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GENERAL DESCRIPTION OF THE DISSERTATION

The actuality of the topic. Although existing methods are widely
used in the decision-making process, there is a great need to create
new decision-making approaches based on fuzzy logic and its
extensions. An analysis of solutions to the multi-criteria decision-
making problem showed that as new methods emerged and old
methods improved, the role of decision-making tools in various
applications increased significantly. This dissertation analyzes
different multi-criteria decision-making methods, evaluates the
relative advantages, and disadvantages of these methods and
determines their application to different situations, the use of these
methods and the evolution of their use over time. The development of
technology in recent decades has allowed the formation of more
sophisticated decision-making methods. The experience of dealing
with extended multi-criteria decision-making methods provided a
completely new approach to multi-stage decision analysis. The main
relevance of this dissertation is that it forms an appropriate advantage
that more adequately describes the decision-maker's preference under
uncertainty. Such an advantage is based on data generalization, which
involves higher-level uncertainty. This dissertation is devoted to the
study of the advantages of fuzzy logic and its extensions (as type-2
fuzzy sets and Z-numbers) which allow to more adequately describe
uncertainty of real decision problems and to develop and apply new
decision-making methods to a wide spectrum of problems. From this
point of view, the activity of the research conducted in the dissertation
is evident.

Goal of the dissertation. The purpose of the dissertation is to develop

and apply decision-making approaches based on fuzzy logic and its
extensions in various fields. Taking this into account, the dissertation
covers: comparative analysis of existing decision-making methods,
analysis of general classification of decision-relevant information,
analysis of fuzzy sets and their extensions, solving of a problem of
multi-stage decision-making based on fuzzy dynamic programming,
and application of Z-decision-making tools.
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Main highlights, brought forward for dissertation defense.

The following provisions are submitted for defense in the dissertation:
- A comparative analysis of various multi-criteria decision-making
tools was conducted, and the relative advantages and disadvantages of
these methods were assessed;

- A method of analysis of preference by using consistency index in the
framework of Z-extension of fuzzy logic has been proposed;

-The classical Delphi method has been extended to a fuzzy
environment;

-The method of aggregation of information, widely used in decision
analysis, was developed for Z-environment;

- Exact and approximate methods of solving linear equations (which
are widely used in decision-making problems under uncertainty) with
parameters and variables described by Z-numbers have been
proposed,;

- The problem of construction of a Z-regression model for
identification of control and decision-making objects characterized by
bimodal information has been solved,;

- It is proposed to describe the preference knowledge based on type-2
fuzzy sets in multi-criteria decision-making;

- The solution method and algorithm of the multi-stage decision-
making problem are developed on the basis of fuzzy dynamic
programming;

- Type-1 and type-2 fuzzy and Z-decision-making approaches have
been applied to various problems.

Research methods. Research methods in the dissertation include
fuzzy logic, Z-extension of fuzzy logic, computation with fuzzy and
Z-numbers, eigenvalue and eigenvector analysis, fuzzy relation
equations, distance and similarity measures, fuzzy set theory methods,
operations on type-2 fuzzy sets, determination of probability
distributions of Z-numbers.

Scientific value of the thesis.

- The formulation of the preference knowledge of decision-maker on
the basis of type-2 fuzzy sets expands the decisions analysis from the
scientific point of view;



- Z-preference analysis is a new approach to decision making;

- Multi-stage decision-making approach based on fuzzy dynamic
programming, development and application of solution algorithm
expands the analysis of classical decisions for a dynamic environment;
-The proposed method of aggregation of Z-valued information is new;
- The fuzzy Delphi method is new and is widely used in the scientific
literature;

- Solution of the system of linear equations (widely used in
multicriteria decision-making, planning and forecasting) extended for
bimodal environment by using the Z-number theory is new;

- The proposed Z-regression model for modeling decision-making and
control objects characterized by bimodal information extends
regression analysis.

Practical value of the thesis. The proposed multi-criteria decision-
making tools and methods can be applied to various fields of the
economy, production, business. Different methods and approaches
suggested in the dissertation have been applied.

Approbation of dissertation. Main results of dissertation were
presented in the international conferences:

- ICAFS-2010 9th International Conference on Application of
Fuzzy Systems and Soft Computing, Prague, Czech Republic;

- ICSCCW-2011 6th International Conference on Soft
Computing and Computing with Words and Perceptions,
Antalya, Turkey;

- ICAFS-2012 10th International Conference on Application of
Fuzzy Systems and Soft Computing, Lisbon, Portugal;

- WCIS-2012 7th World Conference on Intelligence Systems for
Industrial Automation, Tashkent, Uzbekistan;

- ICSCCW-2015 8th International Conference on Soft
Computing and Computing with Words and Perceptions,
Antalya, Turkey;

- ICAFS-2016 12th International Conference on Application of
Fuzzy Systems and Soft Computing, ICAFS 2016, 29-30
August 2016, Vienna, Austria;

- ICSCCW-2017 9th International Conference on Theory and
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Application of Soft Computing, Computing with Words and
Perceptions — ICSCCW-2017, 22-23 August 2017, Budapest,
Hungary;

- ICAFS-2018 13th International Conference on Theory and

Application of Fuzzy Systems and Soft Computing - ICAFS-
2018, 26-27 August 2018, Warsaw, Poland;

- ICAFS-2020 14th International Conference on Theory and
Application of Fuzzy Systems and Soft Computing — ICAFS-
2020, 27-28 August 2020, Budva, Montenegro;

- WCIS-2020 11th World Conference on Intelligent systems for
industrial automation — WCIS-2020, 26-28 November,
Tashkent, Uzbekistan;

- ICSCCW-2021 11th International Conference on Theory and
Application of Soft Computing, Computing with Words and
Perception — Antalya, Turkey, on August 23-24, 202.

Organization where dissertation was realized: Azerbaijan State

Oil and Industry University, department of "Instrument Engineering"”.

Structure of dissertation. Manuscript of dissertation includes

introduction, 6 chapters, conclusion, and references.

Publications. In total, 61 scientific works were published. Of the

30 scientific works published on the study, 25 are articles (11 are from
the Web of Science, 16 are from SCOPUS, included in the databases)
and 5 are conference materials.

MAIN CONTENT OF THE WORK

The introduction highlights the relevance of the topic, the goals
and objectives of the research, the main provisions to be defended,
research methods, the theoretical and practical significance of the
research. The analysis of solutions to the problem of multicriteria
decision-making showed that as new methods emerged and old
methods improved, the role of these decision-making tools in various
fields of application increased significantly. This dissertation analyzes
different multi-criteria decision-making methods and evaluates the
relative advantages and disadvantages of these methods and
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determines their application to different situations, the use of these
methods and the evolution of their use over time. The development of
technology in recent decades has allowed formation of more
sophisticated decision-making methods. Research shows that while
some well-known multicriterial decision-making methods are more
appropriate for certain types of problems, a series of real world
problems cannot be solved by these methods. Development of new
methods would eliminate the shortcomings that may appear in existing
methods.

Chapter 1 deals with comparative analysis of existing decision-
making methods - AHP, TOPSIS and other multi-criteria decision-
making methods. The main advantages and disadvantages of these
methods are discussed. A lot of real problems are characterized by
multiple criteria. Decision-making is considered as a specific process
of human activity aimed at selecting the most appropriate option
among available alternatives. Recently, there have been new trends in
the development of decision-making technologies in a multi-criteria
environment. Nowadays, various methodologies are used to solve
problems by selection of the most suitable option among alternatives
through pairwise comparisons. One of these important approaches is
the Analytic Hierarchy Process (AHP) methodology. This method was
first proposed for the analysis of the political situation when it was not
possible to use a mathematical (numerical) description of the problem
in the decision-making process. Structural description of the problem
includes hierarchical description of criteria and alternatives, pairwise
comparison of decision elements, calculation of weights of criteria,
construction of the decision matrix, evaluation and ranking of
alternatives. The advantages of the Analytic Hierarchy Process are
universality, reduction of subjectivity due to the consideration of the
human factor, verification of data inconsistency; the disadvantages -
high labor input, large amount of initial data, limited nature of the
assessment scale. Disadvantages of this method: AHP is limited to
using only a 9-point scale which sometimes makes it difficult for the
decision maker to compare criteria; as the number of pairwise
comparisons increases, it takes more time to complete the calculations;
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AHP has a limited number of elements; aggregation of individual
judgments leads to loss of information. It is difficult to judgements to
conduct pairwise comparisons in the AHP, Fuzzy AHP methods. The
main problems arise from the interdependence between criteria and
alternatives, and the mismatch between judgments and criteria
weights. In this case, the TOPSIS method, a widely used multi-criteria
decision-making tool, can be applied. The TOPSIS method allows to
remove the limit on the number of alternatives and criteria. Based on
this method, multi-criteria optimization problems are performed by
using fuzzy numbers (triangular or trapezoidal) for linguistic
qualitative variables that reflect the criteria values. The optimal
solution is found based on the distance between the best solution and
the worst solution. The main idea of the TOPSIS method is to identify
positive ideal and negative ideal alternatives. A positive ideal
alternative is one that maximizes benefit criteria and minimizes cost
criteria. The negative ideal one maximizes cost criteria and minimizes
benefit criteria. The main difference between TOPSIS method and
other decision-making methods is ease of application, universality,
determination of distances to an ideal solution. Some of the advantages
of TOPSIS methods are simplicity, rationality, comprehensibility,
good computational efficiency, and ability to measure the relative
performance for each alternative in a simple mathematical form. These
advantages make TOPSIS a key multi-criteria decision-making
technique compared to other methods. In fact, TOPSIS is a sound
method that directly compares alternatives based on data in evaluation
matrices and weights. The disadvantage of this method is that when
calculating the Euclidean distance, the relationship between the
criteria, the correlation is not considered, it is difficult to determine the
weight of the criteria, and it is impossible to determine the consistency
of the decision matrix. In this case, the use of the AHP-TOPSIS hybrid
method is more appropriate.

Although there are many methods and tools for multi-criteria decision
making, none of them are perfect. Most of them are based on
assumptions applied to real life issues. Therefore, often using an
extension of these methods, a synergy of several methods, leads to
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more realistic results. Classical multi-criteria decision-making
methods can be classified into different groups according to their
similar characteristics. The technologies used in decision-making
depend not only on the nature of the decision-making problem, but
also on the character, experience, style and environment in which the
decision-maker is located. When considering the methodologies used
to solve decision-making problems, it is observed that various multi-
criteria decision-making methods can be applied, which can be
grouped into several categories. The methods used in this category
revolve around various tools to assess the relative importance of
multiple criteria and alternatives. Most of the methods in this category
are based on weight determination. Examples of methods in this
category include the fuzzy simplified weight method, the fuzzy
analytical hierarchy process method, the fuzzy conjunctival-
disjunctive methods, and the max-min methods. Goal, target, and
reference models are goal programming and TOPSIS are the most
basic methods in this group. This category includes several ways to
determine the ranking of fuzzy multimedia decision-making methods.
These include optimality, Hamming distance, comparison function,
fuzzy numerical mean and deviation, ideal, left and right estimation
ratios, center size, area size, and linguistic sorting methods. Thus,
multi-criteria decision-making methods are effective tools for solving
complex decision problems, including alternatives with many
qualitative and quantitative criteria. Qualitative criteria are often
vague and difficult to evaluate precisely. Therefore, it is difficult to
obtain overall evaluation results according to all criteria. Multi-criteria
decision-making methods allow to define these criteria, calculate the
total evaluation based on each decision-making expert opinion, and
help decision-makers find the optimal alternative. The evaluation of
alternatives in different types of problems is based on several criteria.
In addition to the AHP and TOPSIS methods, the ANP method, which
is designed to model more complex and dynamic environments under
the influence of ever-changing external factors, allows qualitative
values to be quantified, the PROMETHEE method, which is used to
rank and select between conflicting criteria, the VIKOR method,
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which is designed for multi-criteria optimization of complex systems,
and the simplified SAW method can be used. Utilization of any
decision-making technique involving numerical analysis of
alternatives requires steps such as identifying appropriate criteria and
alternatives, determining the relative importance of the criteria and
criteria evaluation of alternatives, and determining overall numerical
values for ranking of the alternatives. Multiple-criteria decision-
making is a sub-discipline of operations research that explicitly
evaluates multiple conflicting criteria in decision making- both in
daily life and in settings such as business, government and medicine.
Conflicting criteria are typical in evaluating options: cost or price is
usually one of the main criteria, and some measure of quality is
typically another criterion, easily in conflict with the cost. In
purchasing a car, cost, comfort, safety, and fuel economy may be some
of the main criteria we consider — it is unusual that the cheapest car is
the most comfortable and the safest one. In portfolio management,
managers are interested in getting high returns while simultaneously
reducing risks; however, the stocks that have the potential of bringing
high returns typically carry high risk of losing money. In a service
industry, customer satisfaction and the cost of providing service are
fundamental conflicting criteria. Multi-criteria decision-making
approaches are now very important and widely used to make practical
and optimal decisions. All multicriteria decision-making methods
require alternative selection based on different criteria by
incorporating decision maker judgments and differ in the way
decision-relevant information is combined and processed. In general,
multi-criteria decision-making methods provide relative weights for
different criteria. One of the key issues is to determine the most
appropriate option from the multi-criteria decision-making methods,
to define the alternatives and to evaluate them. Multi-criteria decision-
making is based on modeling the decision process according to criteria
and determination of alternative that maximizes the decision-maker's
utility at the end of the process.

