies the conditions (35), (41), (47) and the
condition

WZM>O;(x,y,u)e(D\{(x,y)e D|x:y})><

X (—00,400) . (49)

Then for solving the boundary value problem (27)-(29) the

asymptotic expnasion (48) is valid. Here the functions W, are

determined in the first iterative process, the functions V; near x=1,

the functions 7, near y =1 are boundary layer type functions and are

determined in approximate iterative processes, z is a residual term
and the estimation

2
0z 0z 0z
P + 8 -
L, (0,2)

2 2

2 +

L,(D)

L(D)

oX ox oy

is valid for it the constants C, >0, C, > 0are independent of &.

The results obtained in section 2.1 were published in the author’s
papers [7], [8], [9], [13], [16], [17].
In section 2.2 we consider boundary value problem (27)-(29). In
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the value £ =0 of the small parameter this problem degenerates into
the boundary value problem

oW oW
—+—+F(x,yW)=0 50
6x+ +F(x,y,W) (50)
W|,,=0; (0<y<1), W|,,=0; (x<0<1). (51)

The derivatives of the function W(x,y) have a singularity in the
domain D on the line y=Xx. At first we find such an inner boundary
layer type function 77 =&, in D near the line y=Xx and add to the
solution of the problem (50), (51) that the function W +# and its
first derivatives be continuous. The equation for the function 7, is
obtained from the equality
LW +7)-L, W =0(e)

and is in the form:

3 2
0o T _o, (52)

5" 0
For £>0, we take the solution of differential equation (52) in the
form 7, =p(x) (e 1), for £<0 the trivial solution 7,=0. The
unknown function ¢(x,)is found from the requirement that the

function aﬁ(w +1) is a continuous function on the line y=x. It is
X

shown that when the function ¢(x,) is found from this requirement,

the function %(\N +1n) is also continuous on the line y=x.

After at first we construct a boundary layer type function
V =V, +&V, near x=1, and then a boundary layer type function
v =y, +ey near y=1.

For solving the bounday value problem (27)-(29) in the first
approximation we get the following asymptotic expansion:

u=W-+n+V+y+z. (53)

Theorem 5. Assume that the function F(X,y,u) enters the space

C*(Dx(~oo,+0)), satisfies the conditions  F(L0,u)=0;
20



F(@O,4,u)=0 and
oF(x,y,u)
ou
Then for the solution of the boundary value problem (27)-(29) in the
first approximation the asymptotic expansion (53) is valid. Here W
is the solution of the degenerated problem, 7 is a boundary layer

type function in the domain D near the line y = X, the functions V,y
are boundary layer type functions near x=1 and Yy =1, respectively,
for z the estimation

>a’>0; (X,Y,U) € Dx(—o0,+w0).

a| e

Ox oy L,(D)

is valid. The constant C > 0 is independent of &.

The results obtained in section 2.2 were published in the author’s
paper [14].

In section 2.3 in the infinite semi-strip
P, = {(X, y)0<x<1,0<y< +00} we consider the following boundary

value problem:

+ <C

L,(D)

2], ) < Ce,

0 ou oau
Lu=eg?—(Au)—eAu+—+—+u=f(X,Y), 54
M=é 6x( )—é& x oy (X, Y) (54)

ou
ul_,=ul,=0,— =0 (0<y<+n0), (55)
- B OX oy
u_ =0, limu=0, (0<x<1). (56)
y=0 y—>+0

In the first iterative process, looking for the approximate solution
(54) of differential equation in the form W =>¢'W,. For

i=0
determining the functions W, the following statement is proved.
Lemma 5. Assume that the function f(X,y) is contained in the

space C*™*(P), satisfies the condition (34) and on the domain P,
the condition
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o'f (x.y)
8Xi1ayiz

<c® exp(-Ay); i=i +i,; i=01,..,2n+3; c(ll)2 >0,4>0.

(57)

Then boundary value problem has a unique solution , this solution

is contained in the space C*"*(P,), satisfies the condition (36) and
condition
ox"oy"

As a result, the function W =>"¢'W, constructed in the first
i=0

<c® exp(-Ay); i =iy +iy; i=01..20+3,c? >0.(59)

iterative process satisfies the following boundary conditions:
W|X70=O,W|y70=0, limw =0. (59)
- - y—>+o0

n+l

Near x =1 we construct a boundary layer type function V = Zgjvj :
j=0

Theorem 6. Assume that f(x,y)e C**(P) and for the
function f(X,y) the conditions (34), (57) and

o*f(1,0)

are satisfied. Then the asymptotic expansion of the solution of the

boundary value problem (54)-(56) with respect to the small
parameter in the form

=0;k =k +k,; k=0,1...,n

u= ig‘wi +n2+lgjvj +e™z .
i=0 j=0

Here the functions W, are determined in the first iterative process,
the functions V; are determined in the second iterative process,
g™z is a residual term and for the function z the following
estimation is valid:

0z
ox

2 2

a

2
+&
L;(0,+0) oX

a
oy

2 +

LZ(P+)

]"Cl”Z"iz(a) <G

x=0 L(R.)
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the constants ¢, >0,c, >0 are independent of .

The results obtained in section 2.3 were published in the author’s
papers [11], [12], [15], [18], [19].

At the end | express my deep gratitude to my supervisor professor
M.M. Sabzaliev for the statement of the problem and for his valuable
advices.
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