In this chapter, by conducting a comparative analysis of a series of
MCDM methods, a possibility of applying these methods in different
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settings is determined. The analysis shows that it is needed to describe
consistent preferences to more adequately model a decision maker’s
preferences under uncertainty. Such preferences rely on information
that expresses a higher level of uncertainty. The use of preferences
described by fuzzy logic and its extensions as type-2 fuzzy logic and
Z-extension and development of related decision making methods are
scientific problems to be solved. For example, for Z-valued
preferenses and even for fuzzy preferences, consistency of preference
knowledge is not suffisiently studied. In general, works devoted to
eigensolutions of Z-valued preference matrices are scarce. The
research devoted to solvingdynamic multistage fuzzy decision making
and control problems is also at its initial stage. There is a large need to
account for a high-level uncertainty to adequately describe preferences
of decision maker. In view of this, analysis of preferences by using
type-2 fuzzy sets is also problem to be solved. Despite that Delphi
method is widely used for decision making, a method that allows to
account for uncertainty of expert knowledge is not developped. The
main features of Delphi method are anonimity of experts, repeated
iterations of experts interviewing, statistical approach to analysis of
structured feedback provided by experts etc. An analysis of
evaluations-related information by classical approaches does not allow
to account for uncertainty. As a result, researchers find it difficult to
use classical Delphi method. To cope with these problems, it is needed
to develop fuzzy Delphi method. Another problem to be considered is
solving Z-linear equations that may be widely used in analysis of
eigensolutions of Z-matrices describing preferences under bimodal
infromation and the use of Leontief input-output model in economic
problems. Z-number is a pair of fuzzy numbers. Its first component is
fuzzy restriction on the value of random variable, and the second
component is a measure of a related reliability described by a fuzzy
number. Most existing methods for handling decision relevant
information are developed for crisp settings. Some methods are
proposed for fuzzy settings and its Z-valued extensions. Such methods
allow to cope with important formal problems where objects of
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computations are Z-numbers. However, these methods are to be
revisited.

Chapter 2 deals with information on fuzzy sets, classical fuzzy
sets, type-2 fuzzy sets, Z-sets and Z-numbers. The main areas of
research in fuzzy logic are artificial intelligence, intelligent systems,
decision support systems, possibility theory, probability models and
optimization methods, approximate reasoning, fuzzy forecasting,
fuzzy management, evolutionary modeling etc.

In this chapter, the problem of aggregation of information, which
is widely used in decision-making theories, is considered for the Z-
environment. The solution of such problems requires the aggregation
of fuzzy information collected from various sources. Formally,
aggregation is the combination of numbers, linguistic terms, and so
on, and common result is the process of ‘merging’. Aggregation
problems have been studied in many scientific fields, such as decision-
making under uncertainty, multi-criteria decision-making, data
collection. The nature of information is one of the important issues. In
the case of linguistic information, the problem of aggregation is based
on fuzzy sets. The aggregation process in various applications is
complicated by fuzzy information. On the other hand, the linguistic
description of information is partially reliable. This partial reliability
is also fuzzy because constraints on possible probabilities are fuzzy.
Z-numbers are widely used to describe this type of uncertainty. It is
proposed to solve the problem of aggregation of discrete Z-numbers
based on t-norm and t-conorm operators. T-norm and T-conorm
operators are used successfully to process uncertainty in system
analysis, decision analysis, control, modeling, and forecasting.

Assume that Z, and Z, are Z -numbers that represent random and

fuzzy information of variables. When building an algorithm for

calculating the T-norm operator for Z -numbers, the first step is to
calculate the T-norm of fuzzy numbers. After that, the probability
distribution is determined using linear programming:

CV) +CyV, +---+CV, = b, )
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V, +V, ooV =1}
vV, V,,--+,v, =0 2)

where , C, = 1, (X;) and Y, = P, (X ) k=Ln,.
In the next step, construct the P, = P,°P, convolution for the random

variable X, =T(X, X,) as a result of the T-norm operator:
Pros (X2) = Z P (%) P2 (%), VX, € Xp5 % € X, X, € X, )

X2=T (¥1.%)
The fuzzy sets of [Py, convolutions are constructed in relation to the
fuzzy sets of probability distributions p,:

Ho, (P) =max, .o min{u, (p,), 24, (P1)}
S.t.

upl(pj)zﬂBJ EZﬂAJ(Xjk)pj(xjk)ijzl!z 4)
k=1
Then, a discrete B,, number is constructed for P;,,, which is related

to the fuzzy value of P(A,) = Z‘,,UA12 (X124 Pro (X -
k=1

b12 = Max ﬂplz (P))
S.t.

b, = Z‘,/“A12 (X12) P12 (Xp24)
k=1

As aresult, Z,=T(Z,Z,) is represented as Z,,=(A,,B,).

Let's look at the application of Z-T-norm and Z-T-conorm
aggregation of expert opinions. Suppose three experts intend to make
a common commercial decision. Due to the uncertainty and ambiguity,

each expert expresses his opinion Q, with Z-numbers:
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A, :%+0.%+0.%+0.%+%+O.%+O.%+%
Bo, =204+ %05+ %0,6+ %% 7+ Y08+ %00
A, =02/ 404/, 17,04/ ,02/ .0/

B, = %4+ %05+ %06 0 %7+ Y08+ %0
A, =0/ +05/,06,,0.7/ 1/, 0.7/, 0/
By, = 07 ,+004/ 10147 08/ L 1/ ,08/

In addition, the level of knowledge of experts is different. The level of
knowledge of experts is also expressed in discrete ZWi =(AN1,BW1)

numbers:

_0 0.6 0.8 0.7 0
A, =00 +08] +08)+ 11407/ O
By, = %.4*0'0 05" 0'140.6+ 0'%.7 +%.8+ 0'60.9
e

0 0.0 0.14 0.6 0.6
w, AN 05" +/ +% +A.9
DR A
B, = 00.4+00%0 50140 6+080 1+ %6+%% 9

14



The problem is to determine the opinion of the expert group by using
the Z-T-norm and Z-T-conorm operators-based aggregation:

Aggreg(Z,,Z,,Z;) =2

The problem is solved as follows:
In first step, the experts weighted opinionsz, =(a,, .B,,) are

determined by the T-norm operator The minimum function is used as
the T-normT(Z,,Z,,) =min(Z,Z,,). The result is as follows:

A, =02 +04/ 17,047,020/

Bow = 0,807 " %%0.827 * 40,85+ * 087+ Y0.80+ %000
Bow, :%.64*0'0%.68+0'1%.73+0'%.77+ 0.82+O'%.9o
Ay, =07 +055106/,07/ . 1/,07/ .0/

Bow, = 00.77+00%0.70+ 190,81+ % %084+ Y0867 *%0.0

In second step, aggregation of weighted opinions based on T-conorm
is performed®. Initially, the T-conorm is calculated for
ZQWl = (Abwl’Ble) and ZQWZ = (AQWZ’BQWZ) (belonging to the first and
second experts). The maximum S(ZQWl,ZQWZ) = max(ZQWl,ZQWZ) is
used as the T-conorm. The result is as follows:

A12:4+o.%+o.%+o%+%+0%+%

B, = 9046 0%%0.55+ 140 63+ %072+ Y0.817 %00

! R.R. Aliev, O.H. Huseynov, K.R. Aliyeva Z-valued T-norm and T-conorm
operators-based aggregation of partially reliable information, Procedia computer
science,102, pp. 12-17,2016.
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Finally, T-conorm S(le,ZQWB) = (A, B)is calculated to obtain the
final group estimate:

A=04+05/,06/.07/ ., 1/,07/, 0/

B= %.73+()'(%.763+0'1%.78+()'6%.s32+ 0.85+0'%.91

Thus, the aggregation of individual expert opinions based on T-norm
and T-conorm operations results in the evaluation of the final expert
group.

In this chapter, the classical Delphi method, which is widely
used in decision-making and forecasting, has been extended to the
fuzzy environment. The application of the fuzzy Delphi approach
plays an important role in solving different complex decision
problems. The computations in the Delphi method are based on the
opinions of experts. For this reason, any errors, or inconsistencies in
the assessment of expert opinions affect the results of the decision. The
main goal of this method is to create and maintain a structured group
opinion, so that the opinions of experts with complex problems, and
uncertain results can be combined. The Delphi method is essentially a
technology of structured aggregation of individual judgments.
Although classical Delphi approaches use the mental abilities of
experts for comparison, sometimes the numerical expression of
knowledge does not fully reflect the human way of thinking. The main
features of the Delphi method are the anonymity of experts, repeated
surveys, structured feedback that is statistically analyzed for further
evaluation, and so on. Analysis of the assessed data by statistical
means does not allow to consider the problems of uncertainty. The
classical Delphi method is based on numerical information, does not
consider uncertainty, and therefore creates difficulties for researchers.
To overcome these difficulties, the fuzzy Delphi method (FDM) has
been proposed in this chapter. The fuzzy Delphi method consists of
the following steps:
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Step 1. Qualitative data are assigned, information is collected to
prepare initial questionnaires.

Step 2. Triangular membership functions are defined for each
parameter. For example, if the model includes various factors
(political, economic, etc.), the appropriate triangular membership
function must be defined for each factor. Parameters are defined by
three values: minimum (minJ), maximum (maxJ) and, geometrical

mean- n/Hmeanj where  j is the number of samples, n is the

number of experts.

Step 3. The values of the parameters found in step 2 is added to the
next questionnaire and sent back to the experts.

Step 4. Statistical tests are performed to determine whether the
membership functions are compatible with each other.

Step 5. If the membership functions match, a fuzzy number is defined
to describe each linguistic term.

Chapter 3 deals with the application of the type-2 fuzzy sets-
based method in multi-criteria decision-making and the concept of
ideal solutions for type 2-fuzzy sets. Type-1 fuzzy sets have been used
successfully to solve many problems under uncertainty. However, the
use of this method is characterized by limitations in modeling an
uncertainty environment and in considering the effects of uncertainty.
The main reason for this is that the degrees of membership of the
elements in fuzzy sets can be uncertain. To solve these problems, the
concept of type-2 fuzzy set is used. The type-2 fuzzy sets allow for
better modeling of uncertainties of the human opinion in decision
making. Fuzzy type-1 multicriteria decision-making problems have
been extended to fuzzy type-2 multicriteria decision-making
problems. Type-2 fuzzy sets and systems generalize standard type-1
fuzzy sets and systems so that higher level of uncertainty can be
considered. Thus, to solve the problem of uncertainty about the degree
of membership function, Zadeh proposed more complex type-2 fuzzy
sets, where the degree of membership of each element itself is fuzzy.
Type-2 fuzzy sets and systems are generalization so that standard type-
1 fuzzy sets can be processed in a higher level of fuzzy environment.
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Since the beginning of the use of fuzzy sets, the fact that the
membership function of fuzzy sets is fuzzy has made it difficult to
make better decisions under uncertainty. The answer to the question
of what to do when the degree of membership is fuzzy was given in
1975 by the author of fuzzy sets, Lotfi A. Zadeh, when proposing more
complex fuzzy sets, the first of which he called type-2 fuzzy sets. In
1975, Sambuc? introduced interval type fuzzy sets to solve  problem
when it was not possible to determine the exact values of the elements
of the set. In fuzzy sets expressed in intervals, an interval is used to
indicate the values of the degree to which the elements belong. This
chapter deals with the decision-making process, which is based on the
concept of type-2 fuzzy sets of decision-maker's preferences
(preference knowledge) and is based on an ideal solution approach.

Assume that A={A,A,---,A}is the set of alternatives under

consideration and C={C,,C,,---,C, }is the set of criteria by which
they are characterized. Since the decision-maker's preference
knowledge is described by type 2 fuzzy information, the C j value of

criteria for each A alternative is considered as follows:
Alj z{ailvaizf""aim}f A\j z{aij} (5)

where ﬁij is type-2 fuzzy number.

In many cases, the importance weights of criteria in decision-making
for real-life problems are assigned by the decision-maker or experts.
In this case, the weights of the criteria are more adequately expressed
by type-2 fuzzy numbers:

W, ={w,}, j=1.m (6)

]

2 Sambuc, R. (1975). Fonctions ¢-floues, application a I’aide au diagnostic en
pathologie thyroidienne. These de Doctorat en Medicine: University of Marseille,
France.
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where Wj is the value (weight) of the j-th criterion.

It is known that the decision-maker's preference is symbolically
expressed in the form of a decision matrix:

C1 CZ Cm
A 4 4, A,

D= AZ é21 é4'22 é‘2m (7)
A’I én1 é4’n2 é‘nm

We will use the concept of ideal positive and ideal negative
solutions to select the optimal alternative. The ideal positive solution
is described as follows:

ideal 5 5 5
Apositive = {a'positive1 ' a'positivez (R a'positivem } (8)
The negative ideal solution is described as follows:

ideal { 5 ~ g

egative — | “negative, ’ anegative2 TR

negative,, } (9)
Choosing the optimal solution involves the following steps:

1. Construct a weighted matrix using (6) and (7).

2. Calculate the normalized Euclidean distance between (8) and (9)
and each alternative using type-2 fuzzy arithmetic operations.

3. Calculate the degree of relative similarity of each alternative to the
ideal solution.

4. Selection of the optimal alternative as one with the highest degree
of similarity.
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Chapter 4 deals with the problem of multi-stage decision-
making based on fuzzy dynamic programming, the development of a
solution method and a solution algorithm. Dynamic programming is
one of the most powerful optimization methods. Rational decision-
making, selection of the best options, optimal control tasks are solved
by specialists of different profiles. Dynamic programming is
extremely important due to the simplicity and clarity of its main
principle - the principle of optimality. Application of the principle of
optimality in multi-stage, discrete processes leads to recursive-
functional equations in relation to the optimal value of the quality
criterion. The obtained equations allow to write the optimal controls
for the initial problem in sequence. The advantage here is that the task
of calculating control for the whole process is divided into different
simple tasks of calculating control for different stages of the process.

Assume that X ={X,,X,,-,X.} and U={U, U, U } are the vectors of

the disturbance and control parameters, and Y is the fuzzy output
parameter of the object. N fuzzy data of disturbance, control, and
output variables because of object observation can be represented as,

t )(1 x2 xn U1 U2 - U . Y
0 X0 Xy o K Uy Uy U Yo
1 Xy Xy Xy Uy Uy o Uy Y1
N X, X, o Xyl Uy U YN

First, let's look at fuzzy identification. Suppose an object is expressed
by a fuzzy difference equation:

Vi =AOAL X OAU X, @ @A L X, @A U Y, ©®

(10)
®B,[ uy, ®B,J U, ®--- @B, uy,
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A=(AA,...A,) and B=(B,,B,....B,) are vectors of fuzzy
coefficients. The problem of identifying the object expressed by
equation (10) is aimed at estimating the coefficients A (i =0,n+1)

and B=(B,,B,,...,B,). To evaluate the quality of the model, we will

compare the current value of the output quantity Y with the value
obtained from equation (10). The result is the following system of
fuzzy equations:

ABAD X8 BA L X A0 Y, 8B U688, 0uy,=Y

AOAL X, ©-BALX OA LY, 08 1u, 88 [uy,=Y, (11)
AOAT X O OALX  OALT Y OB T, 08B Tu =Y

The main task is to determine the values of the coefficients
A= On—+1) and B, (] =1,m) in such a way that equality (11) is
satsified with a certain accuracy. In practice, it is necessary to
determine the values of A (i :O,n—+1) and B (] =1m) in such a way

that the difference between the left and right sides of equation (10) is
minimal.

I={(A)®A T X, ®AT X OA 1Y OB [ 1 & BByl umO—Y)2®

DAy ®A T X, & @A % BA Ty OB T U, & OByl U —Y,)2® 12)

DAY ®AD ¥ 1 OO X\ 4 ®A T Yy OB T & @BylTuy Y PN
It is necessary to note two cases that arise in the calculation of (12). In

the first case, the coefficients A(i=0,n+1) and B;(j =1,m) are

fuzzy numbers. In this case, addition, multiplication, subtraction
operations are carried out according to the following formulas:
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Hpex (A*X):M/A*M/)Q*'ﬂz/Az*:‘lz/Xz"'"""ﬂp/Ap*,Upo’
Ha(A) =t I A+ gty A+t A
o (X)) = g I X+ gty I Xy 4ot g1, TX

Otherwise, the coefficients A(i=0,n+1) and B,(j=1m) are

ordinary numbers, and algebraic operations on ordinary and fuzzy
numbers are performed as follows:

Ho (A*X) = 1 ] A*X gy | A< Xy 44 1y | A X
In the second case, the function (12) is a function of ordinary fuzzy
variables. To minimize this function, it is decomposed into « -cut, and
the optimization method is applied to each level of «. The main
mathematical technic used to solve multi-stage decision-making
problems is the dynamic programming method. In dynamic systems,
the situation, solutions, transition functions, transformation, control,
and result can be fuzzy. In other words, the system may exist in a
completely or partially fuzzy environment. In such cases, the
application of the dynamic programming method for the optimal
control of such systems was proposed by Bellman and Zadeh?:

Hnn (X, ) = maxmin((z,, (U )), Hgnon (X)) (1

Xy pu=F(Xy,u ), v=1N
The recurrent equation for solution (13) is expressed as follows: if 7

is a constant and the function g is any function of Uy_;, then the
following identity is true:

max(y NG (uN—l)) =7 A TNaf( g(Uy)

Un-1

Given this feature, (13) can be expressed as follows:

3 Bellman R. E and Zadeh L. A 1970 Decision-Making in a Fuzzy Environment
Management, pp.141-164.
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HpWUg, - Uy ) = max mm{:uu( o) "uuuN,z(UM):,UGN—l(XN—l)}

Ug, s Un-2

where
b (X ) = maxmin (U, ).t (F(X,00,)

:uGN-l(XNfl) is taken as a membership function obtained in the

intermediate stage N —1 with the help of fuzzy goal G". By
repeating the iteration in the opposite direction (similar to the method
of dynamic programming for classical systems), we can write the
following system of recurrent equations, which is a fuzzy analogue of
the recurrent equations of dynamic programming:

L (X ) = {maxmmuu Xe NU),yGNM(xN_Wo}

(14)

oo = f(XN,U,UNﬂ)), v=1

The solution of the system of equations (14) is carried out in the
opposite direction.

Chapter 5 deals with some key issues in Z-information based
decision-making. One of the typical problems in mathematics is the
solution of linear equations. Linear equations have a wide range of
applications in ecology, economics, production, and everyday life.
This chapter deals with exact and approximate solutions of linear
equations whose parameters and variables are expressed in Z-
numbers. Consider two types of equations with Z-numbers:

7+1,-1, (15)
Z-7,=1, (16)
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Unlike real-valued equations, there is not always a solution to the Z-
equations, and if there is a Hukuhara difference, there is a solution to
such equations:
Ly=L1,—1,= (A21v B21)
Ly=1y
Hukuhara difference is based on certain conditions. However, these

conditions are very restrictive and the calculation of the Hukuhara
difference is itself complicated. Thus, in many cases, the approximate

Z;( =(A§1, Bél) solution of this equation can be found as a result of the
standard difference:

, —
where A21 - Aéla sz_ - Bél
In other words, the approximate solution Z; contains the exact

solution Zx , but there is uncertainty in the former. Similarly, in the
case of the Hukuhara division, there is a solution to the second

equation:
Z,=1, /h Z = (A21' Bz1)
L, =L,

In equation (16), similarly, we can use the standard division operation
as an approximate solution:

Z;< = Zz /Zl = (Aél’ BZ,1) ’
where,

A, c A, BycBy

Linear equations (15) and (16) are special cases of the following
equation:
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272, +2,=2,. (17)
The exact solution of this equation is:

Zy :(Za ~h ZZ)/h Z,.
As an approximate solution, the following can be used:

Z, :(Z3—ZZ)/ZII

Assume that the numbers Zz, =(A,B,) and Z,=(A,,B,)in linear
equation (15) are expressed as follows. (Figures 1, 2):

A =0/4.5+0.8/13.5+1/18+0.8/22.5+0.1/49.5,
B, =0.1/0.8+0.8/0.85+1/0.9+0.8/0.9 + 0.8/0.95;
A, =0.1/9+0.1/18+0.1/22.5+0.1/27 +0.1/31.5
+0.8/40.5+0.8/45+0.8/49.5+1/54 +0.8/58.5 +
0.8/63+0.1/67.5+0.1/72+0.1/76.5+0.1/85.5 +
+0.1/90+0.1/99,

B, =0.1/0.589+0.1/0.594+0.1/0.616+0.1/0.623+
0.8/0.664+0.8/0.686+0.8/0.703+0.8/0.706+
0.8/0.734+0.8/0.783+0.8/0.784+1/0.795+
+0.8/0.799+0.8/0.800+0.8/0.835+0.8/0.850+
0.8/0.862+0.8/0.875+0.1/0.900+0.1/0.950.
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0,6
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0,5 0,7

b) B:
Figure 1. Z-number z =(A,B).

Checking for the solution of equation (15) means checking whether
there is a difference in Hukuhara 221 = 22 ~h Zl. For this purpose,

we use the following approach.
So, we must first check whether A;=A = A exists:

A +{4.5,27,36,40.5,49.5}=A"""
A8 1 £27,36,40.5}=AC*
A A
In this case, the Hukuhara difference A, =A, — A is as follows:
A=A A =00 o+ 080+ 12+ 0805+ a0 s




a) A12

b) By,
Figure 2. Z-number -z, =(A,,B,)

Now we need to check if there exists such an B, :

Z,=2Z,+Zy =(A,B,)+(A;,By)=(A,B,),
So,

Zy=2Z,—Z,=(A,B,)—, (A,B) =(Ay4,B,).
Using this approach, we see that such an B, is as follows:
B,, =0.1/0.6+0.8/0.7 +1/0.8 + 0.8/0.9 + 0.1/1.

Thus, there is a solution z, of equation (15), and the resulting
Hukuhara difference is z, =(A,,B,,), and is expressed as in Figure 3:
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Figure 3. Z-number -Z, =(A,,B,,)

A method of constructing a regression model with variables and
coefficients expressed as Z-numbers has been proposed to model
decision-making and control objects characterized by fuzzy and
probabilistic uncertainties. The advantage of the method is the
reduction of complexity in terms of calculation. Consider a multi-input
and single-output process characterized by Z-number information.

The expression of variables X, X,,**, X, and the output parameter Y
is in the form Z-numbers Zy ,,i=1--,N and Z, k=1 K (K- is

the number of observations). For simplicity, consider a Z-linear
regression model of the process under study. The linear regression
function of the variable Z is constructed as follows:

N
Zu(Zy Zy, 2y ) =2 + D 2o Zy

=1 (18)
Using the bandwith method:
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Zci y in _ ((ACBiandwith y A)I?iandWith)' (Bci X BXi ) (19)
Ly =Lo +Zo XLy +..+ L. XLy =
( A@:ndwith + ( Aéandwith x A)I?fndwith) +.+ ( AbB:ndwith x A)I?zndwith)’

B, X (Bcl X Bxl)x...x (BCN x By, )

The construction of the regression model (18) involves the calculation
of a large number of Z-numbers. In this case, the issue of
computational complexity becomes very relevant. We propose to use
the bandwith method for equation (18) to obtain a trade-off between

adequacy and computational complexity. The construction of ZYM
requires to determine the Z-valued coefficients ZCi on the basis of

data on Z-inputs Zy ,,i=1---,N and Z-outputs Z, in such a way as
to minimize the error:

K
;‘ZYMK _ZY,k‘ —>min (20)
=1

The "-" sign represents the standard output operation of the Z-
numbers, the | |-sign represents the absolute value of the Z-number,

and z represents the sum of the Z-numbers. The regression model

(18) describes the general case when all variables and coefficients are
expressed in Z-numbers. In this case, the use of classical techniques,
such as gradient-based methods, is not suitable for constructing a
regression model due to the complexity of the description of the
derivative of the Z-number function. In this chapter, a problem of
computation of criteria weights is solved by using consistency index
of Z-matrix describing decision maker’s preferences and further
determination of eigenvector and eigenvalue of this matrix. A

continuous Z-number is a pair Z :(A, B) , where A is a continuous

fuzzy number, and B is also a continuous fuzzy number with

membership functions :[O,l]—)[O,l]. Decision problems in
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economics, management, business, and other fields are described as
linear algebra problems. In particular, MCDM problems, one needs to
account for consistency of pairwise comparisons of altarnatives. The
classical methods of linear algebra are well developed, but sometimes
it is necessary to deal with uncertainty inherent in information related
to real-world problems®. A number of problems are based on the
handling various types of uncertainties in linear algebraic models.
Studies on probability uncertainty in such models are based on the
theory of random matrices®. A random matrix consists of elements
with random variables, and many studies have been devoted to the
calculation of eigenvalues and eigenvectors of such matrices.
Currently, random matrices are used in machine learning, signal
processing, computer graphics, econometrics and other fields. A
number of works are devoted to fuzzy linear algebra. The problems in
the real world are characterized by a combination of fuzzy and
probabilistic uncertainties. One of the methodologies developed to
handle such uncertainties is dealing with Z-numbers®. There are a
number of studies on the theory and application of Z numbers’.

Let's look at the consistency of the Z-matrix. Suppose that the
preference of the decision-maker is formed as the following matrix:

Zn le le Zln
Zz1 Zzz Zza 221
Z= Zn Zn le le (21)

Lo Lo L Ln

Suppose that this matrix does not meet the conditions of
consistency. An updated, consistent Z matrix needs to be defined.

4 Aliev, R. A., & Pedrycz, W.: Fundamentals of a fuzzy-logic-based generalized
theory of stability. IEEE Transactions on Systems, Man, and Cybernetics, Part B
(Cybernetics), 39(4), 971-988 (2009).
> Edelman, A. Rao, N. R.: Random matrix theory. Acta Numerica 14, 233-297
(2005)
6Zadeh, L.A., A note on Z-numbers. Inf Sci (Ny). 2011;181(14):2923-2932
"Aliev, R.A., Huseynov, O.H., Aliyev, R.R., Alizadeh, A.V.: The Arithmetic of Z-
Numbers: Theory and Applications. World Scientific, Singapore (2015).
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N Zs Ze Zi - Za
Zw Zw Zu ~ Zu

The following optimization problem is used to solve this problem:

1=337,-2,|>min (23
ZiJ’DZji'zZ(l)i:H ' J:ﬁ (24)
7,7, ~z, foralijk (25)
Zy 270 (26)

Constraint (24) describes reciprocity conditions. Constraint (21)
describes transitivity conditions. For solving problem (23)-(26), one
may use Euclid distance or another one. Consider computation of

distance between Z;=(A;,B;) vo Zj=(A;B;). The distance

between A; and A'J- is computed as:

Ac@+ Ap@ A @+ Au@)|
2 2 | (27)

DZ(Aij’ Au) =

The distance between Bj and Bi'j is based on the formulas:

v o |Ba@+Bu@ Bu@+B,@)
DB(Bij’Bij):| 2 - 2 | (28)

DZX(BIJ’ BIJ) = ‘( BiJR(a) + Bij'-(a)) _( B;jR(a) * B”L(a))‘ (29)

Finally, distance between Bij and Bi'j is computed as

D"“(Z,Z)) :[ﬂDZ(AiJ’ A;j)]+(l—ﬁ)x Dp(qu' Pi.,) (30)
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The solution to problem (23)-(26) provides new consistent
preferences.

Let us have 3x3 Z-matrix with Z-numbers described by triangular
fuzzy numbers-based components:

((0.93,0.95,1),(0.88,0.94,1)) ((2,25,3),(0.56,0.78,1)) ((15,2,2.25),(0.7,0.8,0.9))
(Z;)=|((0.33,0.4,05),(0.67,0.78,0.97)) ((0.93,0.95,1),(0.88,0.94,0.97)  ((115,2),(0.65,0.75,0.85))
((0.4,05,0.67),(0.65,0.75,0.85))  ((0.5,0.67,1),(0.7,0.72,0.75))  ((0.93,0.95,1),(0.88,0.94,0.97)

If Z-eigenvectors (Zy,)=((Ax: Prey) -+ (Ass: Prea)) Of the matrix
are described as
((0.84,0.844,0.844),(0.7,0.5))
(Z,1)=| ((0.41,0.416,0.4253),(0.3,0.3)) | -
((0.345,0.349,0.36),(0.28,0.2))

((0.83,0.833,0.853),(0.51, 0.6))
(2,,)=|((-0.27,-0.22,-0.17),(-0.13 + 0.23i, 0.32)) |
((-0.22,-0.16,-0.1),(—0.11-0.19i, 0.26) )

((0.83,0.833,0.853),(0.51,0.6))
=1((-0.27,-0.22,-0.17),(-0.13- 0.23i,0.3))
((-0.22,-0.16,-0.1),(-0.11+0.19i, 0.3))

then, matrix can be considered as consistent, i.e. (23)-(26) conditions
are satisftied.

Chapter 6 deals with the application of fuzzy and Z decision-
making tools to various sectors of the economy and business.

Application of the fuzzy AHP-TOPSIS hybrid method to
the advertising media selection. Advertising media selection is the
process of choosing the most efficient media for an advertising
campaign. The choice of media advertising for the company requires
an in-depth analysis of the existing media. There are four companies
(A, B, C, D), three types of advertising media (TV advertising, Radio
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advertising, Internet advertising) and nine sub-criteria (design work,
visual benefits, simplicity (for television), distinction, diction, general
appearance (for radio), size, shape, location (for internet)) are
evaluated and prioritized. First, a decision matrix of triangular fuzzy
numbers is constructed. Pairvise comparison of decision criteria are
created in pairs and supplemented with the relative scores. The
expression of linguistic terms in fuzzy numbers is given in table 1.

Table 1. Expression of linguistic terms in fuzzy numbers

Importance degree Triangular fuzzy scale
Very good (3,5, 7)
Good (1, 3,5)
Moderate (1,1,1)
Poor (1/5, 1/3, 1)
First, the pairwise comparison matrix of the criteria is constructed as
in table 2.
Table 2. Pairwise comparison matrix
Television Radio Internet
advertising advertising advertising
Television 1,1,1) 1, 3,5) (3,5 7)
advertising
Radio (1/5,1/3,2) (1,11 (1,3,5)
advertising
Internet (1/7,1/5,1/3) (1/5,1/3,1) (1,11
advertising

In this case, the weight of the criteria is calculated as follows:

WG (mu) | 1 m u (31)
G, CLImu) | Zu Zm 2,
where




G.=0:m.u)

Ii:(|i1®|i2®'"®|ik)%’ mi:(mi1®mi2®---®mik)?
Uiz(ui1®Ui2®-"®Uik)%

G.-X1,Em 2, @)

1,-(1©0.25@0.14)* <017; |,-(1®1®0.2)"-058; |,-(3R1RL)*-143
Zk:|i:2.18

m.-(100.25@0.14) " 056 .- (30180.33)"-0%; - (5R1L&L)"-17
Zk:mi:324

U.-(3RIRY)*-143 y,-(5@3R1)"-24 y,-(7T®5R1)"-323

zk:Ui:7'06
Wore =| 047 _g0p My 058 4 1g Us 143 ¢
i 7.06 3.24 8
su e

Wi =[0.02,0.18,0.65], ..., =[0.08,0.29,1.1], W, ,,...=[02,0.52,1.5]

A pairwise comparison matrix is also constructed for each sub-
criterion for each advertising factor (table 3) and fuzzy weights are
determined.

Table 3. Pairwise comparison matrix and fuzzy weights for the
television advertising criterion related sub-factors

Television Design Visuality Simplicity
advertising
Design (1,11 (3,57 (1, 3,5)
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Visuality U7.1/513) | (L 1, 1) (3,5,7)

Simplicity (15131 | (U7.1513) | (1,1, 1)

The fuzzy weights of the sub-criteria for a television commercial are
calculated as follows:

Wdesign = [166’ 3’ 433]
W =[1:38,2.06,2.77]

Wsimplicity = [044' 051’ 077]

In next step we determine pairwise comparison matrix and fuzzy
weights for different advertising factors related sub-factors.

Individual criterion ~ Fuzzy sub-criterion Global fuzzy criterion

Television [1.66,3,4.33] (0.033,0.54,2.81)
advertising [1.38,2.06,2.77] (0.027,0.37,1.80)
[0.02,0.18,0.65] [0.44,0.51,0.77] (0.009,0.09,0.5)
Radio advertising [1.66,3,4.33] (0.13,0.99,4.76)
[0.08,0.29,1.1] [1.4,2.1,1,3] (0.11,0.61,3.3)
[0.42,0.46,0.55] (0.03,0.13,0.6)
Internet advertising  [2.33,3.66,5] (0.46,1.9,7.5)
[0.2,0.52,1.5] [0.71,1.4,2.11] (0.14,0.73,3.16)

[0.22,0.51,0.77] (0.04,0.26,1.15)
Next, we identify global fuzzy priorities for different alternatives.
Global fuzzy priorities for alternatives are listed below:

Global fuzzy value Triangular fuzzy Weight
value
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[1.66,3,4.33]
[1.38,2.06,2.77]
[0.44,0.51,0.77]
[1.66,3,4.33]
[1.4,2.1,1.3]
[0.42,0.46,0.55]
[2.33,3.66,5]
[0.71,1.4,2.11]
[0.22,0.51,0.77]

[1.66,3,4.33]
[1.38,2.06,2.77]
[0.44,0.51,0.77]
[1.66,3,4.33]
[1.4,2.1,1.3]
[0.42,0.46,0.55]
[2.33,3.66,5]
[0.71,1.4,2.11]
[0.22,0.51,0.77]

[1.66,3,4.33]
[1.38,2.06,2.77]
[0.44,0.51,0.77]
[1.66,3,4.33]
[1.4,2.1,1.3]
[0.42,0.46,0.55]
[2.33,3.66,5]
[0.71,1.4,2.11]
[0.22,0.51,0.77]

1, 3, 5)
(3,5, 7)

(1/5, 1/3, 1)
(112, 1, 3/2)
(1, 3, 5)

(1, 3, 5)

(112, 1, 3/2)
(117, 1/5, 1/3)
(112, 1, 3/2)

(112, 1, 3/2)
(1/2, 1, 3/2)
(1, 3, 5)

(1/5, 1/3, 1)
(1, 3, 5)
(3,5,7)

(1/7, 1/5, 1/3)
(1/2, 1, 3/2)
(1, 3, 5)

(1, 3, 5)

(1/2, 1, 3/2)
(1/5, 1/3, 1)
(1/5, 1/3, 1)
(1/7, 1/5, 1/3)
(3,5, 7)

(1/5, 1/3, 1)
(1, 3, 5)

(1, 3, 5)
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(1.66,9,21.65)
(4.14,10.3,19.39)
(0.09,0.19,0.77)
(0.63,3,6.5)
(1.4,6.3,6.5)
(0.42,1.38,2.75)
(1.16,3.66,7.5)
(0.1,0.28,0.69)
(0.11,0.51,0.76)

(0.83,3,6.5)
(0.69,2.06,4.15)
(0.44,1.53,3.85)
(0.33,1,4.33)
(1.4,6.3,6.5)
(0.17,2.3,3.85)
(0.33,0.73,1.65)
(0.35,1.4,3.16)
(0.22,1.53,3.85)

(1.66,9,21.65)
(0.69,2.06,4,15)
(0.09,0.16,0.77)
(0.33,1,4.33)
(0.2,0.42,0.44)
(0.17,2.3,3.85)
(0.46,1,2,5)
(0.71,4.26,10.5)
(0.22,1.53,3.85)



D [1.66,3,4.33] (1, 3, 5) (1.66,9,21.65)

[1.38,2.06,2.77] (3,5,7) (4.14,10.3,19.39)
[0.44,0.51,0.77] (1/5, 1/3, 1) (0.09,0.16,0.77)
[1.66,3,4.33] (1/2, 1, 3/2) (0.83,3.6.5)
[1.4,2.1,1,3] (1, 3, 5) (1.4,6.3,6.5)
[0.42,0.46,0.55] (1/2, 1, 3/2) (0.21,0.46,0.82)
[2.33,3.66,5] (1/7,1/5,1/3)  (0.33,0.73,1.65)
[0.71,1.4,2.11] (1, 3, 5) (0.71,4.26,10.5)
[0.22,0.51,0.77] (3,5, 7) (0.66,2.55,5.39)

Next, we rank the alternatives. The best alternative for advertising can

be determined by using preference rank order of c,. The best
|

company is the one that has the smallest distance to the ideal solution.
The relationship of alternatives points out that any alternative which
has the smallest distance to the ideal solution is guaranteed to have the
longest distance to the negative-ideal solution. The relative closeness

of an alternative A with respect to the ideal solution A"is defined as

follows:

S
C.= ——, 0<C.<1
I S* + S., 1 (33)

Ca=[1.66/(21.65+1.66)+4.14/(19.39+4.14)+0.09/(0.77+0.09)+0.63/
/(0.63+6.5)+1.4/(1.4+6.5)+0.42/(2.75+0.42)+1.16/(7.5+1.16)+0.1/
/(0.67+0.1)+0.11/ (0.76+0.11))/9=0.125

Cg=[0.83/(6.5+0.83)+0.69/(4.15+0.69)+0.44/(3.85+0.44)+0.33/
/(4.33+0.33)+1.4/(6.5+1.4)+0.17/(3.85+0.17)+0.33/(1.65+0.33)+0.35
/(3.16+0.35)+0.22/(3.85+0.22)]/9=0.101

Cc=[1.66/(21.65+1.66)+0.69/(4.15+0.69)+0.09/(0.77+0.09)+0.33/

/(4.33+0.33)+0.2/(0.44+0.2)+0.17/(3.85+0.17)+0.46/(2.5+0.46)+0.71
/(10.5+0.71)+0.22/(3.85+0.22)]/9=0.11
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Cp=[1.66/(21.65+1.66)+4.14/(19.39+4.14)+0.09/(0.77+0.09)+0.83/
/(6.5+0.83)+1.4/(6.5+1.4)+0.21/(0.82+0.21)+0.33/(1.65+0.33)+0.71/
/(10.5+0.71)+0.66/(5.39+0.66)]/9=0.108

Ranking the preference order

Ca Cs Cec Co
C._ 0.12 0.101 0.11 0.108

Results determined from the relative closeness to the ideal solutions
were used to rank the preference order in the selection of company for

advertising: Ca > Cc > Cp > Cg. The results show that alternative A
is the best company for advertising.

Determination of fuzzy eigenvalues and fuzzy eigenvectors
to personnel selection. Different methods have been developed that
use a pairwise comparison of alternatives and criteria to solve a
problem in multi-criteria decision making. These methods allow to
replace choices based on experience or intuition, to make decisions
based on scientifically based arguments, to model the system of
preferences in the mind of the decision maker. Consistency analysis of
the fuzzy AHP determines how consistent the established decision
matrix is. The main purpose of this method is to determine whether
the priority values of the criteria in the decision matrix formed because
of comparing different pairs. For this, two main conditions must be
satisfied - the reciprocity and transitivity. Since consistency analysis
contains different and contradictory criteria, let's apply the verification
of the consistency of the decision matrix to the problem of personnel
selection. Let’s assume that the problem of multi-criteria decision-
making in personnel selection includes four criteria C; - relevant
experience, Cz - education, Cs - technical skills, C4 - communication
and four alternatives. Pairwise comparisons of the criteria are given in
in next form:
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C1 C2 Cs Cs

C: (L;1;1) (6;7.8)  (2;3:4) (4,5;6)
D= C, (1/8;1/7;1/6) (1;1;1) (1/6;1/5;1/14)  (1/4;1/3;1/2)
Cs (1/4;1/3;1/2) (4;5;6) (1;1;1) (2;3;4)

Cs (1/6;1/5;1/14) (2;3;4) (1/4;1/3;1/2)  (1;1;1)

D is expressed by the fuzzy A , which is the fuzzy eigenvale of the
square fuzzy matrix. The solution of the fuzzy characteristic equation
D®u=A®u is a fuzzy vector with fuzzy numbers, not equal to 0. U
is a fuzzy eigenvector. According to fuzzy calculations, the above
fuzzy formula is expressed as follows:

(df®u,)@..8(d’ ®u,)=21®u, (34)

or

(Uae[O,l]aDa ) ® (U ae[O,l]aua ) = (U ae[O,l]a/Ia ) ® (U a[O,l]aua ) (35)

We have the following interval equation through the & -cut of the
fuzzy equation:

(D®U)* =(A1®U)* < D" ®u“ =1 ®u*,ae[0,1] (36)

For a fuzzy matrix Dz(dij), each  -cut of the fuzzy matrix

D* :(dij )a is an interval matrix, the elements are ordinary closed
intervals:

D* = (d))* =[(d)},(d): ]-[ D", D7 | (37)
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D= (dij) and D“ =(d))* matrices are the right and left boundaries
of the & -cut, respectively. Then,

S S DT S (O (38)

For some values of  €[0,1], we have the following:

For the left side

1
. |0.015a +0.125
' 10.25+0.08«
0.17 + 0.03x
If =0, then
1 6
, 0125 1
D’ =
0.25 4
0.17 2
If =1, then
1 7
, | 014 1
' 033 5
0.2 3

For the right side

6+« 2+«

1 0.17 + 0.03«
4+ 1
2+« 0.25 + 0.08«

2 4
0.17 0.25
1 2
0.25 1

3 5

0.2 0.33

1 3

0.33 1
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1 8-a 4—-a 6-a

3 0.17-0.03a 1 0.25-0.05a 0.5-0.17a
" 105-0.17a 6-a 1 4-a
0.25-0.05a 4—-a 0.5-0.17a 1
If =0, then
1 8 4 6
, 1017 1 0.25 0.5
D =
r 0.5 6 1 4
0.25 4 0.5 1
If =1, then
1 7 3 5
. | 014 1 0.2 0.33
D =
r 0.33 5 1 3
0.2 3 0.33 1

Using the MATLAB environment, we obtain the fuzzy eigenvalues of
the matrix D :

For the left side of a triangular fuzzy number:

(/'{1)? =3.389 0.889
(%)) =0.157 . |0.095
(/4)? =0.1576 W =1 .407
(1,)° =0.2957 0.185
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(4) =4.1042

0.889
(4,), =0.0027 . |0.086
(5)} =0.0027 )=l 0411
(4,)F =0.0987 0.184

For the right side:

(4,)° =5.0535 0,870
(4,); =0.2176 ., |0.087
(1) =0.2176 W)r =1 5 407
(4,)° =0.6183 0.193 |
(1)} =4.1042 0,889
(4,); =0.0027 . |0.086
(4,)! =0.0027 W= 0411
(4,); =0.0987 10.184 |

Application of fuzzy type-2 decision-making method in
project selection. In many cases, the decision-making process in the
project system is based on deep uncertainties and imprecise
information. In such cases, classical decision-making methods,
including type-1 fuzzy methods, are not useful for solving these
problems, and the use of type-2 fuzzy sets to solve the problem is
considered acceptable in decision making. This section discusses the
application of the type-2 fuzzy decision-making method in the
selection of projects with different criteria.Four projects are offered

for selection: A, A,, A, A. These projects are characterized by
criteria such as C, - technical characteristics, C, - market potential,

C3 - originality and C4 - investment risk. On the basis of alternative
projects, selection is performed by means of fuzzy type-2 sets using
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the decision-making method. The linguistic terms to be used and their
fuzzy type-2 numerical values are listed below:

Extremely Poor (0,0,0;0) (0,0,0;0)

Very Poor (0.1,0.2,0.3;0.3) (0.1,0.2,0.3;0.3)
Poor (0.2,0.3,0.4;0.4) (0.2,0.3,0.4;0.4)
Slightly Poor (0.25,35,0.45;0.45) (0.25,35,0.45;0.45)
Fair (0.3,0.4,0.5;0.5) (0.3,0.4,0.5;0)
Slightly Good (0.4,0.5,0.6;0.6) (0.45,0.55,0.65;0.65)
Good (0.5,0.6,0.7;0.7) (0.55,0.65,0.75;0.75)
Very Good (0.6,0.7,0.8;0.8) (0.65,0.75,0.85;0.85)
Extremely Good (0.7,0.8,0.9;0.9) (0.7,0.8,0.9;0.9)

The scores of alternatives concerning criteria are shown below:

A

Cl
(0.2,0.3,0.4,0.4;

0.25,35,0.45;0.4
5)

(0.6,0.7,0.8,0.8;
0.7,0.8,0.9,0.9)

(0.3,0.4,0.5,0.5;
0.55,0.65,0.75;0
.75)

(0.5,0.6,0.7,0.7;
0.55,0.65,0.75,0
.75)

(0.2,0.3,0.4,0.4;
0.25,35,0.45;0.4
5)

C2
(0.4,0.5,0.6,0.6;

0.55,0.65,0.75;0
75)

(0.2,0.3,0.4,0.4;
0.25,35,0.45,0.4
5)

(0.4,0.5,0.6,0.6;
0.55,0.65,0.75;0
.75)

(0.6,0.7,0.8,0.8;
0.7,0.8,0.9,0.9)

(0.4,0.5,0.6,0.6;
0.55,0.65,0.75;0
75)
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C3

(0.3,0.4,0.5,0.5;
0.55,0.65,0.75;0
75)

(0.5,0.6,0.7,0.7;
0.55,0.65,0.75,
0.75)

(0.6,0.7,0.8,0.8;
0.7,0.8,0.9,0.9)

(0.3,0.4,0.5,0.5;
0.55,0.65,0.75;0
.75)

(0.3,0.4,0.5,0.5;
0.55,0.65,0.75;0
75)

C4
(0.5,0.6,0.7,0.7;

0.55,0.65,0.75,0
75)

(0.3,0.4,0.5,0.5;
0.55,0.65,0.75;0
.75)

(0.5,0.6,0.7,0.7;
0.55,0.65,0.75,0
.75)

(0.4,0.5,0.6,0.6;
0.55,0.65,0.75;0
.75)

(0.5,0.6,0.7,0.7;
0.55,0.65,0.75,0
75)



By using equation (39), we get the ranking weight value W; for
criterion C, (j=12,34):

1 1cf(b|—ai)+ci(bi3—ai3)—aibi(bf—af) bi(ai'+2bi'+ci')
R(A)_E{gcf(bi—ai)+ci(bi2—a.2)—a.bi(b —ai)+ 2 } (39)

The normalized weights are obtained by using the following formula:
W - R(w;)
i n
Zj:lR(Wj)

1(10.3°(04-0.2)+0.3(0.4° ~0.2°) ~0.2x0.4(0.4° ~0.2%) ' 0.4(0.25+2x0.45+0.35) 0.20
+ =0.
2(303°(0.4-02)+03(0.47-0.2°)-0.2x0.4(0.4 02) 2

(40)

R(A)=3
R(A,)=050, R(A)=040, R(A,)=054
D R(w;)=0.20+0.50+0.40+0.54 =1.64

0.20 0.50 0.40

W,=——=012,w, =—— =0.30,W, = ——— =0.25,
1.64 1.6 1.64
0.54 _ ) aa
“T1e4

We calculate the weighted ranking value for alternative
A (i=1,2,3,4) by equation (41):

Ry, (A):gij(Sij) (41)
R (A7)=011 R (A7)=0.126
R (A;)=045 R (A})=059



R (A;)=03 R (A;)=049
R (A:)=059, R (A})=0.64
Rank(Ai) (ZP( H)+ ——1j 112(1.45+1)=0.21

(ZP( )+——1j 0.24

Rank(A) = Ra”k(Ai J‘;R&mk(A1 ) _0.21+0.24

We apply all these calculations for other alternatives:

Rank(A1 )

=0.225

Rank(A;)+Rank(A)) 0.20+0.23
2

Rank(A)+Rank(A;)) 0.23+0.26
2

Rank(A,) = Rank(A,) ; Rank(A/) _0.22+0.26

In the last step, we rank the alternatives and select the best one in
accordance with weighted ranking values R, (A )

Rank(A) =0.225; Rank(A,)=0.215

Rank(A;) =0.245; Rank(A,)=0.24

A>A >A>A.

Rank(A,) = =0.215

Rank(A,) = =0.245

=0.24

This ranking reveal that alternative A, is the best, and alternative A,

is the worst alternative in project selection.

Problem of supplier selection with the application of the
multi-criteria fuzzy TOPSIS method and the Hamming distance.
The supply chain is an important part of business operations, and if
any part of this chain fails, it can face problems that negatively affect
the reputation of the enterprise. The supplier selection process depends
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on various factors such as quality, reliability, flexibility, price. The
exact criterion-measurement procedure is based on the specific
company's strategy and priorities. Supplier selection is the process by
which a company identifies, evaluates and contracts with suppliers.
The main goal of this process is to reduce the risk of purchase,
maximize the total cost to the buyer and develop close and long-term
relationships between buyers and suppliers. Although seemingly
simple, choosing the right supplier is a quite complex process. Various
methods have been proposed to address this issue. Let's look at the
application of the fuzzy TOPSIS method and the Hamming distance
to this process. We choose the best supplier from four alternatives -

A A, A, A The main criteria for these alternatives are C,-
quality, c,- agility, C,- reliability and C,- price®. The relative weights
of the criteria are estimated as W, = 0.4, w,=0.3, w,=0.20, w,=0.1.

The linguistic expressions of the criteria with fuzzy numbers is shown
below:
Medium High Very high
(1,3,5) (3,5,7) (5,7,9)

The linguistic expression of the alternatives according to the criteria is
shown below:

C,-quality C,-flexibility C;- reliability C, - cost
A High High High Medium
A, Medium  Very high High High
A, High Very high Medium Very high
A, High Medium High Very high

8 T.C. Chu, Selecting plant location via a fuzzy TOPSIS approach, The International
Journal of Advanced Manufacturing Technology 20 (2002) 859-864.
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The fuzzy scores of the alternatives concerning criteria and the weights
of the criteria are shown below:

C, - quality C, - flexibility ~ C,-reliability ~ C, - cost

Weight 0.4 0.3 0.20 0.1
A (357 (3,5,7) (3,5,7) (1,3,5)
A (135) (5,7,9) (3,5,7) (3,5,7)
A (357) (5,7,9) (1,3,5) (5,7,9)
A (357) (1,3,5) (3,5,7) (5,7,9)

In next step each element of the fuzzy decision matrix is normalized.
The normalized decision matrix is shown below:

A A, A A,

C. (1.2,2,28) (0.3,09,15) (0.6,1,1.4) (0.3,0.5,0.7)
C. (12,228 (152127 (1,1.41.8) (0.1,0.3,05)
C, (12228 (091521) (0.2061) (0.3,050.7)
C (04,122 (0.91521) (1,1.41.8) (0.5,0.7,0.9)

Using the fuzzy normalized decision matrix, formulas (42) and (43),

where a*- fuzzy positive ideal solution and a - fuzzy negative ideal
solution, are calculated.

a = {(maxvij
I

(42)

je J')\i =1,2,3,..,M } = {Vi Voo ooy Vige |

j€d),(minv;

jeJ')\i :1,2,3,...,M}:{v1,v2,...,VN} (43)

a = {(miinvij jed), (m;axvij
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The fuzzy positive ideal solution and the fuzzy negative ideal solution
for the decision matrix are shown below:

C, C, C, C,
a*  (1.2,2,2.8) (0.3,09,1.5) (1,1.4,1.8) (0.5,0.7,0.9)
a (04122 (0.9,152.1) (0.2,0.6,1) (0.1,0.3,0.5)

The distances from the fuzzy positive ideal solution and the fuzzy
negative ideal solution are determined for each alternative using the
Hamming distance values are shown below:

* * * *

A A, Ay A,

C, 0 1.05 0.6 0.3
C, 0 0.9 0 0.6
C, 0 0 1.2 0.3
C 1.2 0 0 0

N

A A Ay A

C, 1.2 0 0.6 0.3
C, 1.2 1.8 1.2 0

C, 1.2 0.9 0 0.3
C 0 0.9 1.2 0.6

4

Using the ratios closest to the fuzzy positive and negative ideal
solutions, we select the best supplier by determining the order of the
alternatives. Separation distances are shown below:

C: C.
AA A A A A A A
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a* 0 105 06 03 O 09 O 0.6
a 12 0 06 03 1.2 1.8 12 O
c, C,
A A A A A A A A

a* 09 0 12 06 12 0 0 0
a 1.2 09 O 03 0 09 12 06

The relative similarity of all alternatives to the fuzzy positive ideal
solution is calculated by the following formula:

c;=s /(s +s) (44)
C,* =[1.2/(1.2+0)+0/(0+1.05)+0.6/(0.6+0.6)+0.3/(0.3+0.3)]/4=0.5,
C, * =[1.2/(1.2+0)+1.8/(1.8+0.9)+1.2/(1.2+0)+0/(0+0.6]/4=0.67,
C,*=[1.2/1.2+0.9/0.9+0/1.2+0.3/0.6]/4=0.62

C,* =[0/1.2+0.9/0.9+1.2/1.2+0.6/0.6]/4=0.75,

As aresult, we can determine the ranking of all alternatives and choose
the best alternative:

A > A> A>AL
The choice of supplier determines that the best alternative is A, and

the most inappropriate alternative is A .

House selection by using fuzzy multi-criteria decision-
making method based on the utility function. One of the most
pressing issues is the application of fuzzy multi-criteria decision-
making in the process of purchasing houses. Some important criteria,
such as the condition of the house, price, size, neighborhood, distance
to work, etc. basically the decision to buy the best house should be
made. There are several solutions to the problem of choosing a home.
For some reason, there are difficulties in making the right choice in
the process of buying and selling houses. Therefore, researchers need
a more reliable method of choosing a house based on certain criteria.
In this section, we will use a type 2 fuzzy multi-criteria decision-
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making method based on the utility function. We consider house
selection problem which consists of 3 houses A, A,, A, examined
by five criteria C,- Condition; C, - Cost; C, - Size; C, -
Neighborhood; C, - Distance to work. Preference of DM concerning
importance of criteria C,, C,, C, , C, and C; is given as weight

vector W= {0.25, 0.2, 0.2, 0.2, 0.15}. To take the decision on these
houses, DM gives the linguistic performance ratings in terms of fuzzy
type-2 numbers:

A A, A
C, Good Verygood  Average
C, 155 160 130
Cs 160 150 170
C, Good Average  Very good
Cy 10 12 6

The description of linguistic terms with fuzzy type-2 numbers is as
follows:
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Good= < 0.7,09,11 1 07 09,11 08 >
Verygood = < 08,0911 1 08,0911 09 >
Average = < 0.4, 0.5, 0.6, 0.7, 1; 0.4, 0.5, 0.6, 0.7, 0.6 >
6= <5,6,6, 7,15 6,6, 7,06 >

1o =1<8, 10, 12, 12, 1; 8, 10, 10, 12, 0.9 >

12=1c 10 12, 12, 14, 1, 10, 12, 12, 14, 0.85 >

130l= < 120, 130, 130, 140, 1; 120, 130, 130, 140, 0.7 >
150l= < 135, 150, 150, 165, 1; 135, 150, 150, 165, 0.8 >
155 < 140, 155, 155, 160, 1, 140, 155, 155, 160, 0.8 >
160l= < 150, 160, 160, 170, 1 ; 150, 160, 160, 170, 0.85 >

\70= < 150, 170, 170, 180, 1; 150, 170, 170, 180, 0.9 >

We will use the U utility function® to make a decision. The solution
for the problem in question will be expressed by the maximum value
of A;. The normalized decision matrix will be as follows:

11 12 13 14 15

N N
21 "22 23 24 25 (45)

N N
L 31 32 "33 34 35

where

® Keeney R. L. Multiplicative utility functions, Operations Research 22, 1974, 22-
34.
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d, =d,= <05 0911107091108 >

=d, = < 04,07, 07, 08, 1 04,07, 0.7, 0.8, 0.8 >
=dy, = < 06,08 08 11,06, 0.8 0.8, 1, 0.85 >

= < 0.33, 055, 055, 0.77, 1; 0.33, 0.55, 0.55, 0.7, 0.9 >
= <080911108 0809109 >

= < 0,033, 0.33, 066, 1; 0, 0.33, 0.33, 0.66, 0.8 >
=d, = <0, 0.16, 033, 05, 1; 0, 0.16, 0.33, 0.5, 0.6 >
= < 055, 077, 0.77, 1, L, 0.55, 0.77, 0.77, 1, 0.85 >

= < 0,02 02 04,10, 02 02 04, 0.7 >

= < 033,077,077, 1, 1 0.33, 0.77, 0.77, 180, 0.9 >
= < 0,011 011, 0.22, 1; 0, 0.11, 0.11, 0.22, 0.6 >

HQ_ o
5 & oo R
| |
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w
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w
8 8 &
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In the next step, we calculate the utility function values for each of the
3 alternatives :

U, = d,C +d,C, +d,C, +d,C, +d;C,
UA2 = le Cl + d22 C2 + d23 C3 + d24 C4 + d25 CS (46)

U, = d, C+d,C, +d,C, +d;, C, +d;; C,

As a result, we get the following :

U, = < 049 0283 088, 097, 1; 0.49, 0.83, 0.88, 0.97, 0.803 >
U, = < 0.4025, 0.626, 0.69, 0.832, 1; 0.4025, 0.626, 0.69, 0.832, 0.851 >
U, = < 0.226, 0.464, 0.476, 0.559, 1; 0.226, 0.464, 0.476, 0.559, 0.803 >
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In the last step, we rank the utility functions U, , U, ,U, using the

expected values of the alternatives®® to select the best alternative.
Assume that the decision is optimistic and « =0.7 . Expected values

for alternatives are as follows :

EV,, = 076, EV, =063 EY, =042

As a result, we define that the best house for selection is the first
alternative. In the process of purchasing houses, decision-making is
carried out under conditions of high uncertainty and taking into
account a number of criteria. In this case, the theory of type-2 fuzzy
sets is used to solve the problem of decision-making, and the most
suitable house is selected. It was determined that the obtained results
coincided with the expert opinion.

Type-2 fuzzy group decision making. Supplier selection is an
important process that sets a foundation for a long-term business-to-
business partnership with suppliers that can greatly contribute to the
success or failure of a business. Suppliers are the lifeblood of any
supply chain. They can determine a company’s profitability and its
ability to deliver quality products and services. That’s why all
businesses should have a comprehensive supplier selection process in
place. Going beyond just choosing based on price, it considers every
aspect of a vendor and their offerings. Hence, you’ll have a higher
chance of making the right decision every time. In many cases, the
decision-making process in supplier selection is based on high
uncertainties and imprecise information. In such cases, classical
decision-making methods, including type-1 fuzzy methods, are not
useful for solving these problems, and the use of type-2 fuzzy sets to
solve the problem is considered acceptable in decision making. This
section discusses the application of the type 2 fuzzy decision-making

10 Wang, X.F., Wang, J.Q. and Yang, W.E. (2014), “multi-criteria group decision
making method based on intuitionistic linguistic aggregation operators”, Journal of
Intelligent & Fuzzy Systems, Vol. 26 No. 1, pp. 115-125.
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method in the selection of projects with different criteria. Assume that
you need to choose a supplier among 3 alternatives on 5 criteria. The
criteria are quality, reliability, experience, flexibility, communication.
The linguistic scores of the alternatives concerning criteria and the
weights of the criteria are expressed in fuzzy type-2 numbers. Fuzzy
linguistic expression of the weights of the criteria are shown below:

Criteria Decision makers
Dl D2 D3
Quality High Very high Average
Reliability Very high Very high Very high
Experience Very high High High
Flexibility Very high Very high Very high
Communication  Average Average Average

Linguistic values of alternatives concerning criteria are shown below:

Altern
Criteria atives  Linguistic expressions of decision makers

X, Medium Good Medium

X Good Good Medium
Quality 2 Very good Good Poor

X3

X, Good Medium Poor

X Very good Verygood  Verygood
Reliability 2 Medium Good Very good

X3
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X, Good Good Good

X Very good Very good Good
Experience 2 Good Medium Very good

X3

X, Very good Good Very good

X Very good Verygood  Verygood
Flexibility 2 Good Verygood Medium

X3

X, Poor Poor Poor
Communication X Very good Medium Good

2 Good Good Medium
X

w

Expression of linguistic scores are shown below:

Linguistic expression Fuzzy type-2 sets
Very good ((9,10,10,10;1,1), (9,10,10,10;1,1))
Good ((7,9,9,10;1,1), (7,9,9,10;1,1))
Medium ((5,7,7,9;1,1), (5,7,7,9;1,1))
Poor ((3,5,5,7;1,1), (3,5,5,7;1,1))

Expression of criteria weights with type-2 fuzzy numbers are shown
below:

Very high-  (0.9,1,1,1;1,1), (0.9,1,1,1;1,1))

High- ((0.7,0.9,0.9,0.1;1,1), (0.7,0.9,0.9,0.1;1,1))

Medium- ((0.5,0.7,0.7,0.9;1,1), (0.5,0.7,0.7,0.9;1,1))

Initially, the average decision matrix is constructed:
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Quality a, a, a,
Reliability ay &, day

Y =  Experience |&, &, A&, (47)
Flexibility a, 4, 4a,;
Communication | &, &, &,

Once the mean decision matrix is formed, the average weight vector
W is determined:

W=[W, W, W, W, W (48)
where
. =((0.7,0.85, 0.85, 0.95; 1, 1), (0.7, 0.85, 0.85, 0.95; 1, 1))
,=(0.9,1,1,1,;1,1),(09,1,1,1,; 1, 1)
, =((0.75,0.95, 0.95, 1; 1, 1), (0.75, 0.95, 0.95, 1; 1, 1))
,=(05911,1;1,1),(09,1,1,1;1,1))
= ((0.45, 0.65, 0.65, 0.85; 1, 1), (0.45, 0.65, 0.65, 0.85; 1, 1))

td

R

R

R

R

5

Then the weighted decision matrix is constructed:

v,,=((0.45, 0.7, 0.7, 0.85; 1, 1), (0.45, 0.7, 0.7, 0.85; 1, 1))
v,=((0.80,1,1,1;1,1),(0.80,1,1,1;1, 1))

V,, = ((0.65, 0.85, 0.85, 0.95; 1, 1), (0.65, 0.85, 0.85, 0.95; 1, 1))
vV, =((0.45,0.70, 0.70, 0.9; 1, 1), (0.45, 0.70, 0.70, 0.9; 1, 1))
Vv, =((0.65,0.9,0.9,1; 1, 1), (0.65, 0.9, 0.9, 1; 1, 1))

V,; = ((0.55, 0.80, 0.80, 0.95; 1, 1), (0.55, 0.80, 0.80, 0.95; 1, 1))
V,,= ((0.75, 0.95, 0.95, 1; 1, 1), (0.75, 0.95, 0.95, 1; 1, 1))
v,=((0.80,1,1,1;1,1),(0.80,1,1,1;1, 1))

V,; =((0.65, 0.85, 0.85, 0.95; 1, 1), (0.65, 0.85, 0.85, 0.95; 1, 1))
V., = ((0.15, 0.30, 0.30, 0.60; 1, 1), (0.15, 0.30, 0.30, 0.60; 1, 1))
V;,=((0.3,0.55, 0.55, 0.81; 1, 1), (0.3, 0.55, 0.55, 0.81; 1, 1))
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V,; =((0.25, 0.55, 0.55, 0.80; 1, 1), (0.25, 0.55, 0.55, 0.80; 1, 1))
For each alternative, normalized Euclidean distances dU+(xj),
d"(x;) and d“"(x;), d~°(x;),1< j<3 to the fuzzy positive

ideal solution and the fuzzy negative ideal solutions'? are
determined.!!

i U+ L+ U-— L—
J d-"(x;) d7(x))  dY (%)) dT (%))
1 1.9 1.9 3.4 3.4

2 1.2 1.2 4.1 4.1

3 1.55 1.55 3.75 3.75

C™(x;), (1< j<3), relative proximity degrees are calculated, and the
results are shown below:

Cl(xj) CZ(Xj) C*(Xj)

0.65 0.65 0.65
0.75 0.75 0.75

3 0.70 0.70 0.70
Finally, comparison is performed in terms of relative closeness. Since
C'(x)<C" (%) <C"(X,), we can state that X; < X; < X, and the

second supplier is considered to be the most suitable.

Port selection by fuzzy type-2 decision-making. The decision
of selection a port is proposed by shipping companies, which have a
global network to carry out international cargo transportation. In this
case, the issue of port selection is solved by type-2 fuzzy decision-

making method. Three alternatives - A, A,, A, and four main criteria

N P e

11 Ghaemi Nasab, F., & Rostamy-Malkhalifeh, M. (2010). Extension of TOPSIS
for group decision-making based on the Type-2 fuzzy positive and negative ideal
Solutions. Int. J. Industrial Mathematics Vol. 2, No. 3 (2010) 199-213.
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- C, - port performance, C,- port suitability, C,- port traditions and
C,- government support were used to select the most suitable port.
The relative weights of the criteria were determined as W, = 0.35, W,

=0.3, W,=0.20, w,=0.15.
Assume that the linguistic performance ratings are shown below:

C,- C,- C,- C,-
performance  suitability traditions gov. support

A High High High Average

A Average Average High High

A, Average Very high  Average Very high
Very high=<0.8,09,1,1,1;0.8,0.9,1,1,09>
High=<0.7,09,1,1,1;0.7,09,1,1,0.8 >
Average =< 0.4, 0.5,0.6,0.7,1; 0.4, 05, 0.6, 0.7, 0.6 >

To select the most suitable port, an alternative with the maximum
value of the U utility function is defined:

U(A)=maxU(A); Ae{A A, A} (49)

In the first step, the following decision matrix is established for port
selection:

d,=d, =d,=d,=d, =< 0709112070911 08 >
d,=d,=d, =< 0809111080911 09 >
d,=d,=d, =d, =< 04, 05, 0.6, 0.7, 1; 0.4, 0.5, 0.6, 0.7, 0.6 >

Then the decision matrix is normalized:
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3
3

d,=d,=d,=d,=d,=<04,070.70.8,1;04,0.70.7,08,0.8 >

d,=d,=d,=<0.7,09,1,1,1;0.7,09,1,1,09>
i,=d,=d,=d,=<0,0.16,0.33,05, 1;0,0.16,0.33, 0.5, 0.6 >
The utility functlon for all three ports is calculated as follows:

U, =d;C +d,,C, +d;;,C, +d,,C,

U, =d,C,+d,C,+d,C,+d,C,

U, =d,C, +d,C, +d,,C, +d,C,

U, =<0.47,0.81,0.86, 0.95, 1; 0.47, 0.81, 0.86, 0.95, 0.801 >

U, =<0.38,0.60, 0.67,0.81, 1; 0.38, 0.60, 0.67, 0.81, 0.851 >

U, =<0.21,0.44,0.45,0.53, 1; 0.21, 0.4, 0.45, 0.53, 0.803 >

To determine the most suitable port, utility functions UAl ,UAQ ,UAS

are ranked. Assume that the decision is close to optimistic and is A
=0.7. The expected value for different alternatives is calculated as
follows.
E,(A")+E, (A’
Ei(A): /1( )2 /1( ) (50)

E,(AY)=1[(1-0.7) (0.47+0.81) +0.7(0.86+0.95)]/2=0.82
E,(Ah= 0.8[(1-0.7) (0.47+0.81) +0.7(0.86+0.95)]/2=0.66
EV,, =0.74

E, (AY)=1[(1-0.7)(0.38+0.60)+0.7(0.67+0.81)]/2=0.66

E, (Ar)=0.85[(1-0.7)(0.38+0.60)+0.7(0.67+0.81)]/2=0.56
EV,, =0.61

E,(A)=1[(1-0.7) (0.21+0.44) +0.7(0.45+0.53)]/2=0.44

E, (Ar)=0.8[(1-0.7) (0.21+0.44) +0.7(0.45+0.53)]/2=0.35
EV,, =0.40
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ev, =074, gy, =061, gy =040
After calculation and ranking, it is determined that the most suitable

portis A .

Selection of equipment on base of multi-criteria decision-
making method. The equipment selection process is considered in the
first stage of the design process, and the equipment selection process
takes into account the quality, cost and reliability that are important
for customer satisfaction. There are different technical criteria to
consider when selecting the appropriate equipment:

-Production capacity: the required amount of equipment products
needed, innovation and quality are determined by marketing research.
-Product type: Product type is an important factor in equipment
selection.

-Product diversity: When product diversity is required, more or less
appropriate equipment should be selected.

-Equipment automation level: Equipment automation level depends on
the number, type and size of equipment, production speed and
convenience, etc. is an important factor influencing the processes.

In selection of equipment, we should also consider the cost of
purchasing equipment and various costs such as transportation costs,
installation costs, operating costs, repair costs and the cost of spare
parts. The first step in assessing equipment's environmental impact is
to identify a number of alternative technologies that are claimed to be
the best. The criteria are the degree of environmental pollution
determined for each alternative, the level of negative impact of the
products on the environment. The main goal is to select the optimal
technological alternative that best ensures the comprehensive
prevention or minimization of adverse effects on the environment.
Each criterion is of relative importance in terms of its weight, its
impact on the environment. Decision-making in the equipment
selection process is carried out under conditions of high uncertainty
and taking into account different criteria. In this case, the method of
interval approximation of fuzzy numbers is used to solve the decision
problem. The Hamming distance between the intervals and the
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estimated size of numbers are determined, and a model representing
the approximate interval for L-R fuzzy numbers is determined.

Assume that on the basis of C,- technology, C,- economical, C;-
ecology and C, - social criteria, it is necessary to choose between three

A A A equipments. Let's apply the method of interval
approximation of fuzzy numbers to decide on the choice of equipment.

Criteria A A A,

Cltechnology Very good Good Average
Cz economical Good Good Very good
C3' ecology Average Very good Good
C -social Good Average Good

4

Weights of criteria are represented as, W={0.3, 0.2, 0.2, 0.1, 0.2}.
The expression of linguistic terms in fuzzy numbers is as follows:
Verygood =<0.8,0.9, 1, 1>

Good =< 0.6, 0.7, 0.8, 0.9>

Average =< 0.4, 0.5, 0.6, 0.7>

Finding the expected interval of a fuzzy number is based on the
Hamming distance and is shown in Figure 4.
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g [o-emest
a, Qa; Qs Qs
Figure 4. Hamming distance between interval and a -fuzzy
number.

It contains the following rules for applying this methodology.
Rule 1. If the number @ is a fuzzy number, the following formulas
are used to determine the right and left limits of L-R:

W,=a-a+a,*A1+B,*p (51)

a-x)_, [(a-x ;R[ﬂjzl_(ﬂ] 5
L( . j ' ( . J ; 5 2
Rule 2. If A=p,then

Z,=a-a,/

Here, Z, is value of & -cut. A -value,& and ,B are left and right

spreads and the lower and upper bounds of the set of fuzzy numbers,
respectively.

Rule 3. The best A interval approximation is calculated as follows:

1, =[20 20 +W,] (53)
Rule 4. In these calculations we will take into account that
J. /‘A(X)dXZWA<OO (54)

In this selection the fuzzy utility function is used.
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U(A)=maxU(A); AeA

The solution of the problem is as follows:

For " Very good "

For "Good "

For " Avarage "

1_( 0.5-x C R-1- x—0.6
05-04 0.7-0.6

1_( 0.7-x j; Rzl—( x—0.8 j
0.7-0.6 0.9-0.8

(B el
09-038 1-1

1

A=[L(tyt= [ (1-tyt =1-2-0=05

For " Very good "

p=[ R(t)dt=[ (1-t)dt=05

W, =(1-0.9)+0.1*0.5=0.1+0.05=0.15
z,=a-a*A=09-0.1%0.5 =0.85

[Zo’zo

For "Good "

+W,]=[0.85,0.85+0.15]=[0.85,1]

W, =(0.8-0.7)+0.1*0.5+0.1*0.5=0.1+0.1=0.2
z,=a-a*A1=0.7-0.1%0.5=0.65
[2,,2,+W, ] =[0.65,0.65 +0.2] =[0.65,0.85]

For " Average "

W, =(0.6-0.5)+0.1*05+0.1%05=01+0.1=0.2
z,=a-a*1=05-01%0.5=05-0.05=0.45
(25,2, +W,]=[0.45,0.45 +0.2] =[0.45,0.65]
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In the last step, we calculate utility function for each of the 3
alternatives:

U, =d, *C, +d, *C,+d,*C, =
[0.3,0.3]+[O.2,0.17]+[0.1,0.2]+[0.06,0.08] = [0.66,0.75]
Uy, =d,, *C,+d,, *C, +d,,*C, =
:[0.2,0.3]+[0.2,0.2]+[O.2,0.2]+[0.04, 0.06]:[0.64,0.76]
UA3 =0, *C +d,, *C, +dy, *C, =
=[0.1,0.2]+[0.2,0.2]+[0.13, 0.17]+[0.06,0.08] = [0.49,0.65]
Thus, the utility function for each alternative is obtained as follows:
U, =10.66,0.75]; U, =[0.64,0.76]; U, =[0.49, 0.65]
We find the distances by comparing the defined intervals.

Comparing the utility functions U, and U, , we obtain the
following distance:

d(l,d) =

0.66—0.64 002
|(0.66—-0.64)+(0.75-0.76)| 0.01

Comparing the utility functions U, and U, , we obtain the
following distance:

d(l,J)=

0.64-0.49 045
|(0.64—0.49) +(0.76-0.65)] 0.26

Comparing the utility functions U , and U, , we obtain the

following distance:

d(l.3)= 0.66—0.49 _017 _
|(0.66—0.49) +(0.75-0.65)| 0.27

As a result of the comparison, the maximum value of distance

d(l,J) is obtained by comparing the utility functions U, and U, .

0.57

0.63

This shows that the best alternative for equipment selection is A1
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Demand forecasting in production through Z- information.
To gain a competitive advantage, manufacturers must adapt to the
rapidly changing world, produce new products and provide proper
customer service. Therefore, forecasting demand is one of the
important issues. Forecasting demand is important for the supply chain
because it significantly affects developing operational strategies.
Forecasting demand is considered as the basis hypothesis of strategic
business activities and the starting point for most supply chain
processes such as raw material planning, procurement, internal
logistics, cash flow and production. It also facilitates critical business
activities such as demand forecasting, financial planning, production
planning, risk assessment and raw material procurement. Most
importantly, forecast accuracy allows retailers to avoid stock sales and
stockpiling, improve production times, minimize costs, increase
operational efficiency and improve customer experience. Forecasting
demand is about identifying production capacity, resources that meet
customer expectations, optimizing resources, reducing production
costs, etc. This allows us to identify situations that will arise in the
planning of production processes and take measures to better meet the
goals of companies. Despite the rapid data transfer, the sales forecast
is much more than simple use of past sales data to determine future
consumer demand. The process can be divided into qualitative and
quantitative forecasting, both of which rely on different sources and
data sets to extrapolate useful sales data. There are several different
methods you can use to forecast demand in the field of quantity and
quality forecasting. In this section, the issue of determining demand in
production is explored in a new theory called Z-numbers, and the
forecasting model is based on the Z-regression model. Assume that
demand for a product depends on three variables under uncertainty:
price, quality and waiting time. Input and output information provided
for demand forecasting is expressed in Z-numbers. The key is to
establish a relationship between demand (D), price (P), quality (Q) and
waiting time (L) using Z-number data. For this purpose we will use
the concept of Z-regression. Using approach given in chapter 5 to
show the dependence between the variables, set the function F:
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Z,=F(Z,.24,2,)

Suppose that the function F is expressed as follows:
2,=CZ,+CZ,+CZ, (57)

where, VL is expressed as low, SL as slightly low, L as low, A
as average, H as high, SH as slightly highand VH as very high.
SS - slightly shure, S - shure, VS - very shure.
SS=[05,06,07 S=[060708 VS=[0.7 08 09].

Z -data fragment shown in table 4:

(56)

Table 4. Z-data fragment

Rule (if) part (Then) part
he P (Price) | W (Warranty) | L (lead time) | D -Demand
1 VL, S VL, S VL, VS H, S
2 VL, S VL, VS VL, VS SH, VS
3 VL, S A 'S VL, S VH, S
6 VL, SS VL, VS L, VS H,S
7 VL, SS L, VS L,S H, VS

For price criteria: VL =[11,12], L =[12,14], A-=[1416], H
=[16,18],  VH =[18,19]
For warranty criteria: VL =[7,9], L=[9,13], A=[13,17], H
=[17,21],  VH =[21,25]

For lead time criteria: VL =[2,4], L =[4,8], A=[8,12], H =[12,16],
VH =[16,18]
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For demand criteria: VL =[1,1.5], SL =[1.5,2.5], L =[2.5,3.5], A

=[3.5,4.5], H =[4.5,5.5], SH =[5.5,6.5], VH =[6.5,7]

The Z-number linear regression function is constructed as
N

Zw(Zy, 2y, 002y )=2Zc, + 2 Zc 2y, and the construction of the
i=1

regression model is based on calculations on a large number of Z-
numbers. To determine Z,. , we define the values of the parameters

K
C..C,.C;, sothatthe error Y|z} -2, |- min . These operations are
k=1
performed by the method of interval approximation. If all the variables
and coefficients of the regression model are Z-numbers, we obtain the

following values: C, = 0.25, C, =0,237, C,=-0.02

The distance (accuracy) for the data used to build the model is
calculated as follows:
D:(0.62+0.95+O.73+1.27+1.78+0.68+0.91+0.68+1.69+1.54)/10:1.08

The data fragment for the test is shown in Table 5.
Table 5. Z-data for testing

Rule If part Then part
Ne P W L D
1 VL,S | VLS | A VS H,S
2 VL,S | A VS A, S H, VS
3 | VL,VS | AS A, S SH, S
4 | VL, VS| H,S A, VS SH, S
5 VL,S | VH,S| A SS SH, SS

Distance for testing is D, = (1.38+0.55+1.44+1.15+1.21)/5=1.14

Optimization of coke production process based on fuzzy
dynamic programming. The research on the creation of control
system for the delayed coking complex, which is a dynamic system,
focuses on the identification and optimal management of coke
production, taking into account the specific information conditions, i.e
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the uncertainty of the environment!?. Delayed coking is a thermal
cracking process used in petroleum refineries to upgrade and convert
petroleum residuum (bottoms from vacuum distillation of crude oil)
into liquid and gas product streams leaving behind a solid concentrated
carbon material—petroleum coke. All of the heat necessary for coking
is provided in the heater, whereas coking takes place in the coke drum;
hence, the process is called “delayed coking.” Coking is the heating of
coal in the absence of oxygen to a temperature above 600 °C to drive
off the volatile components of the raw coal, leaving a hard, strong,
porous material of high carbon content called coke. Coke consists
almost entirely of hydrocarbons. Given the nature of the specific
gravity and the effect of consumption of raw materials on the coking

process, we express them in the form of X :{Xl, Xz} vector, where X,

is the specific gravity of raw materials, X, is the amount of primary

raw materials consumed. The process of coke formation in the reaction
chamber is controlled by changing the composition and temperature
of the secondary raw material, as well as the reflux temperature
supplied to this chamber. The composition of the secondary raw
material depends on the composition of the primary raw material and
the regime at the bottom of the distillation column and is indirectly
characterized by the recirculation coefficient-K. The temperature
regime in the reaction chamber also depends on the weight of the
delayed coking process, the temperature of the reflux at the outlet of
the furnace, the temperature of the upper part of the reaction chamber
and, to some extent, the pressure in the system. The recirculation
coefficient, the temperature of the recycled raw material, the
temperature of the light flare and the temperature of the upper part of
the reaction chamber are considered as control parameters. When
determining the fuzzy model of the coking process, the required

12 Mamedova G.A., Aliyeva K.R. Fuzzy optimal control of coke production.
Journal “Oil and gas”, Moscow, 1987.
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number of observations are made in the coking process to identify the
object. The results of the observation are shown below:

N Xy Xp Upp Uz Uz Uy Uz Uz Uy Y

1 0.9453 70 26.8 268 256 252 490 515 420 O

2 0.9453 80 26.0 26.0 248 256 492 515 425 231
3 0.9453 80 26.6 26.6 256 252 485 515 425 48.2
4 0.9453 76 264 250 250 264 486 512 425 74.0
5 0.9453 76 264 250 250 264 498 520 425 99.6
6 0.9453 70 26.6 256 256 252 485 515 425 48.2
7 09456 70 27.0 250 250 256 498 520 425 1474
8 09456 70 27.0 250 250 284 498 520 425 169.5
9 09456 70 27.0 250 250 26.4 498 520 425 192.9
10 0945 70 264 25.0 250 256 498 520 425 216.0
11 09456 76 264 254 256 244 490 510 424 239.2
12 09456 76 264 264 256 240 495 510 423 264.0
13 09436 76 264 264 256 240 492 510 420 268.6
14 09436 76 264 264 256 240 490 510 420 3134
15 09436 76 264 264 256 240 490 520 410 338.3
16 09436 76 26.8 264 254 248 490 520 410 363.3
17 09436 76 26.8 26.8 240 248 490 500 430 385.9
18 0.9436 76 26.8 26.8 242 248 490 515 430 408.5
19 0.9436 76 26.8 26.8 240 248 492 510 430 4315
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Here, X, - specific gravity of raw materials, X,- consumption of
primary raw material, Uj;- re-consumption (flow 1), U;,- re-
consumption (flow II), U;5- re-consumption (flow II1), U, - re-
consumption (flow V), U, - re-consumption temperature, U;- light

gas oil temperature, U, - reaction chamber temperature, Y - coke
output.

The result of the process and the sampling depth K of the final product
depend on both the composition of the raw material and the quality of
process control. Depth of acquisition of the final product - U
characterizes the economic performance of the complex and is
considered the output parameter. Given the physical characteristics of
the coking process, a fuzzy linear difference equation was used to
describe the situation:

Yea =8OV U ASX, T A®--©BU, ®--®B,Ju, (58)

Thus, the solution of the problem of identification of the coking
process is solved by the method of identification of fuzzy dynamic

models and based on the determination of coefficients A(l =0,2)and
B,(j=19).

A,=0.00005
Al:0.5/13.327+0.8/16.5935+1.0/24.763+0.8/26.4177+O.5/19.9155
A2:0.5/0.0035+0.8/0.0152+1.0/-0.0236+O.8/-O.0232+O.5/-0.0065

B1 =0.5/-0.8245+0.8/-0.0465+1.0/-0.8241+0.8/-0.8205+0.5/-0.6164
B2 =0.5/0.0052+0.8/0.004+1.0/0.0038+0.8/0.0041+0.5/0.0077
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B3 =0.5/0.005+0.8/0.0051+1.0/0.005+0.8/0.0051+0.5/0.007
B4 =0.5/0.0041+0.8/0.006+1.0/0.0053+0.8/0.0045+0.5/0.0092

Thus, the fuzzy dynamic model of the coke plant will be as follows:

Y\,1=0.00005Y @

& (0.5/13.327+0.8/16.593+1.0/24.76+0.8/26.4177+0.5/19.915) X

& (0.5/0.0035+0.8/0.015+1.0/-0.0236+0.8/-0.023+0.5/-0.0065) X,
® (0.5/-0.8245+0.8/-0.0465+1.0/-0.824+0.8/-0.820+0.5/-0.616)U _
@ (0.5/0.0052+0.8/0.004+1.0/0.0038+0.8/0.0041+0.5/0.0077) U ,
& (0.5/0.005+0.8/0.0051+1.0/0.005+0.8/0.0051+0.5/0.007) U

& (0.5/0.0041+0.8/0.006+1.0/0.0053+0.8/0.0045+0.5/0.0092)U _

The problem of fuzzy optimal control of coke production is as follows:
Given the specific gravity of the given (X,) raw material and (X,)

technological constraints within the consumption of the primary raw
material, determine the values of the recirculation coefficient (U, ), the

temperature (U , ) for the secondary raw material, the temperature of
the light gas oil (U,) and the temperature (U, ) at the top of the reaction

chamber to ensure the maximum amount of coke during the transition
of the chamber from one state to another during stable operation.
Mathematically, this problem can be expressed as follows: at given

values of X, and X, it is required to find such a fuzzy control
sequence

Vo=V, Uy), Ui =(UyyeU ) Uy Uy )} (59)
that
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Y},1=0.00005Y @

& (0.5/13.327+0.8/16.5935+1.0/24.763+0.8/26.4177+0.5/19.915) Z,,
& (0.5/0.0035+0.8/0.0152+1.0/-0.0236+0.8/-0.0232+0.5/-0.0065) Z,,
& (0.5/-0.8245+0.8/-0.0465+1.0/-0.8241+0.8/-0.820+0.5/-0.616)U,
& (0.5/0.0052+0.8/0.004+1.0/0.0038+0.8/0.0041+0.5/0.0077)U
& (0.5/0.005+0.8/0.0051+1.0/0.005+0.8/0.0051+0.5/0.007)U ,,

& (0.5/0.0041+0.8/0.006+1.0/0.005+0.8/0.0045+0.5/0.009)U

Restrictions are as follows:

U, - approximately, should be in the range (1.2; 1.8);

U,, - approximately, should be in the range (495; 520) (60)
U, - approximately, should be in the range (515; 520)
U, =455

The mathematical description of the optimization problem is as
follows:

J =Yy (62)
Yk+1: f(Xlk’XZK’Ulk""’U4k’Y) (62)
YO =0

Uy €(1.2,18); U, €(495,520); U, (515520); U, =455,

The problem of optimal control of the coking process®® is solved as
follows. First, we define the membership functions of fuzzy sets that
express fuzzy goals and constraints. Set the membership function as
follows:

13 Mamedova G.A., Aliyeva K.R. Fuzzy optimal coke production control. Journal
“Oil and gas”, Moscow, 1988.
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Hin (Yn) =exp(-7, |YN - bo|) (63)
Analogically, U,(i=14) , x (U, ) construct the membership function
of a fuzzy constraint: z,(U,) ={1+d, U, —b)"}*",r,>0
d; (i =1,4) =const, y ( j —1,4) =const

In this case, the solution to the optimization problem is defined as
follows:

D=U,NU,N---U,,NG" (64)

The solution of the problem in terms of membership functions can be
expressed as follows:

Hp (UDF U N—1) = min{(yu (Uo)" " ,uNfl(U N,l), ILlGN (YN )} (65)

In (65), the value of v, can be expressed intermsofy,, u,,---,U,,-
Then the above problem can be expressed as follows: Find the
sequence [,y My that maximizes Hp. It is convenient to express
the solution of equation (65) in the form - =TI K —0,N 1.

This solves the following problem:

IUD(US""’U:H) =maXxuy,--, maxuN—1min{(ﬂu0 (Uo),"',

Hy, , Uy, Hy, | U N—l)’:uGN (f(Yy Uy}

Fuzzy dynamic programming method is used to solve equation (66).
In this case, the system of recurrent equations takes the following
form:

(66)

Hgn (Yy_,)=maxU, . min{es,  Uy_,) oYy b
YN*V+1 = f (YNf\/lUN,V))V zl,_N
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Equation (66) is solved by a fuzzy dynamic programming method.
The calculation of the optimal values of the control parameters in the
coking process is determined at the beginning of the reactor operation.
These results reflect both the current and recommended optimal values
of the coking process parameters (Table 6).

Table 6. Current and recommended optimal values of coking
process parameters

Fuel Fuel Recir. | Recir. | Gasoil | Top Coke
N | dansit. | consum. | coeffi. | temp. | temp. | col. | production
temp

Current mode

2310987 | 165 | 1.14 | 505.0 | 489.0 | 445 |

Optimal solution

13 | 0.995 160 1.35 | 496.0 | 515.0 | 448 | Approx. 25

15 | 0.995 160 1.35 | 496.0 | 515.0 | 448 | Approx. 25

17 | 0.995 160 1.35 | 496.0 | 515.0 | 448 | Approx. 66

19 | 0.995 160 1.35 | 496.0 | 515.0 | 448 | Approx. 66

21 | 0.995 160 1.35 | 496.0 | 515.0 | 448 | Approx.106

23 | 0.987 165 1.35 | 496.0 | 515.0 | 448 | Approx.146

0.987 165 1.35 | 501.0 | 485.0 | 441 | Approx.186

0.987 165 1.35 | 501.0 | 485.0 | 441 | Approx.226

0.987 165 1.35 | 501.0 | 485.0 | 441 | Approx.306

1
3
5 | 0.987 165 1.35 | 501.0 | 485.0 | 441 | Approx.266
7
9

0.987 165 1.35 | 501.0 | 485.0 | 441 | Approx.346

11 | 0.987 165 1.35 | 501.0 | 485.0 | 441 | Approx.386

13 | 0.987 165 1.35 | 501.0 | 485.0 | 441 | Approx.426

15 | 0.987 165 1.35 | 501.0 | 485.0 | 441 | Approx.466
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Results
The main scientific results obtained in the dissertation are as follows:
1. The adequacy of the preference of the decision-maker or a group in
decision-making theory depends on taking into account existing
uncertainty. In this regard, in order to take into account the higher level
of uncertainty, the formulation of fuzzy type-2 preferences has been
studied and applied in various real-world problems in the dissertation;
2. In the existing scientific literature, it is generally assumed that the
available or obtained information is completely reliable. However, in
complex real decision-making problems, both the opinions of experts
and the knowledge obtained from data are often partially reliable. The
formation and analysis of Z-number-valued preferences on the basis
of Z-number theory in the context of partially reliable information is
considered;
3. A system of linear equations widely used in Leontyev economic
input-output model, decision-making based on linear programming
was analyzed for the bimodal environment and exact and approximate
solution methods were proposed;
4. As a series of decision-making methods is based on the aggregation
of existing knowledge, a method of aggregation of bimodal
information has been proposed,;
5. A method of constructing a regression model with Z-variables and
coefficients has been proposed to model decision-making and control
objects characterized by fuzzy and probabilistic uncertainties. The
advantage of the method is the reduced computational complexity;
6. Although the classical Delphi method is useful for dealing with
completely reliable and precise information, and is mainly based on
the knowledge of a group of experts, the transformation of this
knowledge to numerical information prevents its widespread use. With
this in mind, the fuzzy Delphi method was proposed for the first time.
The fact that this method is useful and accurate relies on more than
3,300 reads of this method in Research Gate;
7. The problem of multi-stage decision-making was considered on the
basis of fuzzy dynamic programming and a solution procedure was
proposed;
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8. The scientific findings of the dissertation have been applied to a
wide range of business, economic, industrial decision-making and
multi-stage control problems. The practical results confirmed the
usefulness, practicality and validity of the proposed decision-making

tools.
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